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AUTHOR’S PREFACE — SECOND FRENCH EDITION 


The first part of this volume has undergone only slight changes; 
while the rather important modifications that have been made 
appear only in the last chapters. 

In the first edition I was able to devote but a few pages to par- 
tial differential equations of the second order and to the calculus 
of variations. In order to present in a less summary manner such 
broad subjects, I have concluded to defer them to a third volume, 
which will contain also a sketch of the recent theory of integral 
equations. The suppression of the last chapter has enabled me to 
make some additions, of which the most important relate to linear 
differential equations and to partial differential equations of the 
first order. 


E. GOURSAT 




TRANSLATOES’ PREFACE 


As the title indicates, the present volume is a translation of the 
first half of the second volume of Goursat's ^'Cours d^ Analyse.” The 
decision to publish the translation in two parts is due to the evi- 
dent adaptation of these two portions to the introductory courses in 
American colleges and universities in the theory of functions and 
in difierential equations, respectively. 

After the cordial reception given to the translation of Goursaf s 
first volume, the continuation was assured. That it has been 
delayed so long was due, in the first instance, to our desire to await 
the appearance of the second edition of the second volume in 
Trench. The advantage in doing so will be obvious to those who 
have observed the radical changes made in the second (Trench) 
edition of the second volume. Volume I was not altered so radi- 
cally, so that the present English translation of that volume may be 
used conveniently as a companion to this j but references are given 
here to both editions of the first volume, to avoid any possible 
difficulty in this connection. 

Our thanks are due to Professor Goursat, who has kindly given 
us his permission to make this translation, and has approved of the 
plan of publication in two parts. He has also seen all proofs in 
English and has approved a few minor alterations made in transla- 
tion as well as the translators^ notes. The responsibility for the 
latter rests, however, with the translators. 

E. R. HEDRICK 
OTTO DUNKEL 
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THEORY OF FUNCTIONS OF A 
COMPLEX YARIABLE 


CPIAPTER I 

ELEMENTS OF THE THEORY 
I. GENERAL PRINCIPLES. ANALYTIC FUNCTIONS 

1. Definitions. An imaginary quantity ^ or complex quantity^ is any 
xpression of the form a + hi where a and h are any two real nuin- 
ers whatever and is a special symbol which has been introduced 
1 order to generalize algebra. Essentially a complex quantity is 
othing but a system of two real numbers arranged in a certain 
rder. Although such expressions as + hi have in themselves no 
□ncrete meaning whatever, we agree to apply to them the ordinary 
ales of algebra, with the additional convention that i^ shall be 
Bplaced throughout by — 1. 

Two complex quantities a + hi and a' -f a.re said to be equal if 
= a' and h ^h\ The sum of two complex quantities a hi and 
+ is a symbol of the same form a c (h d)i \ the difler- 
nce a -{- — (o -f* di) is equal to a — c -\-(h — d)L To find the 
roduct oi a + hi and c + di we carry out the multiplication accord- 
ig to the usual rules for algebraic multiplication, I'eplacing by 
- 1, obtaining thus 

(a -p hi) (c + di) = ac — hd (ad + he) L 

The quotient obtained by the division of a -{-hi by c -{■ dl is 
efined to be a third imaginary symbol x -)- yij such that when it is 
lultiplied by c -f di, the product is a -{■ hi. The equality 

a -{-hi = (c -{■ di) (x -h yi) 

j equivalent, according to the rules of multiplication, to the two 
Nations — dy = a, dx -{■ cy = h, 


A coiivenieiit way of calculating’ x Jind // is to niiiltiply iniin(*rai(jr 
and denominator of the fra('-tion hy ~ and t.o (h^vidnp tlu* 
indicated products. 

All the properties of the fundaimnital opcriitioiis of iil.gc.bni can he 
shown to apply to the operations <'-a,iTU‘(l out on tlu'si'. imagiimi’y sym- 
bols. Thus, if yl; i?, C, denote (S)m])le.x numlMTs, we shall have 

T). .ir, ... 

and so on. The two complex (piantitie-s <( -I- ///* uiiii <> • hi arc*, said 

to be conjugate iviaginarlcfi. The two eomph‘x <pia.!itities (( 4* hi a.nd 
--a—'hij whose sum is zero, a, re- sa-id to be lirt/ttfirra of eacli otlun* 
or symmtrlc to each oth(‘r. 

Given the usual system oi’ n'c'.taiiguhir a,xes in a. plains, i.he- eomplex 
quantity aA'hii^ represemted by the. point M of the. pla.ne. wliosc 
coordinates are x:=a and v/ = /^. In tins way a e.onend.e. rc'pn^stmta- 
tioii is given to these ])Ui‘ely syml)oli(', expr(\ssioiis, ami to (‘.very 
proposition established for ('.oui])l(‘.x <jnantiti(‘s tlun’e. is a e.orr(‘S]K)iid- 
ing theorem of plane geometr y. I bit tlu^ gn^a-b'st a.(lva-nta.g’i*s n^sulting 
from this representation will appear hit(*r. lU‘al nuinb(*rs (*oiTt 3 spond 
to points on the cc-axis, whicdi fur this reason is also ealh^l tlui axis 
of reals. Two conjugate imaginaries a 4 hi and ft — hi (M.)rri‘S|)Oud to 
two points symmetrically situated with r(;sp(‘(4 t(.) tin* ./‘-axis. Two 
quantities a A' hi and — a — hi are r(3pres(*nt(Ml liy a ])air of points 
symmetric with respect to the origin 0. Tli(‘. (puuitity a + /n’, which 
corresponds to the point d/Avith the (iObrilina.t(‘s {(t, //), is s()nu‘.tinies 
called its affix,^ When there is no danger of a.niliiguity, we shall 
denote by the same letter a complex (juantity a.nd the- ])()iiit whhdi 
represents it. 

Let us join the origin to the point iV Avitli {'. 0 ()rdina.t(^s (rq //) by a 
segment of a straight line. The distaii(U‘. OM is calle.d the. (thsolute 
value of a-Ahi^ and the angle through Avbieli a va.y must be turned 
from Ox to bring it in coincidence Avith OiM (the angle bi‘.iiig measured, 
as in trigonometry, from Ox toAvard Otj) is ('alhul the (nigh of + hi 


p = "v/cc^ -f~ h^'> 


cos w 


Cl 


sin a> = 


h 


Va" +■ 


V 


The absolute value p, which is an essentially positive number, is 
determined without ambiguity ; whereas the angle, being given only 
by means of its trigonometric functions, is determined except for an 
additive multiple of 2 tt, which was evident from the definition itself. 
Hence every complex quantity may have an infinite number of 
angles, forming an arithmetic progression in which the successive 
terms differ by 2 tt. In order that two complex quantities be equal, 
their absolute values must be equal, and moreover their angles must 
differ only by a multiple of 2 tt, and these conditions are sufficient. 
The absolute value of a complex quantity z is represented by the 
same symbol \z\ which is used for the absolute value of a real 
quantity. 

Let z = a hi, z' = a' -j- Vi be two complex numbers and m, m' 
the corresx:)onding points ; the sum -f z^ is then represented by the 
point m", the vertex of the parallelogram constructed upon Om, Om\ 
The three sides of the triangle Om 
(Tig. 1) are equal respectively to the 
absolute values of the quantities z, z\ 
z + zJ. From this we conclude that th& 
absohtte value of the sum of two quantV 
ties is less than or at most equal to the 
Slim of the absolute values of the two 
quantities, and greater than or at least 
equal to their difference. Since two 
quantities that are negatives of each 
other have the same absolute value, the theorem is also true for 
the absolute value of a difference. Finally, we see in the same way 
that the absolute value of the sum of any number of complex 
quantities is at most equal to the sum of their absolute values, the 
equality holding only when all the points representing the different 
quantities are on the same ray starting from the origin. 

If through the point m we draw the two straight lines mx' and 




Pig. 2 


ailei to iniw ; tiie extremity oi 
this segment represents z' — zui 
the system of axes Ox, Oy. But 
the figure Om'vi^ is a parallelo- 
gram ; the point is therefore 
the symmetric point to in with 
respect to c, the middle point 
of 

Finally, let us obtain the for- 


mula which gives the absolute value and angle of the product of any 


number of factors. Let 


= Pi- (cos <04 4 - i sin 0)*), Qt = 1, i, ■ ■ ■, n), 

be the factors ; the rules for multiplication, together with the addi- 
tion formuloe of trigonometry, give for the product 

^ 1^2 * • * = PiP-z * • ' + ^2-1 p-co,,) ■ 

+ ^sin((o^-j-o)2 + ••• + cu^)], 

which shows that the absolute value of a product is equal to the 
product of the absolute values, and the angle of a product is equal to 
the sum of the angles of the factors. From this follows very easily 
the well-known formula of Be Moivre : 


cos mo) -j- 4 sin vkm = (cos w + i sin o)™ 

which contains in a very condensed form all the trigonometric for- 
mulae for the multiplication of angles. 

The introduction of imaginary symbols has given complete gener- 
ality and s^anmetry to the theory of algebraic equations. It was in 
the treatment of equations of only the second degree that such ex- 
pressions appeared for the first time. Complex quantities are equally 
important in analysis, and we shall now state precisely what mean- 
ing is to be attached to the expression a function of a complex 
variable. 


2 . Continuous functions of a complex variable, A complex quantity 
z^x yi, where x and y are two real and independent variables, 


vtn^j.iJ.ijLUj.vixo VjOiii VZ/A-UCilU-C-U. U-J.J.C-UUIJ' LiVJ UJLltJOC 1U.HU- 

tioiis. Thus, we shall say that a function u = f(z) is continuous if 
the absolute value of the clift’erence f{z -f- A) — ,/(<-) a 2 )|)roaches zero 
when the absolute value of h a 2 :)jn*oaches zero, tliat is, if to every 
jjositive number e we can assign another ^jositive number yj such tliat 


provided that | A | be less than 17 . 


A series, 


whose terms are functions of the complex variable ^ is imlfornthj 
convergent in a region yl of the plane if to every positive number e 
we can assign a positive integer N such that 


|^«| — l'<^i+i(^) -h ^^7i + 2(''^)+ * • • I < € 

for all the values of in the region .4, ^irovided that n ^ A. It 
can be shown as before (Vol. I, § 31, 2d ed. ; § 173, 1st ed.) that if a 
series is uniformly convergent in a region yl, and if each of its 
terms is a continuous function of in that region, its sum is itself 
a continuous function of the variable in the same region. 

Again, a series is uniformly convergent if, for all the values of z 
considered, the absolute value of each term |y/„| is less than the 
corresponding term of a convergent series of real positive con- 
stants. The series is then both absolutely and uniformly convergent. 

Every continuous function of the comiilex variable z is of the 
form u = P y) + <3 (x, y) 1, where P and (2 are real continuous 
functions of the two real variables x, y. If Ave Avere to inijDOse no 
other restrictions, the study of functions of a complex variable 
would amount simply to a study of a j)air of functions of tAvo real 
variables, and the use of the symbol I would introduce only illusory 
simplihcations. In order to make the theory of functions of a com- 
2)lex variable present some analogy Avith the tiieoiy of functions of a 
real variable, we shall adojot the methods of Cauchy to hnd the con- 
ditions which the functions P and Q must satisfy in order that the 
expression P -j- Qi shall j^ossess the fundamental 2:)roperties of func- 
tions of a real variable to which the nrocesses of the calculus annlv. 


easy to see that this will not be the case if the functions P (x, ?/) and 
Q(x, y) are any functions whatever, for the limit of the quotient 
Au/i\z depends in general on the ratio AyjAx, that is, on the way 
in which the point representing the value of approacdies the 

point representing the value of is. 

Let us first suppose y constant, and let us give to x a value x -j- Ax 
differing but slightly from x j then 

— — + y) ^ Q(x -j- Ax, y) — Q(xjy) ^ 

Az Ax Ax 


In order that this quotient have a limit, it is necessary that the 
functions P and Q possess partial derivatives with respect to x, aiid 
in that case 


, . Alt 
lim — = 
Az 


dx ^ dx 


Next suppose x constant, and let us give to y the value y -I- Ay j we 
have 

Cm _ P{x,y + Ay) ~P{x, y) Q,{x,y + C^y) - Q{x,y) 

Ak i^y Ay ’ 

and in this case the quotient will have for its limit 

dy ^ dy 

if the functions P and Q possess partial derivatives with respect to y. 
In order that the limit of the quotient be the same in the two cases, 
it is necessary that 

^ ^ ^ dQ 

dx dy dy dx 

Suppose that the functions P and Q satisfy these conditions, and 
that the partial derivatives dP/dx, dP/dy, dQJdx, dQ/dy are con- 
tinuous fimetions. If we give to x and y any increments whatever. 
Ax, Ay, we can write 


AP_P(x-|- Ax, y -f Ay) — P(a: + Ax, y)-j-jP(x -f Ax, y)~ P(x,y) 
= AyP; (x + Ax, y -H ^Ay) -f- AxP; (x -f d'Ax, y) 
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L§3] 


where 6 and O' are positive numbers less than unity; and in the 
same way 

AQ = Ax[Q;.(x, y) -H e'] -f A//[Q;(x, y) 4- q], 


where e, e', e^, cj approach zero with Ax and Ay. The difference 
A'u = AP -h ^AQ can be written by means of the conditions (1) in 
the form, 


= (Ax + 


where i; and rj' are infinitesimals. We have, then, 

Au ^ ^ ^Ax -t- y'A?/ 

A?J ^x ^x Ax -f ^’Ay 


If It;! and |y'| are smaller than a number a:, the absolute value of the 
complementary term is less than 2 a. This term will therefore ap- 
proach zero when Ax and Ay approach zero, and we shall have 


Ate dP .dQ 

lim— = 

Az ox ox 


The conditions (1) are then necessary and sufficient in order that the 
quotient AujAz have a unique limit for each value of provided that 
the partial derivatives of the functions P and Q be continuous. The 
function iv is then said to be an analytio function * of the variable 
and if we represent it by f{z), the derivative f'{z) is equal to any 
one of the following equivalent expressions : 


( 2 ) m= 


dx 




dy 


dy dx ^ dy dy ^ dx 


It is important to notice that neither of the pair of functions 
P(x, y), Q(x, y) can be taken arbitrarily. In fact, if P and Q have 
derivatives of the second order, and if we differentiate the first of 
the relations (1) with respect to x, and the second with respect to y. 


Conversely, any solution of Laplace^s equation may be taken for 
one of the functions P or Q. For example, let P (x, y) be a- solution 
of that equation ; the two equations (1), where Q is regarded as an 
unknown function, are compatible, and the expression 

P (x, y)-}- i 

which is determined except for an arlutrary constant C, is an finalytic 
function whose real part is P(.r, y). 

It follows that the study of analytic functions of a (complex varb 
able .u amounts essentially to the study of a pair of func,tions 
P(x, y), Q(xj ?/) of two real variables x and y tliat satisfy tlie 
relations (1). It would be possible to develop the whole theory with- 
out making use of the symbol i.* 

We shall continue, however, to employ the notation of Gauc.hy, but 
it should be noticed that there is no essential difference between the 
two methods. Every theorem established for an analytic fuinffion 
f(z) can be expressed immediately as an equivalent theorem relat- 
ing to the pair of functions P and Q, and conversely. 


p^^-wap , dP 


+ 0 


Examples. The function u = — 2xyi is an analytic function, for it 

satisfies the equations (1), and its derivative is 2ic + 2?/'t = 22 : ; in fact, the.f unc- 
tion is simply (x + yi)^ = z^. On the other hand, the expression v = x — yi is not 
an analytic function, for we have 

^ ^ 

Az Ax 4- i Ay A?/* 

1 4- 

Ax 


and it is obvious that the limit of the quotient Ar/As: depends upon the limit of 
the quotient A?y/Ax. 

If we put X = /) coscu, y ~ p sin w, and apply the formulae for the change of 
independent variables (I, § 63, 2d ed. ; § 38, 1st ed., Ex. II), the relations 
(1) become 

_ oQ dQ dP 

dp doj dp 

and the derivative takes the form 


4. Functions analytic throughout a region. The preceding general 
:atements are still somewhat vague; for so far nothing has been 
lid about the limits between which may vary. 

A portion A of the plane is said to be connected, or to consist of 
single piece, when it is possible to join any two points whatever 
I that portion by a continuous path which lies entirely in that 
ortion of the plane. A connected portion situated entirely at a 
nite distance can be bounded by one or several closed curves, 
TLong which there is always one closed curve which forms the 
cterior boundary. A portion of the plane extending to inhnity may 
3 composed of all the points exterior to one or more closed curves ; 
may also be limited by curves having infinite branches. We shall 
nploy the term region to denote a connected portion of the plane. 
A function f{z) of the complex variable z is said to be analytic * 
L a connected region A of the plane if , it satisfies the following 
mditions : , 

1) To every point z oi A corresponds a definite value of /(z) ; 

2) f(z) is a continuous function of z when the point z varies in 
; that is, when the absolute value of f{z -f h)—f{z)' approaches 
uo with the absolute value of - 

3) At every point z of A,f (z) has a uniquely determined deriva- 
ve f(z ) ; that is, to every point z corresponds a complex number 
'(;^) such that the absolute value of the difference 

/fc + /0-/(g) 

Dproaches zero when | h | approaches zero. Given any positive num- 
31 ’ C; another positive number t) can be found such that 

(4) \f{^ + h)-f{z)-hf{^)\^.\h\ 

\h\ is less than tj. 

For the moment we shall not make any hypothesis as to the values 
I f{z) on the curves which limit A. When we say that a fuiiction 
analytic in the interior of a region A bounded by a closed curve T 


A function f{z) need not necessarily be analytic throughout its 
region of existence. It may have, in general, singular points, which 
may be of very varied types. It would be out of place at this point 
to make a classification of these singular p)oints, the very nature of 
which will ai^pear as we proceed with the study of functions which 
we are now commencing. 


5. Rational functions. Since the rules which give the derivative of 
a sum, of a product, and of a quotient are logical consequences of the 
definition of a derivative, they apply also to functions of a complex 
variable. The same is true of the rule for the derivative of a func- 
tion of a function. Let u = /(^) be an analytic function of the 
complex variable Z ] if we substitute for Z another analytic function 
</» {z) of another complex variable z, ii is still an analytic function of 
the variable z. We have, in fact, 

Az AZ ^ Az ^ 

when I As: I approaches zero, \AZ\ approaches zero, and each of the 
quotients AufAZ^ AZ jAz approaches a definite limit. Therefore the 
quotient AujAz itself approaches a limit : 


We have already seen (§ 3) that the function 

= (cc -f yiy^ 

is an analytic function of z^ and that its derivative is This 

can be shown directly as in the case of real variables. In fact, the 
binomial formnla, which results simply from the properties of multi- 
plication, obviously can l^e extended in the same way to complex 
quantities. Therefore we can write 


{z 4- A)'" = + Y 


m (in — 1) 
172 ' 


+ 


well pi line bu ectuii ubiiery is a,isu iji g^ynerai an analytic 

iction, but it has a certain number of singular points, the roots of 
i equation Q (z) — 0. It is analytic in every region of the plane 
ich does not include any of these points. 

3. Certain irrational functions. When a point z describes a continu- 
3 curve, the coordinates x and v/, as well as the absolute value p, 
•y in a continuous manner, and the same is also true of the angle, 




wided the curve described does not pass through the origin. If 
; point z describes a closed curve, x, ?/, and p return to their 
^inal values, birt for the angle o) this is not always the case. If 
origin is outside the region inclosed by the closed curve (Fig. 3 a), 
s evident that the angle will return to its original value ; but this 
LO longer the case if the point describes a curve such as 
M^npqM^ (Fig. 3 h). In the first case the angle takes on its original 
ue increased by 2 tt, and in the second case it takes on its original 
ue increased by 4 7r. It is clear that can be made to describe 
3 ed curves such that, if we follow the continuous variation of the 
rle along any one of them, the final value assumed by w will differ 
m the initial value hj 2 7i7r, where oi is an arbitrary integer, posh 


; 

where w is a positive integei'. To every value of except = 0, 
there are vi distinct values of u which satisfy this equation and 
therefore correspond to the given value of In fact; if we put 

i^ = p (cos CO “h t sin co), 1C = ?'(cos <j) -j- i sin <3f>), 

the relation (5) becomes equivalent to the following pair : 

7*”‘ — pj = 0 ) + 27c7r. 

From the first we have r = which means that r is the ?? 2 /th arith- 
metic root of the positive number p ; from the second we have 

(j^) = (a> -j- 2k7T')/nh. 

To obtain all the distinct values of u have only to give to the 
arbitrary integer h tlie vi consecutive integral values 0, 1, 2, • • • , m, — 1 ; 
in this way we obtain expressions for the on roots of the equation (5) 



(7c = 0; 1; 2, • • •, — 1). 


It is usual to represent by any one of these roots. 

When the variable describes a continuous curve, each of these 
roots itself varies in a continuous manner. If rc describes a closed 
curve to which the origin is exterior, the angle o) comes back to its 
original value, and each of the roots tq, • • •, describes a 
closed cui’ve (Fig. 4 a). But if the point rc describes the curve 
MJSfPM^ (Fig’- 3 ^)j ^ changes to cu + 2 tt, and the final value of the root 
is equal to the initial value of the root Hence the arcs 

described by the different roots foiin a single closed curve (Fig. 4 7»). 

These on roots therefore undergo a cyclic permutation when the 
variable z describes in the positive direction any closed curve with- 
out double points that incloses the origin. It is clear that by making 
z describe a suitable closed i^ath, any one of the roots, starting from 
the initial value for example, can be made to take on for its final 
value the value of any of the other roots. If we wish to maintain 
continuity, we ihust then consider these on roots of the equation 



Fig.4(X Fig. 46 


111 order to consider tlie vi values of n as distinct functions of .t', 
it will be necessary to disrupt the continuity of these roots along a 
line proceeding from the origin to infinity. We can represent this 
break in the continuity very concretely as follows : imagine that in 
the plane of which we may regard as a thin sheet, a cut is made 
along a ray extending from the origin to infinity, for example, along 
the ray OL (Fig. 5), and that then the two edges of the cut are 
slightly seimrated so that there is no path along which the variable 
z can move directly from one edge to the other. IJjider these circum- 
stances no closed path whatever can inclose the origin j hence to 
each value of z corresponds a completely determined value il^ of the 
m roots, which we can obtain by tak- 
ing for the angle w the value included 
between a and — 2 tt. But it must 
be noticed that the values of Ui at two 
points 'iUy on opposite sides of the 
cut do not approach the same limit as 
the points approach the same point of 
the cut. The limit of the value of Ui 
at the point m' is equal to the limit of 
the value of at the point w, multi- 
plied by r cos (2 'rr/nt) i sin (2 7r/??z)]. 



Fig. 6 



limit of its reciprocal 


and that limit is equal to We have, then, for the (hirivative 

of 111 n 


iij=- 
m %o 


,m - 1 




or, using negative exponents, 


In order to be sure of having the value of the derivative, whic.h e.orre,- 
sponds to the root considered, it is better to niak(‘. us(i of tlui (^xj)i‘(‘.s- 
sion (1/???,) 

In the interior of a closed curve not eontjiining the origin (^nnli 
of the determinations of V-i; is an analytic fuiHjtion. (Munition 
^ A{z — ol) has also m roots, whicli periiiute theius( 3 lves (*,yelie.ally 
about the critical point ^ = a. 

Let us consider now the equation 

(7) = ^ (« - ej (.1! - rg . . . (s _ «„), 


where 


are n distinct quantities. We sliall (h^iiote l)y 
the same letters the points which represent these n ([uantities. Let 

set A • N 

R (cos or + ^ sin or), 


^ = Pk (cos ( 0 ^. + i sin ( 0 ^.), (/c = 1, 2, . . n), 

= ?‘(cos ^ + t sin 0), 

where <o^ represents the angle which the straight-line segment 
makes with the directioa 0.v. From the equation (7) it follows that 

’ “ ^PiP-2 ■ ■ ■ Pii) 20 z= ce -j- 0)^ -f- . . . -f (0^^ _|_ 2?«.7r ; 
hence this equation has two roots that are the negatives of each other, 

. . /or 4 - 4- L \ 1 


h = (^PlPs ■■■ Pn 


crease by j^ir. It p is even, tlie two roots return to their initial 
values ; but if p is odd, they are permuted. In particular, if the 
curve incloses a single point Gi, the two roots will be permuted. The 
n points are branch points. In order that the two roots and 
shall be functions of z that are always uniquely determined, it will 
sufB.ce to make a system of cuts such that any closed curve whatever 
will always contain an even number of critical points. We might, 
for example, make cuts along rays imoceeding from each of the 
points to infinity and not cutting each other. But there are many 
other possible arrangements. If, for example, there are four criti- 
cal points a cut could be made along the segment of a 

straight line and a second along the segment e^e^, 

7. Single-valued and multiple-valued functions. The simple exam- 
ples which we have just treated bring to light a very important fact. 
The value of a function /(.y) of the variable z does not always depend 
entirely upon the value of z alone, but it may also depend in a cer- 
tain measure upon the succession of values assumed by the variable 
z in passing from the initial value to the actual value in question, 
'or, in other words, upon the path followed by the variable z. 

Let us return, for example, to the function u = If we pass 

from the point to the point M by the two paths and M^PM 

(Fig. 3 b), starting in each case with the same initial value for u, we 
shall not obtain at M the same value for u, for the two values 
obtained for the angle of z will differ by 2 tt. We are thus led to 
introduce a new distinction. 

An analytic function f(z) is said to be single-vahied * in a region 
A when all the paths in A which go from a point to any other point 
whatever z lead to the same final value for/(.ij). When, however, 
the final value of /(s;) is not the same for all possible paths in A, 
the function is said to be miUtiplG-vahteclA A function that is 
analytic at every point of a region A is necessarily single-valued in 
that region. In general, in order that a function f{z) be single- 
valued in a given region, it is necessary and sufficient that the func- 
tion return to its original value when the variable makes a circuit of 




curve A1\IBNA^ we shall return to the point 
A with the initial value of 

Conversely, let us suppose that, the varia- 
ble having described the path AMBlSfA, we 
return to the point of departure with the 
initial value ; and l(?t be the value of the 
function at the point B after z has described the path AMB, When 
.-s; describes the path BNA^ the function starts with the value and 
arrives at the value then, conversely, the path ANB will lead 
from the value to the value that is, to the same value as the 
path A MB. 

It should be noticed that a function which is not single-valued in a 
region may yet have no criti(ial points in that region. Consider, for 
example, the portion of the plane included between two concentric cir- 
(des (\ C' having the origin for center. The function u = has no 
critical point in that region ; still it is not single- valued in that region, 
for if z is made to describe a concentric circle between C and C', the 
function will be multiplied by cos (2 tt/tjz) -f i sin (2 rc/w^. 


IT. POWER SERIES WITH COMPLEX TERMS. ELEMENTARY 
TRANSCENDENTAL FUNCTIONS 

8. Circle of convergence. The reasoning employed in the study of 
power series (Voh I, Chap. IX) will ap^dy to power series with 
complex terms ; we have only to replace in the reasoning the jjhrase 
'' absolute value of a real quantity by the corresponding one, 
absolute value of a coiniDlex quantity. We shall recall briefly the 
theorems and results stated there. Let 

(9) H (- a„s’* H 

be a power series in which the coefficients and the variable may have 
any imaginary values whatever. Let us also consider the series of 
absolute values, 

( 10 ) 


V '•'In'''” , 


and, as particular cases, it may be zero or infinite. 

From these properties of the number R it follows at once that the 
series (9) is absolutely convergent when the absolute value of z is 
less tlian R, It cannot be convergent for a value of whose abso- 
lute value is greater than R^ for the series of absolute values (10) 
would then be convergent for values of r greater than R (I, § 181, 
2d ed. ; § 177, 1st ed.). If, with the origin as center, we describe in 
the plane of the variable z a circle C of radius R (Fig. 7), the power 
series (9) is absolutely (convergent for every value of inside the 
circle C, and divergent for every value of .t; outside ; for this reason 
the circle is called the cItgIg of conGergencG, In a point of the cirede 
itsedf the series may be convergent or divergent, according to the 
particular series.* 

In the interior of a circle C' coiieentric with the first, and with a 
radius PJ less than /t, the series (9) is uniformly convergent. For 
at every point within C' we have evidently 

and it is possible to choose the integer n so large that the second 
meinher will be less than any given positive number c, whatever g) 
may be. From this we conclude that the sum of the series (9) is a 
continuous function /(.~) of the variable at every point within the 
circle of convergence (§2). 

By differentiating the series (9) re])eatedly, avb obtain an unlimited 
number of power series, /j(.^), ‘ • • •; which have the 

same circle of convergence as the first (I, § 183, 2ded. j § 179, 
1st ed.). We prove in the same way as in § 184, 2d ed., that ffz) 
is the derivative of /(.v), and in general that ffz) is the derivative 


Let /(a:) = San 2 :^ be a power series whose radius of convergence R is equal to 1. 
If the coefficients Uq, etj, (U, are positive decreasing numbers such that a-n ap- 
proaches zero when n increases indefinitely, the series is convergent in every point 
of the circle of convergence, exce^Dt perhaps for z-=\. In fact, the series Sz'S where 
lz| = l, is indetervimaie except for z~l, for the absolute value of the sum of the first 
ry, lociG +linn 9/11 — -S’ I • it will Rnffip.fi. thcii. to noulv tlift reasonnuT of S 166. Vol. T. 



Fig. 7 


are analytie functions in the 
same circle. Given a point 
inside the circle C, let us 
draw a circle g tangent to 
the circle C in the interior, 
with the given point as cen- 
ter, and then let us take a 
point z -\- h inside g\ if ?* and 
p are the absolute values of 
and we have ?* + p < 7? 
(Fig. 7). The sum f{^ + A) 
of the series is equal to the 
sum of the double series 


(U) 


+ • • 

-}- ci^Ji -f- 2 cb^zli -f* • ' 
+ +. 
+ 


+ -f . . . 

-j- na^z'^''^]i -f- 
, n{n-l) 


1.2 


“ 1 “ ■ ' 


when we sum by columns. But this series is absolutely convergent, 
for if we replace each term by its absolute value, we shall have a 
double series of positive terms whose sum is 

+A^(r + p) + . . . + p)« + . . .. 

We can therefore sum the double series (11) by rows, and we have 
then, for every point z + inside the circle c, the relation 

7)2 /.n 

(12) /(., + A) = /(«)+/,/^(.)+_/^(.)+ ... .... 


The series of the second member is surely convergent so long as 
the absolute value of h is less than R — but it may be convergent 
in a larger circle. Since the functions * * •? /n(^)j * * * 

equal to the successive derivatives of /(s;), the formula (12) is 
identical with the Taylor development. 


uie circle, approaciies z along a curve wlncn is not tangent at Z to 
the circle of convergence.* 

When the radius R is infinite, the circle of convergence includes 
the whole plane, and the function f(z) is analytic for every value 
of a;. We say that this is an integral function ; the study of tran- 
scendental functions of this kind is one of the most important 
objects of Analysis.! We shall study in the following paragraphs 
the classic elementary transcendental functions. 

9. Double series. Given a power series (9) with any coefBcients whatever, we 
shall say again that a second power series whose coefficients are all real 

and positive, dominates the first series if for every value of n we have | a,i | ^ otm. 
All the consequences deduced by means of dominant functions (I, §§ 186-189, 
2d ed. ; §§ 181-184, 1st ed.) follow without modification in the case of complex 
variables. We shall now give another application of this theory. 

Let 

(13) fo{z) + f{z) + f2(f) + . . . + fn{z). -f - . . 

be a series of which each term is itself the sum of a power series that converges 
in a circle of radius equal to or greater than the number jK > 0, 

fi{z) = aiQ + anz + . . . + 

Suppose each term of the series (13) replaced by its development according to 
powers oiz\ we obtain thus a double series in which each column is formed by 
the development of a function A( 2 :) . When that series is absolutely convergent 
for a value of z of absolute value p, that is, when the double series 

i n 

is convergent, we can sum the first double series by rows for every value of z 
whose absolute value does not exceed p. We obtain thus the development of 
the sum F{z) of the series (13) in powers of z, 

F{z) = -f 2: -}-••• + +•• ‘j 

iin — 4* (^In -j- • • • + Uin + * • •, (?1 = 0, 1, 2, • • •), 

This proof is essentially the same as that for the development of /(z + h) in 
powers of h. 

Suppose, for example, that the series A(2J) has a dominant functioji of the 
form ifpy(7’— z), and that the series is itself convergent. In the double 



series the absolute value of the general term is less than Mi\z\^/r^. If [s | < r, 
the series is absolutely convergent, for the series of the absolute values is 
convergent and its sum is less than rXMi/{r — \ z\). 

10. Development of an infinite product in power series. Let 
F (z) = (1 4 - Wq) (1 -f- w-i) • * • (1 + Un) * • • 

be an infinite product where each of the functions Ui is a continuous function 
of the complex variable z in the region D. If the series SlTf, where Ui = \ ui\^ 
is uniformly convergent in the region, F(z) is equal to the sum of a series that 
is uniformly convergent in D, and therefore represents a continuous function 
(I, §§ 175, 176, 2d ed.). When the functions Ui are analytic functions of z, it fol- 
lows, from a general theorem which will he demonstrated later (§ 39), that the 
same is true of F(z), 

For example, the infinite product 

represents a function of z analytic throughout the entire plane, for the series 
X\z\'‘^/n^ is uniformly convergent within any closed curve whatever. This 
product is zero for 2 = 0, - and for these values only. 

We can prove directly that the product F(z) can be developed in a power 
series when each of the functions can he developed in a power series 

Ui{z) = Uio + anz + • • • + • • •, (i = 0, 1, 2, . . .), 

such that the double series 

i n 

is convergent for a suitably chosen positive value of r. 

Let us set, as in Volume 1 (§ 174, 2d ed.), 

Uo = 1 + Wo, = (1 + Uq) (1 + Wi) . . . (1 + Un-.i)Un. 

It is sufficient to show that the sum of the series 

(14) V 0 + 1 J 1 + + •••, 

which is equal to the infinite product F(z)^ can be developed in a power series. 
Now, if we set 

Ui = \aio\+ \ aii\z^ •••+ + •••, 

it is clear that the product 

< = (1 + Wo) (1 + wi) • • • (1 + K~i)K 



and therefore 


n+n+---+T^xi+ t/o)---{n- K), 

or, again, 

^0 + + • • • + F' < + ' • • + K. 

When n increases indefinitely, the sum + . . . + approaches a limit, since 
the series XU'^ is supposed to he convergent. The double series (15) is then 
absolutely convergent if 1 2 ? | ^ r ; the double series obtained by the development 
of each term Vn of the series (14) is then a fortiori absolutely convergent within 
the circle G of radius r, and we can arrange it according to integral powers of z. 

The coefficient bp otzi^ in the development of F(z)is equal, from the above, to the 
limit, as n becomes infinite, of the coefficient 5^„of z^ in the sum 1 ?^+ . . . q. 
or, what amounts to the same thing, in the development of the product 

■Pji = (1 + %) (1 + Wj^) • ♦ • (1 4- Uji ) . 

Hence this coefficient can be obtained by applying to infinite products the 
ordinary rule which gives the coefficient of a power of z in the product of a 
finite number of polynomials. For example, the infinite product 

F(z) = (1 + 2 ) (1+ z^) (1+2") •••(! + 22 ’*) . . . 

can be developed according to powers of 2 : if 1 2 : | < 1. Any power of z whatever, 
say z^, will appear in the development with the coefficient unity, for any posi- 
tive integer N can be written in one and only one way in the form of a sum of 
powers of 2. We have, then, if 1 2 : | < 1 , 

(16) J’(2) = l + a + 0“+ ••• +z”+ = 

1 — z 

which can also be very easily obtained by means of the identity 
= (1 + Z) (1 + Z2) (1 + 24) ... (1 + z^—'). 

11. The exponential function. The arithmetic definition of the ex- 
ponential function evidently has no meaning when the exponent is 
a complex number. In order to generalize the definition, it will be 
necessary to start with some property which is adapted to an exten- 
sion to the case of the complex variable. We shall start with the 
property expressed by the functional relation 

Let us consider the question of determining a power series /(^), con- 


" ^ / 1 2 1 ' nl ' 

UH V(*.])la(^o HXKHiessively in that series ;v by Xty then by where 
X ;uul y av<‘, two (constants and an auxiliary variable; and let us 
then iuulti])ly tlio resulting series. This gives 

/(M) jxk'f) = 1 + ^ (\ + X') *; + • • • 

(Jn hand, we have 

jXkt. + x'l;) = 1 + (X + X') *: + • • • + J(x + x')»<’‘ + • • • . 

Till', (‘.(jnality f{kt + k'i) =f(kt)f(k't) is to hold for all values of 
X, t such that jX] < 1, jX'l < 1, 1^1 < f?/2. The two series must 
then be identical, that is, we must have 


rt„(X + X')” = ««>-” + f a„-i«iX"-U' 

d 2 ^ ^*k-2®2^’*''^X'*+ • • • + «„X'", 

and from this we can deduce the equations 

— 1 — 2 ^'2 ? * ’ * J 

all of which can be expressed in the single condition 


(1,H) ap + « = «p®?> 

where p and (j are any two positive integers whatever. In order to 
iind the general solution, let us suppose q = l, and let us put 
siuKiCSsively p = 1, p = 2, p = S, • ■ from this we find = aj, then 
a = a. a, = , and finally «■„ = aj. The expressions thus obtained 

satisfy the condition (18), and the series sought is of the form 



The above series depends upon an arbitrary constant a^. Taking 
= 1, we shall set 


SO that the general solution of the given problem is The inte- 
gral function coincides with the exponential function studied in 
algebra when is real, and it always satisfies the relation 


whatever ^ and may be. The derivative of is equal to the func- 
tion itself. Since we may write by the addition formula 


in order to calculate /f when z has an imaginary value x + 
sufficient to know how to calculate e^\ Now the development of 
can be written, grouping together terms of the same kind, 


2 ! 4 ! 


+ i 


\1 3 ! ^ 5 ! "7 


We recognize in the. second member the developments of cosy and 
of siny, and consequently, if y is real^ 


= cos y -f i sin y. 


Replacing by this expression in the preceding formula, .we have 
(19) e® = e®(cos y + ^ sin y) ; 

tliQi function has for its absolute vahie and y for its angle. 

This formula makes evident an important property of e®; if 
changes to ^ 4- 2 Tri, x is not changed while y is increased by 2 tt, 
but these changes do not alter the value of the second member of 
the formula (19). We have, then, 

that is, the exponential function has the period 2 tti. 

Let us consider now the solution of the equation e^ = A, where A 
is any complex quantity whatever different from zero. Let p and w 


From the first relation we find x = log p, where the abbreviation log 
shall always be used for the natural logarithm of a real positive 
number. On the other hand, y is determined except for a inultiple 
of 2 TT. If A is zero^ the equation = 0 leads to an impossibility. 
Hence the equation = .d, lohere A is not nero, has an infinite num- 
hev of roots given hy the exjoression log p A" i(p^ ^ kif) 5 the equation 

=r 0 has no roots^ real or imaginary. 

Note. We might also define a"* as the limit approached by the poly- 
nomial + when m becomes infinite. The method used in 

algebra to prove that the limit of this polynomial is the series e^ can 
be used even when z is complex. 


12. Trigonometric functions. In order to define sin z and cos z 
when z is complex, we shall extend directly to complex values the 
series established for these functions when the variable is real. 
Thus we shall have 


( 20 ) 


z z^ z^ 
cos« = l-- + __ 


These are integral transcendental functions which have all the 
properties of the trigonometric functions. Thus we see from the 
formulse ( 20 ) that the derivative of sin z is cos z^ that the derivative 
of cos g; is — sin Zy and that sin z becomes — sin z, while cos z does 
not change at all when z is changed to — z. 

These new transcendental functions can be brought into very close 
relation with the exponential function. In fact, if we write the ex- 
pansion of collecting separately the terms with and without the 
factor iy 


2 ! 4 !^ 






3! ' 

we find that that equality can be written, by ( 20 ), in the form 

=: cos -f sin z. 



hese are the well-known formulae of Euler which express the 
igonometric functions in terms of the exponential function. They 
LOW plainly the periodicity of these functions, for the right-hand 
des do not change when we replace sj by sj + 2 tt. Squaring and 
Lding them, we have 

cos^ z -f sin^ 

Let us take again the addition formula or 

cos(;5; +«') + i sin (z -f- z') 

= (cos z sin z') (cos z' -{-i sin z') 

= cos cos z^ — sin z sin z' + z(sin z cos z' -f sin z^ cos z), 

id let us change z to — z, z^ to — z\ It then becomes 
cos {z z^) — i sin (z -f z') 

= cos z cos z^ — sin z sin z' — i (sin z cos z^ -f- sin z' cos 
d from these two formulae we derive 

cos {z + z') = cos cos z^ — sin s sin z^ 
sin (z -{- z') = sin z cos z' + sin z cos z\ 

le addition formulae and therefore all their consequences apply for 
mplex values of the independent variables. Let us determine, for 
ample, the real part and the coefficient of i in cos (x + yi) and 
I (::c + yi). We have first, by Euler’s formulae, 

g-y ^ ^ e-v — qV ^ 

cos yi = ^ = cosh y, sm yi = — — = t smh y ; 

lence, by the addition formulae, 

s (a; H“ yi) = cos x cos yi — sin x sin yi = cos x cosh y -—i sin x sinh y, 

I -j- yi) = sin X cos yi + cos x sin yi = sin x cosh y + i cos x sinh y. 

The other trigonometric functions can be expressed by means of 

e preceding. Eor example, 

sin^-^J 1 

tan ^ = = T 

cos z % e 

lich may be written in the form 

1 - 1 
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value and angle oi respecuveiy. 

= p, 7/ = (0 + 2 kir. 

Any one of these roots is called the lofjarlthvi of r;j and will be 
denoted by Log {z). We can write, then, 

Log (z) = log p -h i (o) 4* 2 kir)^ 

the symbol log being reserved for the ordinary naturjil, or ]Shi])ieria.n, 
logarithm of a real positive number. 

Every quantity, real or complex, dilferent from zero, has an 
infinite number of logarithms, which form an arithmeti(i progres- 
sion whose consecutive terms differ by 2 nri. In partiiadar, if z is a 
real positive number x, we have a) = 0. Taking k = 0, we find again 
the ordinary logarithm ; but there are also an infinite number of 
complex values for the logarithm, of the form log a? -{- 2 hiri If z is 
real and negative, ive can take co = tt ; hence all the determinations 
of the logarithm are imaginary. 

Let z' be another imaginary quantity with the absolute value p' 
and the angle w'. We have 

Log(sj')=: logp' + i((o' -f- 2 7cV). 

Adding the two logarithms, we obtain 

Log (z) 4- Log {z') — log pp' -f ?:[a) -b w' 4- 2 (/c 4- 7c') tt]. 

Since pp' is equal to the absolute value of z.z\ and to 4- w' is equal to 
its angle, this formula can be -wi’itten in the form 

Log (z) 4 Log (z') = Log {zz'), 

which shows that, when we add any one whatever of the values of 
Log {z) to any one whatever of the values of Log the sum is one 
of the determinations of Log(sjgj'). 

Let us suppose now that the variable z describes in its plane any 
continuous curve whatever not passing through the origin ; along 
this curve p and o> vary continuously, and the same thing is true of 
the different determinations of the logarithm. But two quite distinct 
cases may present themselves when the variable z traces a closed 


returns to its initial value increased by 2 irL In general, when z 
describes any closed curve wliatever, the final value of the logarithm 
is equal to 'its initial value increased by 2 /ctt/*, where k denotes a 
])ositive or negative integer which gives the number of revolutions 
and the direction through which the radius vector joining the origin 
to the iDoint z has turned. It is, then, impossible to consider the dif- 
ferent determinations of Log(r;;) as so many distinct functions of z 
if we do not place any restriction on the variation of that variable, 
since we can pass continuously from one to the other. They are so 
many branches of the same function, which are permuted among 
themselves about the critical point = 0. 

In the interior of a region which is bounded by a single closed curve 
and which does not contain the origin, each of the determinations of 
Log(;5) is a continuous single-valued function of To show that it 
is an analytic function it is sufficient to show that it possesses a 
unique derivative at each point. Let and z^ be two neighboring 
values of the variable, and Log(;^), Log(^^) the corresponding values 
of the chosen determination of the logarithm. When z^^ approaches 
the absolute value of Log(^j) — Log(^') approaches zero. Let us put 
Log (z) = w, Log (z^) = ; then 

(^i) - (^) ^ 

Z^ — Z — 6^ 

When approaches the quotient 

— u 

approaches as its limit the derivative of ; that is, e" or s;. Hence 
the logarithm has a uniquely determined derivative at each point, 
and that derivative is equal to 1/z, In general, Log(;^ — a) has an 
infinite number of determinations which permute themselves about 
the critical point ^ = a, and its derivative is l/{z — a). 

The function z'^y where m is any number whatever, real or complex, 
is defined by means of the equality 


order to make each branch an analytic function in the whole i)lane. 
The derivative is given by the expression 

;5i 

and it is clear that we ought to take the same value for the angle 
of ^ in the function and in its derivative. 

14. Inverse functions: arc sin z, arc tan z. The inverse functions 
of sin cos 25, tan ^ are defined in a similar way. Thus, the function 
u = arc sin 0 is defined by the equation 

= sin 7L 

In order to solve this equation for 7-t, we write 

^ == - — pt: = - 7 >- 

2 ^ 2 

and we are led to an equation of the second degree, 

( 22 ) 0 , 

to determine the auxiliary unknown quantity U = We obtain 
from this equation 

(23) VTT^, 
or 

(24) u == arc sin ^ Log(^s{ ± Vl — 

The equation z = sin u has therefore two sequences of roots, which 
arise, on the one hand, from the two values of the radical Vl - ^ 
and, on the other hand, from the infinite number of determinations 
of the logarithm. But if one of these determinations is known, 
all the others can easily be determined from it. Let and 

U” = p^e^'^ ' be the two roots of the equation (22) ; between these 
Wo roots exists the relation and therefore 

0 )" = (2 + 1) TT. It is clear that we may suppose = tt - wS 
and we have then 


arc sin s = TT -h 2 /c'V — ^ i log p\ 

:d we may write 

(A) arc sin ^ + 2 /c'tt, 

(B) arc sin ^ = (2 /c'^ + 1) tt — 
lere w' = cu' — - ^ogp'. 

When the variable z describes a continuous curve, the various 
terminations of the logarithm in the formula (24) vary in general 
a continuous manner. The only critical points that are possible 
3 the p oints = ± 1, around which the two values of the radical 
1 — are permuted ; there cannot be a value of z that causes 
± Vl— to vanish, f or, if t here were, on squaring the two sides 
the equation iz = ± VT-^ we should obtain 1=0. 

Let us suppose that two cuts are made along the axis of reals, one 
ing from — oo to the point -> 1, the other from the point -f 1 to 
CO . If the path described by the variable is not allowed to cross 
3se cuts, the different determinations of arc sin z are single-valued 
actions of z. In fact, when the variable z describes a closed curve 
t crossing any of these cuts, the two roots ?7', If’ of equation (22) 
;o describe closed curves. hTone of these curves contains the 
gin in its interior. If, for example, the curve described by the 
Dt U’ contained the origin in its interior, it would cut the axis Oy 
a point above Ox at least once. Corresponding to a value of U of 
3 form ia{a > 0), the relation (22) determines a value (1 + t\?)/2 a 
and this value is real and > 1. The curve described by the 
int z would therefore have to cross the cut which goes from 
1 to + cc. 

The different determinations of arc sin ^ are, moreover, analytic 
ictions of z.^ Bor let u and be two neighboring values of 


If we choose in U=iz-{-Vl-z^ the determination of the radical which reduces to 
hen z~0, the real part of U remains positive when the variable z does not cross 
cuts, and we can put where ^ lies between ~7r/2 and +7r/2. The cor- 

jonding value of (l/i) Log U, namely, 


^Y^len the absolute value of 
quotient has for its limit 

• cos 

The two values of the derivative correspond to the two sequences 
of values (A) and (B) of arc sin 

If we do not impose any restriction on the variation of n;, we (ian 
pass from a given initial value of arc sin z to any one of the deter- 
minations whatever, by causing the variable z to describe a suitable 
closed curve. In fact, we see first that when describes al)Out the 
point = 1 a closed curve to which the point z ■===.— 1 is exterior, 
the two values of the radical Vl — are permuted and so we pass 
from a determination of the sequence (A) to one of the secpieiuie (B). 
Suppose next that we cause z to describe a circle of radius R (A > 1) 
about the origin as center j then each of the two points W describes 
a closed curve. To the point z=-\~ U the equation (22) assigns two 
values of U, U’ = ia, U” = ip, where a and are positive 5 to the 
point z= — R there correspond by means of the same equation the 
values — ia\ where and p' are again positive. 

Hence the closed curves described by these two points U\ IJ” cut the 
axis Oi/ iii two points, one above and the other below the point 0 ; 
each of the logarithms Log (C7'), Log(t/'^) increases or diminishes 
by 2 7rt. 

In the same way the function arc tan z is defined by means of 
the relation tan = z, or 

^ _ 1 ^ 

^ i e2Ki ^ I ’ 


— u approaches zero, the preceding 
±1 

Vl — z} 


whence we have 
and consequently 


g2 7« _ ^ _ i z 

1 — iz i + z^ 


arc tan ^ ^ Bog 



This expression shows the two logarithmic critical points ± i of the 


These two formnlee enable ns to find a primitive function of any 
rational function whatever, with real or imaginary coefficients, pro- 
vided the roots of the denominator are known. Consider as a special 
case a rational function of the real variable x with real coefficients. 
If the denominator has imaginary roots, they occur in conjugate 
pairs, and each root has the same multiplicity as its conjugate. 
Let a -P pi and cc — pi loe two conjugate roots of multiplicity p. In 
the decomposition into simple fractions, if we ^Droceed with the 
imaginary roots just as with the real roots, the root a + pi will 
furnish a sum of simple fractions 

-b M2 + , Mp -h 

X a — pi (x — a ~ pi^^ (x — cc — piY ’ 

and the root a — pi will furnish a similar sum, but with numerators 
that are conjugates of the former ones. Combining in the primitive 
function the terms which come from the corresponding fractions, we 
shall have, if ^ >1, 


f fix + f ■ - — -- dx 

J (x~a^pi)P^ 


2J-1 

1 


3fp 4- 




il I 

(x — x — piy'"'^ (x — d- pi) 




2? — 1 






and the numerator is evidently the sum of two conjugate imaginary 
polynomials. If 2^ = f j we have 


J X- a — J*- 

= (il^j + iVj'i)Log[(a: 


~Nji 


dx 


CC -f“ pi 

a) — ;Si] + (il/j — iVj't) Log[(a: — a) + 


It suffices to replace 

arc tan 

X — it 

in order to express tlie result in tlie form in which it is obtaineo 
when imaginary symbols are not used. 

Again, consider the indefinite integral 

dx 

"y/Ax^ + 2Bx + C 

which has two essentially different forms, according to the sign of 
A. The introduction of complex variables reduces the two forms to a 
single one. In fact, if in the formula 

f = Log(a; + Vl + 

J VI 

we change x to ix, there results 

— = T Log Ux + Vl — x^), 

Vl — x^ 

and the right-hand side represents precisely arc sin x. 

The introduction of imaginary symbols in the integral calculus 
enables us, then, to reduce one formula to another even when the 
relationship between them might not be at all apparent if we were 
to remain always in the domain of real numbers. 

We shall give another example of the simplification which comes 
from the use of iinaginaries. If a and h are real, we have 




, TT , X — a 

by 77 — arc tan - — - — 
j 2 p 


/ 




a - hi 


a -f hi + h‘^ 


c'**'*'(cos hx + i sinZ>x). 


Equating the real parts and the coefficients of ?*, we have at one stroke 
two integrals already calculated (I, § 109, 2d ed. ; § 119, 1st ed.) : 


C , 6°^ (a cos hxA-h sin hx) 

I cos hx dx = rs ^ > 


to the integral / dx^ -which can be calculated by a succession 
of integrations by parts, where m is any integer. 


16. Decomposition of a rational function of sinj? and cosz into 
simple elements. Given a rational function of sin ^ and cos 
F(sin .'s:, cos if in it we replace sin and cos by their expressions 
given by Euler^s formula, it becomes a rational function Rif) of 
t = This function R {f), decomposed into simj^le elements, will be 
made up of an integral part and a sum of fractions coming from 
the roots of the denominator of R (t). If that denominator has the 
root ^ = 0, we shall combine with the integral part the fractions aris- 
ing from that root, which will give a polynomial or a rational function 
R^if) = where the exponent m may have negative values. 

Let = < 2 - be a root of the denominator different from zero. That 
root will give rise to a smn of simple fractions 





+ ... 


4 


An 

it — ay 


The root a not being zero, let a be a root of the equation = a ; 
then 1 j(t — CL) can be expressed very simply by means of ctii [(^ — a;) /2]. 
We have, in fact, 


ctn 



^ ^ 

% — : : 

02 * — 




^( 14 - 





whence it follows that 


1 


t — a 



A./ 


14 "'^ ctn 



Hence the rational fraction fif) changes to a’ polynomial of degree 
71 in ctn [(^^ — <^)/2], 

A'^ + A{ ctn + A'^ oiv? b A'„ ctn" • 


The successive powers of the cotangent up to the y^th can be ex- 
pressed in turn in terms of its successive derivatives up to the 



Let us proceed in the same way witli all the I'oots />, r, . • ■ , / oF the 
denominator of R{t) different from zero, and let us add tlu*. in^siilts 
obtained after having replaced t by rr' in Tlu^ giv(m rational 

function ^(sing;, cos;^) will be composed of two pa.rts, 


(25) F(sin cos z) = <!> (r;) -f '1' 

The function ^(z), which corresponds to tlu‘, int(\gra.l i)art of a 
rational function of the variable, is of the f(n*m 

(26) $(;$;) = C + :S {a,,, cos viz + sin ?//.-), 


where m is an integer not zero. On the otlier Imnd, wbicdi e,ov- 
responds to the fractional part of a rational fuiuition, is a.n i^x])ression 
of the form 

fl»-i /z~-a\ 

, /."-A 


+ Si ctn S, X 


4- 


It is tlie function ctn[(a; — a;)/2] wMcli here i>lays the role of the 
simple element, just as the fraction !/(» — ») does for n rational 
function. The result of this decomposition of i'’(sin z, cos «) is easily 
integrated ; rve have, in fact, 

(2 ‘ ) y (~T^) = 2 Log j^sin j ’ 

and the other terms are iiitegrable at once. In order that the primi- 
tive function may be periodic, it is necessary and sufficient that all 
the coefficients C, . be zero. 

In practice it is not always necessary to go through all these suc- 
cessive transformations in order to put the function i'"(sin «, cos z) into 
its final form (25). Let a be a value of ® which makes the function 
F infinite. We can always calculate, by a simple division, the 



where P {p — a) is a power series ; equating the coefficients of the 
successive powers of in the two sides of the equation (25), 

we shall then obtain easily ^ 2 ? * * *? 

Consider, for example, the fuiu^tion l/(cos — cos a). Setting 
= a, it takes the form 

2 at 

Ti) ' 


The denominator has the two simple roots t == a., t = 1/a, and the 
numerator is of lower degree than the denominator. We shall have, 
then, a decomposition of the form 


1 

cos z — cos a 


C + jl ctn S ctii 


In order to determine jl, let us multiply the two sides by z ~ a, and 
let us then x^rit z = a. This gives ^ = — 1/(2 sin or). In a similar 
manner, we lind ® =1/(2 sin a). Kex)lacing yl and ^ by these values 
and setting ;=; = 0, it is seen that C = 0, and the formula takes the form 

1 1 / ^ z a ^ z — cc\ 

ctn — — ~ ctn - ■ I- 

cos z — cos a 2 sin a\ 2 2 / 


Let us now apply the general method to the integral powers of sing and 
of cos 2 . We have, for example, 

( pzi -L p—zi\vi 

\ ) • 

Combining the terms at equal distances from the extremities of the expansion 
of the numerator, and then applying Euler’s formulae, we find at once 

(TYh 

(2 cosz)^ = 2 cos mg + 2 m cos (m — 2) 2 + 2 — - — - — - cos (m — 4) g + • . • . 

1 « 2i 


If m is odd, the last term contains cos g ; if m is even, the term which ends the 
expansion is independent of z and is equal to m!/[(m/2) I]^. In the same way, 
if m is odd, 

TTl ( 7fl ““ 1 ^ 

(2 i sin g)”i = 2 i sin mg — 2 im sin (m — 2) g + 2 i — — - — - sin (m — 4) g • • • ; 

1 • ^ 

and if m is even, 

-ml 

(2 i sin g)”» = 2 cos mg —2m cos (m — 2) g + •••+(— 1) 2 - — — . 


17. Expansion of Log (1 + z). The transcendental fmud.ions wliicli 
we have defined are of two kinds : those whitdi, like (f, sin r:, cos rs, are 
analytic in the whole plane, and those which, like Log r;, arc, tan rj, • • •, 
have singular points and cannot be represented by develoi)nients in 
power series convergent in the whole j)lane. Nevertlj(i]e.ss, such 
functions may have developments holding for wirtain ])arts of the 
plane. We shall now show this for the logarithmic function. 

Simple division leads to the elementary formula 


1 

1 +^ 


= 1 - 




- H h (- ± 




and if the remainder approaclies zero when n 

increases indefinitely. Hence, in the interior of a cdrch*, r' of radius 1 


we have 


1 + 


:1 - a; + + . . . + ± 


Let i^(^) be the series obtained by integrating this series term by term: 




+1 




this new series is convergent inside the unit circle and represents 
an analytic function whose derivative F'(») is 1/(1+ s). We know, 
however, a function which has the same derivative. Log (1 + .c). It 
follows that the difference Log (!+«)— F(!i) reduces to a constant.* 
In order to determine this constant it will be necessary to fix pre- 
cisely the determination chosen for the logarithm. If we take the 
one which becomes zero for z = 0, we have for every point inside C 


( 28 ) + + 

Let us join the point d to the point M, which represents z (Fig. 8). 
The absolute value of 1 + « is represented by the length r = AM. 
For the angle of 1 + s we can take the angle a which AM makes 
^th A O, an angle which lies between - 7r/2 and + ir/2 as long as 
the point ill remains inside the circle C. That determination of the 


Pig. 8 


Changing z to — z in this formula and then subtracting the two 
expressions, we obtain 

If we now replace by iz, we shall obtain again the development of 
arc tan z 

arc tan ; 


1 -r /I + 

= 2i’^°nr^ 


3~^5 '*■* 


The series (28) remains convergent at every point on the circle of convergence 
except the point A (footnote, p. 19), and consequently the two series 


cos^ • 


cos 2 ^ ^ cos 3 0 


cos 4:0 


^ sin 2 ^ sin 3 0 
sin 6 r 1 r 


sin 4 0 


are both convergent except for ^ = (2 A: + 1) tt (cf , I, § 166). By Abel’s theorem 
the sum of the series at M' is the limit approached by the sum of the series at 
a point if as M approaches M' along the radius OM', If we suppose 6 always 
between — tt and + tt, the angle lx will have for its limit ^/2, and the absolute 
value AJkf will have for its limit 2 cos ((9/2). We can therefore write 

/ ^ cos2^ cos 3 (9 cos 4^ 

log i 2 cos - j= cos 6 1 


• + 


2 


3 


4 


(29) 


^ VI , VI (771 — 1) 

<#) (W , = 1+ J ' 


' + 


+ 


m (m — 1 ) ■ ■ ♦ (771 -- p 1 ) 

p\ 


-H 


for all tlie values of vi and real or imaj^iiiaiy, providcnl we 
have We might accomplish this by means of a diii:(*.rential 

equation, in the manner indicated in the case of real variables 
(I, § 183, 2d ed. ; § 1T9, 1st ed.). The following method, wliicli gives 
an application of § 11 , is more closely related to the method fol- 
lowed by Abel. We shall suppose n; fixed and |-| < 1, and we 
shall study the properties of ^( 771 , considered as a function of ?7i. 
If m is a positive integer, the function evidently reduces to the 
polynomial ( 1 +^)”^. If ifn and m' ar& awj txoo vakies 'ivliatevei' of 
the 'pm'wmetex' 7 ?^, loe have alwaijs 


(30) (/) (??i, z) <j> z) = (^ (m 4- 7rb\ zf 

In fact, let us multiply the two series </> (m, z), <jf) z) by the ordi- 
nary rule. The coefElcient of z^ in the product is ecj^ual to 


(31) vip + -1 }- + 7/^;, 

where we have set for abbreviation 




m (m — 1) • • » (m — 7c + 1) 

-- 


The proposed functional relation will be established if Ave show 
that the expression (31) is identical with the coefficient of z^' in 
<}> (xn 4 - «), that is, with (m 4 vd)^. We could easily verify directly 

the identity 

(32) (m + VI )p = 77ip + 7n^ _i H h w' , 

but the computation is unnecessary if we notice that V»he relation 
(30) is always satisfied whenever m and m’ are positive integers. 
The two sides of the equation (32) are polynomials in 771 and m* 
which are equal whenever m and xn' are positive integers ; they 
are therefore identical. 



(33) ) 


± f \ 1 r ^ 0 , ^ ft 


, ni^ n 8 , 


+ 


71V' 


m 


mP 

H 1 + 

p\ 


if we sum it by columns. This double series is absolutely convergent. 
For, let |;3|= p and |??i|= cr; if we replace each term by its absolute 
value, the sum of the terms of the new series included in the 
(^ + l)th column is equal to 

cr(cr+ 1) • ■ ♦ (o-+i? -1) ^ 

which is the general term of a convergent series. We can therefore 
sum the double series by rows, and we thus obtain for <^(m, z) a 
development in i^ower series 


From the relation (30) and the results established above (§ 11), 
this series must be identical with that for Now for the coeffi- 
cient of m we have 


hence 


«! = j - 2 + 3 = Log (1+ s); 


(34) 


z)^ gmLoga+«)^ 


where the determination of the logarithm to be understood is that 
one which becomes zero when ^ = 0. We can again represent the 
last expression by (1 + zy*- j but in order to know without ambiguity 
the value in question, it is convenient to make use of the expression 

gmI.og(l+2)^ 

Let m = p. + z/i ; if and a have the same meanings as in the 
preceding paragraph, we have 

^mLog (1+ 2) ^ + vi) (log r + ia') 


If u + 1 is negative or zero, the absolute value of the general Uirin never 
decreases, since the ratio is never less than unity. The mics U dim^- 

gent at all the points on the circle when g ~ — 1. 

It remains to study the case where - 1< /x = 0, Lot ns eonsnUu’ the series 
whose general term is Uf , ; the ratio of two consecutive terms is e^iual to 

r /X + 1 . 0 -y „ 

w n^ J n ri- 

and if we choose p large enough so that j? (^ + 1) > 1, this series will bo conver- 
gent. It follows that t/'S, and consequently the absolute value of the general 
term U^, approaches zero. This being the case, in the identity 


</> (? 7 i, z)(l-\‘Z) = (f} {m + 1, z) 


let us retain on each side only the terms of degree loss than or equal to ?i; 
there remains the relation 


Sn (1 + z) — >S,j + 


Hi 


where Sn and indicate respectively the sum of tlie first (n + 1) terms of 
0 ( 7 H, z) and of 0 ( 771 + 1, z). If the real part of m lies between — 1 and 0, the 
real part of tti + 1 is positive. Suppose \ z\ = 1 ; when the number h increases 
indefinitely, S^[ approaches a limit, and the last term on the right approaches 
zero ; it follows that Sn also approaches a limit, unless 1 + 2 = 0. Therefore, 
when — 1 < /X ^ 0, the seiies is convergent at all the points on the circle of conver- 
gence^ except at the point 2 =— 1. 


III. CONFORMAL REPRESENTATION 

19. Geometric interpretation of the derivative. Let u = A" -j- Yl be a 
function of the complex variable , 2 , analytic witliin a (dosed (uirvo C, 
We shall represent the value of u by the point whose eoilrdiiiates are 
A, Y with respect to a system of rec+aiigular axes. To simplify the 
following statements we shall suppose that the axes OX^ OY are par- 
allel respectively to the axes Ox and Ojj and arranged in the same order 
of rotation in the same plane or in a plane paralhd to the ])laiie xOjf, 
When the point z describes the region A bounded by the closed 
curve C, the point u with the coordinates (A, Y) des(u*ibes in its 
plane a region A ' ; the relation u = defines then a certain corre- 
spondence between the points of the two planes or of two portions of 


I, § 1^] 


CONFOKMAL KFrRESENTATIOjST 


43 


Let ,v and be two neighboring points of the region /I, and n and 
the eorresponding points of the region A'. By the original defini- 
tion of the derivative the quotient (?.q — n)/{z^ — has for its limit 
f'Q:) when the absolute value of approaches zero in any 

manner whatever. Suppose that the point approaches the point 
z along a curve C, whose tangent at the point z makes an angle a 
with the parallel to the direction Ox ; the point -will itself de- 
scribe a curve C j)J^ssing through u. Let us discard the case in 
which f'(z) is zero, and let p and w be the absolute value and the 
angle of /'("-) respectively. Likewise let r and r' be the distances 
zz^ and a' the angle which the direction zz^ makes with the 
parallel zx' to 0 .t, and /3' the angle which the direction un^ makes 
with the parallel tiX' to OX. The absolute value of the quotient 



Fm. \)a 



(7q — is equal to r^/r^ and the angle of the quotient is 

equal to — a*. We have then the two relations 

(35) lim ~ = P; bill — «:') = o + 2 /ot. 

Let us consider only the second of these relations. We may sup- 
pose k = 0, since a change in /c simply causes an increase in the 
angle w by a multiple of 2 tt. When the point z^ approaches the 
point along the curve C, approaches the limit a, approaches a 


and consequently ^ ~ j3 = y — a. The curves C' and D' cut each 
other in the same angle as the curves C and D, Moreover, we see that 
the sense of rotation is preserved. It should be noticed that if 
f>(z) = 0, the demonstration no longer applies. 

If, in particular, we consider, in one of the two planes xOij or XOF, 
two families of orthogonal curves, the corresponding curves in the 
other plane also will form two families of orthogonal curves. For 
example, the two families of curves X = C, F= C', and the two 
families of curves 

(36) \m=C, angle 

form orthogonal nets in the plane xO?/j for the corresponding curves 
in the plane XOY are, in the first case, two systems of parallels to the 
axes of coordinates, and, in the other, circles having the origin for 
center and straight lines jiroceeding from the origin. 

Example 1. Let z' = where a is a real positive numlber. Indicating by 
r and 0 the polar coordinates of and by r' and the polar coordinates of z'^ 
the preceding relation becomes equivalent to the two relations r' = ^ a6. 

W e pass then from the point z to the point z' by raising the radius vector to 
the power a and hy multiplying the angle by cx. The angles are preserved, ex- 
cept those which have their vertices at the origin, and these are multiplied by 
the constant factor a. 

Example 2. Let us consider the general linear transformation 

(37) = 

CZ+ d 

where a, 6, c, d are any constants whatever. In certain particular cases it is 
easily seen how to pass from the point z to the point z'. Take for examiDle the 
transformation 2 ' = 2 -f 5 ; let 2 : = iu q- 2 /i, s'' = as'' + y\ 6 = a + /3i ; the preced- 
ing relation gives x' = aj + cr, ?/' = 2 / + I?, which shows that we pass from the 
point s to the point s' by a translation. 

Let now zf = az\ if p and w indicate the absolute value and angle of a respec- 
tively, then we have r' — pr, = w -f Hence we pass from the point z to the 
point s' by multiplying the radius vector hy the constant factor p and then turning 
this new radius vector through a constant angle w. We obtain then the transfor- 
mation defined by the formula s' = az by combining an expansion with a rotation. 

Tinally, let us consider the relation 

s'~- 


the polar angles are equal and of opposite signs. Given a circle C with center 
A and radius li^ we shall use the expression invei'sion with respect to the given 
circle to denote the transformation by which the polar angle is unchanged but 
the radius vector of the new point is li-/r. We obtain then the transformation 
defined by the relation z'z = 1 by carrying out first an inversion with respect to 
a circle of unit radius and with the origin as center, and then taking the sym- 
metric point to the point obtained with respect to the axis Ox. 

The most general transformation of the form (37) can be obtained by com- 
bining the transformations which we have just studied. If c = 0, we can replace 
the transformation (37) by the succession of transformations 


a 




If c is not zero, we can carry out the indicated division and write 

he — ad 


z' = --{-■ 

c cH -f cd 


and the transformation can be replaced by the succession of transformations 


= z + ■ 


d 


2:2 = 


= (&c — ad) 


z ' : 


+ -• 


All these special transformations leave the angles and the sense of rotation 
unchanged, and change circles into circles. Hence the same thing is then true 
of the general transformation (37), Avhich is therefore often called a circular 
transformation. In the above statement straight lines should be regarded as 
circles with infinite radii. 

Example 3. Let 

z' = {z^ ei)^j (z — • • • (^ • 




where e, 


Op are any quantities whatever, and where the exponents m^, 
^ 2 ? * • numbers, positive or negative. Let AT, ^ 2 ? * ' *» 

be the points which represent the quantities e^,, Cg, • • •, Cj, ; let also rj, • . 
rp denote the distances ME^, • • •, MEp and ^ 2 ? * * •? angles which 

E^M, • • • , EpM make with the parallels to Ox. The absolute value and 


the angle of z' are respectively rf^ir 2^2 • 
Then the two families of curves 


and 4 - ^ 3^2 4 - • • • + mp6p 


r^irfi . • • = C, 4- ^^ 2^2 + 1“ 


form an orthogonal system. When the exponents mg, > 
numbers, all the curves are algebraic. If, for example, p = 2, = 1, one 

nf t.IiA fa.mflips is A.nTrmnsp.d of Cn-ssinian nvals with two fop.i n.nd t.lip spr.nnrT 


point of We shall suppose the six coordinates //, rj, x\ y\ r:' 
expressed as functions of two variable paraiuet(U’s v., v in siudi a way 
that corresponding points of the two surfaces correspond to the same 
pair of values of the parameters u, v : 


(38) 




■X=f(u, v), 
y=^ (u, v), 
.z = v), 


j-a;' 

S' >/ == •>■>), 

v). 


Moreover, we shall suppose that the functions f, (j), • • together witli 
their partial derivatives of the lirst order, are continuous wlien the 
points (Xj y, £) and (x}, y\ ?;') remain in certain regions of the two 
surfaces and 2'. We shall employ the usual notations (I, § 1.31) : 


(39) 


{ fdxV- 

\vU/ 

/ 

\du/ 


a* e-x 


G- 


F' = S 


dx^ dx' 


ds^-. 


r"=sd^V 

du dv' ^ " \dv) 

: E du^ ^ F du dv G dv", 

: EUkd' -f- 2 2^' du dv + dv^. 


Let C and D (Figs. 10 a and 10 V) be two curves on the vsurface 2, 
passing through a point m of that surface, and C' and J)’ the corre- 
sponding curves on the surface 2^ passing through the point nd. 



Along the curve C the parameters v are functions of a single 
auxiliaiy variable t, and we shall indicate their differentials by du 
and dv. Likewise, along D, m and v are functions of a variable t', and 
we shall denote their rlifFp.vpnf.icjlc! Uai.ri 



uowing TOiai aiirerentials are proportional to the direction cosines 
the tangent to the curve C, 

, dx dX 1 7 7 , 7 

^x — — rln dy = 1^ du — dv, d.z = 7^ du dv, 

ou dv ^ dll dv ^ du do 

d the following are proportional to the direction cosines of the 
igent to the curve 

« dx dx cs , ^y cv rs ^ o 

8a; = ^ 8/;, By = " Bu + — Sv, Bz = -^ Bu Sv. 

ou do du du dll ov 

Let CO be the angle between the tangents to the two curves C and 
The value of cos co is given by the expression 

dx Bx di/ 8 1 / + dz 85 ; 

cos 0 ) = -.j - — ■■■■ j 

VfZa:" + chf + dz^ VSx" + 3/ + Ss^ 

dch can be written, making use of the notation (39), in the form 

E du S/r- -f- E(dAi Bv + dv 8 ^t) + Gdv So 
J) cos (0 = / ■■■: = . - -- h-- -Z .hL - - r:=rr::i • 

E did + 2 Edii dv + Gdv^^ "w E Bid + 2 FBii 8?; -{- 6-'Sy“ 

we let co' denote the angle between the tangents to the two 
Lwes C' and Z>', we have also 

, ^ , E'du Bu -rf- EHd.ii Bv + dv Bu) G'dv Bv 

L) cos co' = ■: z" 

■\'E'clti!‘+2F'chc dv-hO'(lv^ Ve' S ii^+2 F'Si/ S(;+ G’Sij^ 

order that the transformation considered shall not change the 
lie of the angles, it is necessary that cos co' = cos w, whatever du^ 
Bu; Bv may be. The two sides of the equality 

COS^ co' = COS^ CO 

1 rational functions of the ratios 8v/8u, dv/du^ and these functions 
-st be equal whatever the values of these ratios. Hence the corre- 
)nding coefficients of the two fractions must be proportional ; that 
we must have 

Fd 


F’ G’ 


and a'b'c' t\\Q correspoiuliiij^^ j;ri;in|L>l(' on lin* siTnnd .stnd'acr. Iniii^diu* 
these two curvilinear trian[’’l(‘M n'liliu'ctl by rrct ilimsir t riangles that 
approximate them. Sine,e Ihi^ ratios ti'h^/nh, ti'r'jnr, h'c'jUv a])])roa(^]i 
the same limit A(vr, e), tliesc*, two triiui'd^'S approai-li siuiilarity iiiul 
the corresponding’ iingl(\s ajiproju'Ii eijualil v. 

We see that any two {^orresjjoiiding iidinitcsiiual li;,nii’cs on tli«) 
two surfaces can be ('.onshho’ed as similar, sini-r lla* hoigihs ol' the 
arcs are proportional and tlui a.ngh'S r(jua] ; it is on I Ills account tliat 
the term 7vyArc.s‘c?i/Y^//*c//, is (iFti'ii given lo every correspond- 

ence which does not athw tlie angli^s. 

Given two surfaces 2, 2' and a delinite ivlat.ion which esinhlishes 
a point-to-point correspoiuhmiui hidween tli(‘s«* two snrra«M*s, W(‘- ('.an 
always determine wlnithor the eondilhnis ( lli) arc* satisfied or not, 
and therefore whether we liave a, eonrormal rt'presmdat.ion of one 
of the surfaces on the otlun*. 

But we may consider otlan’ jirohlmns. h’or exanijile, given iln‘» sur- 
faces 2 and 2', we may propose the jiroldein of del.m’inining all tlui 
correspondences between the jioints of t]n‘ two siirfaei'S wliiidi jnu- 
serve the angles. Suppose tlait tin'. (Hiiirdiiiates {.r, v/, .*:) of a jioint 
of 2 are expressed as functions of two jiaraiindin's ( //, /'), and that 
the coordinates y\ of a point of 2' a.ri‘. (‘X[)r(‘ss(‘d as rune-tions 
of two other parameters (/d, /f). lad; 

=:Edu^-i-‘2F du dv + G dv\ d.v'" did- -p 1> did dr' + do'^ 

be the expressions for the squares of tlu‘ liiusir (‘bmuniis. Tbi‘. ])rob- 
lem in question amounts to tliis : To jhid two finirfioiu^ id it In, v), 
^ d) such that toe haur idmilra f lif 

B' dTTl + 2F' dir^ + (d d.irl = X\E dir -f 2 F (/ a dr G dr)^ 

X being any functwn of the vaviublos ii, r. Tlic. i^ciicnil tlii'ory of dif- 
terential equations shows that this prohlcui al wa’.y.s admits a-iHuhnite 
nm er of solutions; we shall consider only ('(‘rta.in sjKMual eas(xs. 

Conformal representation of one plane on another plane. J5very 
coiTespondence betw-PHn i- i i i i* ^ u,r 


that we have 


dX^ + = >^(dx^ 4 - 

where X is any function Avliatever of x, y independent of the differ- 
entials. Developing the differentials dX, dY and comparing the two 
sides, we find that the two functions P{Xj y) and Q(.x', y) must 
satisfy tlie two relations 



dx dy dx dy 


The partial derivatives dP/dy, dCiJdy cannot both be zero, for the 
first of the relations (45) would give also dQ/dx = dPjdx = 0, and 
the functions P and Q would be constants. Consequently we can 
write according to the last relation, 


dx ^ dy^ dx ^ dy ^ 

where y. is an auxiliary unkiiovm. Putting these values in the first 
condition (45), it becomes 





= 0 , 


and from it we 
either 

(46) 

or 


(47) 


derive the result ya = ± 1. We must then have 


dx dy ’ d y 

d_Q ^ 

dx dy ^ dy 


dx 


dx 


The first set of conditions state that P + Qi is an analytic func- 
tion of X + yi As for the second set, we can reduce it to the first 
by changing Q to — Q, that is, by taking the figure symmetric to the 
transformed figure Avith respect to the axis OX, Thus we see, finally, 
that to every conformal representation of a plane on a plane there 
corresponds a solution of the system (46), and consequently an 
analytic function. If we suppose the axes OX and OY parallel re- 



A point of tlie circle, mid that, conversely, to a point of the circle corresponds 
one and only one point of ^1. The function f(z) depends also upon three 
arbitrary real constants, which we can dispose of in such a way that the center 
of the circle corresponds to a given point of the region A, while an arbitrarily 
chosen point on the circumference corresponds to a given point of the boundary 
of A. We shall not give here the demonstration of this theorem, of which we 
shall indicate only some examples. 

We shall point out only that the circle can be replaced by a half-plane. 
Thus, let us suppose that, in the plane of w, the circumference passes through the 
origin; the transformation u' = l/u replaces that circumference by a straight 
line, and the circle itself by the portion of the li'-plane situated on one side of 
the straight line extended indefinitely in both directions. 

Exainplel. Let u = where a is real and positive. Consider the portion 
A of the plane included between the direction Ox and a ray through the origin 
making an angle of air with Ox (a ^ 2). Let z = u = ; we have, 

1 ^ 

R = r«, co = -. 

a 

When the point z describes the portion A of the plane, r varies from 0 to 
+ 00 and & from 0 to avr ; hence li varies from 0 to oo and w from 0 to tt. 




The point u therefore describes the half-plane situated above the axis OX, and 
to a point of that half-plane corresponds only one point of A, for we have, 
inversely, r = ^ = crw. 

Let us next take the portion B of the 2 -plane bounded by two arcs of circles 
which intersect. Let Zq, 2 ^ be the x>oints of intersection; if we carry out first the 
transformation 



Zq, uiG angle oi [z — remains coiisiant. ivppiying now me pre- 
ceding transformation u = we see that the function 


1 



enables us to realize the conformal representation of the region on a half- 
plane by suitably choosing a. 

Example 2. Let u — cos 2 :. Let us cause z to describe the infinite half-strip 
or AOBA' (Fig. 11), delhied by the inequalities 0 ^ x ^ tt, y ^ 0, and let 
ns examine the region described by the point w = X + Yi. We have here (§ 12) 


(48) 


X = cos X 


0/ -f- e-y 


r = - 


0/ — c~y 


When X varies from 0 to tt, F is always negative and the point it remains in 
the half-plane below the axis X'OX, Hence, to every iioint of the region R 
corresponds a point of the u half-plane, and when the point z is on the bound- 
ary of E, we have F = 0, for one of the two factors sinx or (ev — e~~y)/2 is zero. 
Conversely, to every i3oint of the u half-plane below OX corresponds one and 
only one point of the strip R in the z-plane. In fact, if z' is a root of the equa- 
tion It = cosz, all the other roots are included in the expression 2k7r ± z\ If 
the coefficient of i in zf is positive, there cannot be but one of these points in the 
strip E, for all the points 2kTr—z' are below Ox. There is always one of 
the points 2 A^tt -f z' situated in E, for there is always one of these points whose 
abscissa lies between 0 and 2 tt. That abscissa cannot be included between tt 
and 2 7 r, for the corresponding value of Y would then be positive. The point is 
therefore located in E. 

It is easily seen from the formulae (48) that when the point z describes the 
portion of a parallel to Ox in E, the point u describes lialf of an ellipse. When 
the point z describes a parallel to Oy, the point u describes a half-branch of a 
hyperbola. All these conics have as foci the points O, C' of the axis OX, with 
the abscissas 4- 1 and — 1, 

Example 3. Let irz 


(49) 


01a 

u — 

7TZ 

e2a q. 1 


where a is real and positive. In order that |w| shall be less than unity, it is 
easy to show that it is necessary and sufficient, that cos [('7ry)/(2 a)] > 0. If y 
varies from — a to + a, we see that to the infinite strip included between the 
two straight lines y = — a, y = + a corresponds in the -a-plane the circle C 
described about the origin as center with unit radius. Conversely, to every 


(jobi'dinatcs of a point of the surface ^ under consideration be ex- 
pressed as functions of two variable jDarameters v), and let 

— E did -b 2 F du dv -j- G dd" 


be the square of the linear element for this surface. Let (a, fS) be 
the rectangular coordinates of the point of the plane P which cor- 
responds to the point (ii, v) of the surface. The problem here is to 
find two functions 

u = iT^{a,P), v = '7r^(a,l3) 
of such a nature that we have identically 

E did 2 Fdu dv + G dv'^ = X(da^ -f- 


where X is any function whatever of a, jS not containing the differ- 
entials. This problem admits an infinite number of solutions, which 
can all be deduced from one of them by means of the conformal 
transformations, already studied, of one plane on another. Suppose 
that we actually have at the same time 

ds^ = X(dcd -f ds^ = X' ; 

then we shall also have 

da^ + djP = ^ (da‘^ + 

X 

so that a IB i, oj: cc ~ will be an analytic function of a' + fB^i. 

The converse is evident. 

Excmvple 1. MercatoPs projection. We can always make amajD of a 
sm*face of revolution in such a way that the meridians and the paral- 
lels of latitude correspond to the parallels to the axes of coordinates. 
Thus, let 

cc = p cos oj, y = p sin ii), ^ = /(p) 

be the coordinates of a point of a surface of revolution about the 
axis we have 

= dp^[l +/'^(p)] + P^d^^ = p^]^do? + 

which can be written 


and we shall set 


We obtain thus what is called Mercator^ s 'projection^ in which the 
meridians are represented by parallels to the axis 6>F, and the paral- 
lels of latitude by segments of straight lines parallel to OX. To 
obtain the whole surface of the sphere it is sufficient to let vary 
from 0 to 2 TT, and B from 0 to tt ; then X varies from 0 to 2 tt and Y 
from — 00 to -I- 00 . The map has then the appearance of an infinite 
strip of breadth 2 tt. The curves on the surface of the sphere which 
cut the meridians at a constant angle are called loxodvomic curves 
or rhumb lines ^ and are represented on the map by straight lines. 

Example 2. Stereographic projection. Again, we may write the 
square of the linear element of the sphere in the form 


or 


if we set 


= 4 cos‘ I / — tatf 


ds^ = 4 cos^ - (df>^ -f p^d<jF)y 
0 

p =1 R tan — ) <0 =^. 


But dp^ -f p^d(x)^ represents the square of the linear element of the 
plane in polar coordinates (p, w) j hence it is sufficient, in order to 
obtain a conformal representation of the sphere, to make a point of 
the plane with polar coordinates (p, w) correspond to the point (0, <j>) 
of the surface of the sphere. It is seen immediately, on drawing the 
figure, that p and o> are the polar coordinates of the stereographic 
projection of the point (0, <^) of the sphere on the plane of the 
equator, the center of projection being one of the poles.* 


* The center of projection is the south pole if S is measured from the north pole 
to the radius. Using the north pole as the center of projection, the point (R^/p, co), 



axis of 2 ;, and the median plane of the anchor ring for the a:?/-plane, we can 
write the coordinates of a point of the surface in the form 


x-{a-\-Mcosd)cofi(p, y = {a + B cosO)sm<p, 
and it is sufficient to let 0 and 0 vary from — tt to + tt. From these formulae 


we deduce 


= (« + cos ; 


and, to obtain a map of the surftace, we may set 

y = e V ^—--—-7 = -7^= arc tan / tau -) , 

Jol + ecosfi Vl-e2 VVl + c 2/ 


where 


e = — < 1. 

a 


Thus the total surface of the anchor ring cor respon ds point by point to that 
of a rectangle whose sides are 2 7r and 2'7re/Vl— e^. 


34. Isothermal curves. Let ?7(x, y) be a solution of Laplace’s equation 

dx^ dy^ 


the curves represented by the equation 

(50) L'(k,1/)=0, 

wliere C is an arbitrary constant, form a family of isothermal carves. With every 
solution U{Xy y) of Laplace’s equation we can associate another solution, 
y{x, y), such that 17 + Fi is an analytic function of x + yi. The relations 

dx dy ’ dy dx 
show that the two families of isothermal curves 


U(», y) = C, r{x, y) = G' 

are orthogonal, for the slopes of the tangents to the two curves 0 and C' are 
respectively 

dx dy * dx dy 

Thus the orthogonal trajectories of a family of isothermal curves form another 
family of isothermal curves. AVe obtain all the conjugate systems of isothermal 
curves by considering all analytic functions f(z) and taking the curves for 
which the real part of f{z) and the coefficient of i have constant values. The 


01 isotnermal curves into a new lamily of isothermal curves. Let 
x=p(x', ?/), y = q(x',y') 

be equations defining a transformation which preserves angles, and let F(x', y') 
be the result obtained on substituting p {x% y') and q {x% y') for x and y in U (x, y ) . 
The proof consists in showing that F{x\ y') is a solution of Laplace’s equation, 
provided that U (x^ y) is a solution. The verification of this fact does not offer 
any difficulty (see Vol.I, Chap. Ill, Ex. 8, 2d ed.; Chap, II, Ex. 9, 1st ed.), 
but the theorem can be established without any calculation. Thus, we can sup- 
pose that the functions p (x', g(x', y') satisfy the relations 

dp __ 

dx' dy ' ' dy' dx' ' 

for a symmetric transformation evidently changes a family of isothermal curves 
into a new family of isothermal curves. The function x + yi = p qi is then 
an analytic function of z' = x' + y% and, after the sukstitution, 1/ ^ Vi also 
becomes an analytic function F(x'', i/) + (x', y') of the same variable z" 

(§ 5). Hence the two families of curves 

F(x', y')=C, y')=C' 

give a new orthogonal net formed by two conjugate isothermal families. 

For example, concentric circles and the rays from the .center form two con- 
jugate isothermal families, as we see at once by considering the analytic func- 
tion Log 2 ;. Carrying out an inversion, we have the result that the circles 
passing through two fixed points also form an isothermal system. The conjugate 
system is also composed of circles. 

Likewise, confocal- ellipses form an isothermal system. Indeed, we have seen 
above that the point u = cos z describes confocal ellipses when the point z is 
made to describe parallels to the axis Ox (§ 22). The conjugate system is made 
up of confocal and orthogonal hyperbolas. 

Koie. In order that a family of curves represented by an equation P (x, y) ~ C 
may be isothermal, it is not necessary that the function P(x, y) be a solution of 
Laplace’s equation. Indeed, these curves are represented also by the equation 
0 [P (x, p)] = 0, whatever be the function 0 ; hence it is sufficient to take for 
the function 0 a form such that TI (x, y) = 0 (P) satisfies Laplace’s equation. 
Making the calculation, we find that we must have 

dP^LUa;/ \By) 1'^ dP [dx^ dy^f ’ 
hence it is necessary that the quotient 

02P d^P 
dx^ dy^ 


1. Determine the analytic function f(z) = X + whose real part X is 

equal to 2 sin 2 x 

£>23/ _}, g-22/__ 2 COS2iC* 

Consider the same question, given that X 4- F is equal to the preceding 
function. 

2. Let jp) = 0 be the tangential equation of areal algebraic curve, that 

is to say, the condition that the straight line y = mx be tangent to that 
curve. The roots of the equation 0 (i, — = 0 are the real foci of the curve. 

3. If p Jtn^g are two integers prime to each other, the two expressions 
{Viy and Vzp are equivalent. What happens whenp and q have a greatest 
common divisor d > 1 ? 


4. Tind the absolute value and the angle of by considering it as 

the limit of the polynomial [1+ (aj-l- when the integer m increases 

indefinitely. 


5. Prove the formulse 

cos a + cos (a 4 6) + * • • + cos {a + nh) = 



cos 


sin a 4 sin (a 4 6) 4* . • . 4- sin {a -{- nb) = 




6. What is the final value of arc sins: when the variable z describes the seg- 
ment of a straight line from the origin to the point 1 4 if the initial value of 
arc sin z is taken as 0 ? 


7. Prove the continuity of a power series by means of the formula (12) (§ 8) 

hn 

f{z 4 n)-f{z) = ¥x(^) + ^/2(^) + • • • + -, fn(z) 4 . . .. 


[Take a suitable dominant function for the series of the right-hand side.] 

8. Calculate the integrals 


^ gox cos 6a; dec, ^ ^inhx dx^ 
J * ctn {x — (x) ctn (x — 6) • • • ctn {x — 1) dx. 


Let be a point taken in one of the regions and if the corresponding coeffi- 
cient. Prove that 2if7r represents the variation of the angle of — 2 ^ -when 
the point z describes the curve C in the sense chosen. 

10. By studying the development of Log[(l-l- z)/(l—z)] on the circle of 
convergence, prove that the sum of the series 

sin 0 ^ sin 3 ^ , sin 5 ^ , sin (2 u -1- 1) ^ 

f j j- . , . 

1 3 6 2 71 -f- 1 

is equal to ± 7r/4, according as sin ^ ^ 0. (Cf . Vol. I, § 204, 2d ed.; § 198, 1st ed.) 

11. Study the curves described by the point 7. — z^ when the point z describes 
a straight line or a circle. 

12. The relation 2Z = 2j + cV2: effects the conformal representation of the 

region inclosed between two confocal ellipses on the ring-shaped region bounded 
by two concentric circles. 

[Take, for example, 2 ; = Z -f Vz^ — c^, make in the Z-plane a straight-line 
cut (— c, c), and choose for the radical a positive value when Z is real and 
greater than c,] 

13. Every circular transformation 2 ' =: {az + l>)/{cz -f d) can be obtained by 
the combination of an even number of inversions. Prove also the converse, 

14. Every transformation defined by the relation z' = (az^ + b}/{cZQ + d), 
where Zq indicates the conjugate of results from an odd number of inversions. 
Prove also the converse. 

15 . Fuchsian transfomations. Every linear transformation (§ 19, Ex. 2) 
z' ~ {az + b)/{cz -f d), where a, &, c, d are real numbers satisfying the relation 
ad — * 5c = 1, is called a Fuchsian transformation. Such a transformation sets 
up a correspondence such that to every point z situated above Ox corresponds a 
point z' situated on the same side of Ox\ 

The two definite integrals 



are invariants with respect to all these transformations. 

The preceding transformation has two double points which correspond to 
the roots o', ^ of tlie equation (d — a) z — h ^ It a and /3 are real and 
distinct, we can write the equation 2 :^ = {az b)/{cz -f d) in the equivalent form 

z' — a ^ z — a 
z' — ^ z — ^ 

where k is real. Such a transformation is called hyperbolic. 

If a and ^ are conjugate imaginaries, we can write the equation 



Does the point Zn approach a limiting position as n increases indefinitely ? 

17, Given a circle G with the center 0 and radius B, two points M, M' 
situated on a ray from the center 0 are said to he symmetric with respect to 
that circle if OM x OM' = 

Let now C, C' he two circles in the same plane and M any point whatever 
in that plane. Take the point symmetric to M with respect to the circle C, 
then the point symmetric to with respect to C% then the point sym- 
metric to wdth respect to G, and so on forever. Study the distribution of the 
points y , M '^ , • « • . 

18. Find the analytic function Z~f{z) which enables us to pass from 
Mercator’s projection to the stereographic projection. 


19*. All the isothermal families composed of circles are made up of circles 
passing through two fixed points, distinct or coincident, real or imaginary. 

[Setting z = X yiy Zq = X — yiy the equation of a family of circles depending 
upon a single parameter X may he written in the form 

zZq + az bzQ + c = Oy 

where a, 6, c are functions of the parameter X. In order that this family he 
isothermal, it is necessary that d^\/dzdZQ = 0. Making the calculation, the 
theorem stated is proved.] 


20*. If |g| < 1, we have the identity 


(1 + ?) (1 + 5^) • • • (1 + 3") 


1 


[Eulek.] 

[In order to prove this, transform the infinite product on the left into an infinite 
product with two indices by putting in the first row the factors 1 + (/, 1 -f 
1 + . . . , 1 + • in the second row the factors 1 + 1+2®, • • * ? 

1 +(g®)^”, ‘ ; and then apply the formula (16) of the text.] 

21. Develop in powers of z the infinite products 

F{z) = (1 + xz) (1 + x^z) •••(! + , 

^ {z) = (1 + xz) (1 + xH) • • . (1 + + 1 ^) . . . . 

[It is possible, for example, to make use of the relation 

F (xz) (1 + xz) = F(z), # (x^z) (1 + xz) = ^ (z) .] 

22*. Supposing |aj| < 1, prove Euler’s formula 


23*. Given a sphere of unit radius, the stereographic projection of that sphere 
is made on the plane of the equator, the center of projection being one of the 
poles. To a point M of the sphere is made to correspond the complex luimber 
8 = x + yi^ where x and y are the rectangular coordinates of the projection m of 
M with respect to two rectangular axes of the plane of the equator, tlie origin 
being the center of the sphere. To two dianietncally* opposite points of the 
sphere correspond two complex numbers, s, — 1 /Sq, where Sq is the conjugate 
imaginary to s. Every linear transformation of the form 


(A) 


s' — o: 


QlU) . 


where +1 = 0, defines a rotation of the sphere about a diameter. To groups 
of rotations which make a regular polyhedron coincide with itself correspond 
tiie groups of finite order of linear substitutions of the form (A). (See Klein, 
Das Ikosaeder.) 



CHAJr^TEK li 


THE GENERAL THEORY OF ANALYTIC FUNCTIONS 
ACCORDING TO CAUCHY 

L DEFINITE INTEGRALS TAKEN BETWEEN 
IMAGINARY LIMITS 

25. Definitions and general principles. The results presented in the 
preceding chapter are independent of the work of Cauchy and, for 
the most part, prior to that work. We shall now make a system- 
atic study of analytic functions, and determine the logical conse- 
quences of the definition of such functions. Let us recall that a 
function f{z) is analytic in a region A: 1) if to every point taken 
in the region A corresponds a definite value of /(z ) ; 2) if that 
value varies continuously with z] 3) if for every point z taken in A 
the quotient + 

h 

approaches a limit when the absolute value of h approaches zero. 

The consideration of definite integrals, when the variable passes 
through a succession of complex values, is due to Cauchy * j it was 
the origin of new and fruitful methods. 

Let f{z) be a continuous function of z along the curve AMB 
(Fig. 12). Let us mark off on this curve a certain number of points 
of division z^^ z^^ * * ’> which follow each other in the order 

of increasing indices when the arc is traversed from A to R, the 
points and z' coinciding with the extremities A and B. 

Let us take next a second series of points 
ABj the point 4 being situated on the arc and let us consider 

the sum 

^ = AQ - ^o) +fiQ («. - + • • • 

■h/(Q ^*-l) H- • • • -f-/(0 

When the number of points of division increases indefi- 

nitely in such a way that the absolute values of all the differences 



represented by the symbol 

f mdz. 

JiAMB-) 

To prove this, let us separate the real part and the coefficient of ^ 
in 5, and let us set 

/(») = if + Yi, + Vkh 4 = 4 + Vkh 



where X and Y are continuous functions along AMB. Uniting the 
similar terms, we can write the sum S in the form 

V.) (=»! -*„)+••• 

+ ^ (4, Vk) (^k — *r-i) ^ h-y (4 j Vn) (*' — 

V])(yi ~ 2/o)+ ■ ■ ■ + ^(4) Vk)(j/k — Vk-i)-^ • • •] 

vO(yi~ yo)"(" ■ ■ •]+*'[^(4> vi) (®i “ *o) + • ■ 
When the number of divisions increases indefinitely, the sum of the 
terms in the same row has for its limit a line integral taken along 
A3IB, and the limit of S is equal to the sum of four line integrals:* 

f f{»)dx = r (Xdx — Ydy) + i T (Ydx + Xdy). 

JcAMB) JiAMB) 


* In order to avoid useless complications in the proofs, we suppose that the coor- 
dinates JC, y of a point of the arc A3fB are continuous functions y^xj/ (() of 

a parameter t, which have only a finite number of maxima and minima between A 
and JS. We can then break up the path of integration into a finite number of arcs 
which are each represented by an etiuation of the form y^F(x), the function F being 
continuous between the corresponding limits ; or into a finite number of arcs which 
ViXT ?iTi Amipit.inTi of thp, foTm X =: Gf (v) . Thcrc is HO disadvantaffe 


01 an integral, het s be tne lengtn oi tne arc Aju^ l me lengtJb. oi 
the arc AB, <^k lengths of the arcs Azj^, A^f. of 

the path of integration. Setting F(s) = j/(^)|; we have 

|/(Q (»* - %-i) 1 = 1% - «*-i| = (s* - s*-i), 

for represents the length of the chord, and Sj, — the 

length of the arc. Hence the absolute value of is less than or at 
most equal to the sum (s^, — j -whence, jjassing to the 

limit, we find , ^ \ 

I f{^)dz\^ ( F{s)ds, 

\J(^AMB) \ Jo 


Let ilf be an upper bound for the absolute value of f(z) along the 
curve AB, It is clear that the absolute value of the integral on the 
right is less than il/X, and we have, a fortiori. 



< ML, 


26. Change of variables. Let us consider the case that occurs fre- 
quently in axiplications, in which the coordinates a:, y of a point of 
the arc AB are continuous functions of a variable parameter t, 
x = (ji (^), possessing continuous derivatives <;£>' (t)j if/’ (t ) ; and 

let us suppose that the point (x, y) describes the path of integra- 
tion from A to B t varies from a to Let P(t) and Q(t) be the 
functions of t obtained by substituting and respectively, 
for X and y in A' and Y, 

By the formula established for line integrals (I, § 95, 2d ed. j § 93, 
1st ed.) we have 


r Xdx^ Ydy = C\p{t) (t) - Q(t) rlf\t)']dt, 

J(,AB) Jo: 

f X dy + Ydx =: r lP(t) -f Q(t) <l,\t)']dt, 

JiAIi) Jcc 

Adding these two relations, after having multiplied the two sides 
of the second by \ we obtain 


integral Jf{s^)dz we need only substitute (f) ixj/ {f) for z and 
+ i\p' (t)~\dt for dz i\\ f(z)dz. The evaluation of JfQ-^)dz is 
thus reduced to the evaluation of two ordinary definite integrals. If 
the i^atli A MB is composed of several pieces of distinct curves, the 
formula should be applied to each of these pieces separately. 

Let us consider, for example, the definite integral 

A, 2 * 

1 

We cannot integrate along the axis of reals, since the function to be 
integrated becomes infinite for z — 0^ but we can follow any path 
whatever which does not pass through the origin. Let z describe a 
semicircle of unit radius about the origin as center. This path is 
given by setting z = and letting t vary from tt to 0. Then the 
integral takes the form 

— = I ier == t / cos tdt A" f sin tdt-=- — 2, 

1 ^ t/TT v/tt \J-n 

This is precisely the result that would be obtained by substituting 
the limits of integration directly in the primitive function — 1/^ 
according to the fundamental formula of the integral calculus 
(I, §78, 2ded.; § 76, 1st ed.). 

More generally, let 2 = 0 (u) be a continuous function of a new complex 
variable u = ^ + iji such that, when u describes in its plane a path Ci 7 X), the 
variable i describes the curve AMD. To the points of division of the curve 
AMB correspond on the curve GNB the points of division Wq? ^^2’ * • * » 

W/t, • • It the function 0 (u) possesses a derivative 0 ^(w) along the curve CND, 
we can write 

where e^. approaches zero when ujc approaches Uk-i along the curve GNB, 
Taking and replacing z;, — 2:^—1 by the expression derived from the 

preceding equality, the sum /S, considered above, becomes 

n » 

S + 2 ) €kf{Zk-.i) (Uk — 

kix 





ail tlie aosoiute values lei-i wm oe less Luan an aruibrani^ unustjn pusibivt; num- 
ber, the remaining term will approach zero, and the general formula for the 
change of variable will be 

(2) r f{z)dz=f f[<p{u)](i>'{u)du. 

This formula is always ai-)plicable when 0 (u) is an analytic function ; in fact, 
it will be shown later that the derivative of an analytic function is also an 
analytic function^ (see §34). 

27» The formulae of Weierstrass and Barboux. The proof of the law 
of the mean for integrals (I, § 76, 2cl ed. ; § 74, 1st ed.) rests -apoii 
certain inequalities which cease to have a precise meaning when 
applied to complex quantities. Weierstrass and Darboux, however, 
have obtained some interesting results in this connection by con- 
sidering integrals taken along a segment of the axis of reals. We 
have seen above that the case of any path whatever can be reduced 
to this particular case, provided certain mild restrictions are placed 
upon the path of integration. 

Let / he a definite integral of the following form : 

^ = r /(o (0 + (0] 


* If this property is admitted, the following proposition can easily be proved. 

Let f{z) be an analytic function in a finite region A of the plane. For every posir 
live number e another positive number r} can be found that 

lohen z and z-^h are two pomtsofA lohose distance from each other |/i | is less than rj. 
For, let / ( 2 :) = P {x, y) + iQ (x, y), h~ Ax + iAy. From the calculation made in § 3, to 
find the conditions for the existence of a unique derivative, we can write 

/(z + ft)-/(z) [P'x (« + Ma:, y) - (a, ;/)] Aa 

h *' Ax iAy 

^ [Py {x Ax, y + OAy) - Py {x, y)l Ay 
Ax + iAy 

+ 

Since the derivatives P^, Py, Qy fire continuous in the region A, we can find a num- 
ber v su ch that the absolute values of the coefficients of Ax and of Ay are less than e/4, 


/ = r f(t) 4,{t)dt + i r f(t) xj/ (t) dt. 

k/ a kJ a 


Let us suppose, for definiteness, that « < ^ ; then — a: is the length 
of the path of integration measured from ct, and the general formula 
which gives an upper bound for the absolute value of a definite 
integral becomes 


or, supposing that/(^) is positive between a and yS, 




Applying the law of the mean to this new integral, and indicating 
by ^ a value of t lying between a and we have also 

-i8 


mdt. 


Setting F{f) =r this result may also be written in the 

form 

( 3 ) 




where A is a complex number whose absolute value is less than or 
equal to unity } this is Darboux^s formula. 

To Weierstrass is due a more precise expression, which has a rela- 
tion to some elementary facts of statics. AVhen t varies from a to /3, 
the point with the coordinates cc = ^ {i), y = (ij) describes a certain 
curve X. Let y^, y^), • • • , • • • be the points of 

L which correspond to the values c:, * • • , • • • of and let 

- 1 ) (4 - 1 ) 


Accordiner to a knowai theorem, X and Y are the coordinates of the 



■will hare for its limit a x^oint AYhose coordinates {u, v) are given by 
the equations 

fj/m ’ f/mat ’ 

which is itself within the curve C. We can state these two formulae 
as one by writing 

(4) T=(u + iu) f f(t) dt:^Z f fit) dt, 

\J a a 

where Z is a point of tlie complex plane situated within every closed 
convex curve enveloping the curve L. It is clear that, in the general 
case, the factor Z of Weierstrass is limited to a much more restricted 
region than the factor XF{^) of Darboux. 


28, Integrals taken along a closed curve. In the preceding para- 
graphs, it suffices to suppose that /(;s) is a continuous function of 
the complex variable z along the path of integration. We shall now 
suppose also that f{z) is an analytic function, and we shall first con- 
sider how the value of the definite integral is affected by the path 
followed by the variable in going from A to B, 

If a function f (z) is analytic %vithm a cIoscaI curve and also on the 
curve Itself the integral Jf(f)dz, taken around that curve, is egual 
to zero. 

Ill order to demonstrate this fundamental theorem, which is due 
to Cauchy, we shall first establish several lemmas : 

1) The integrals / dz, fz dz, taken along any closed' curve what- 
ever, are zero. In fact, by definition, the integral / dz, taken along 
any path whatever between the two points a, b, is equal to h -- a, 
and the integral is zero if the path is closed, since then h ^ a. As 
for the integral / z dz, taken along any curve whatever joining two 
points a, h, if we take successively 4 = U = (§ 25 ), 

we see that the integral is also the limit of the sum 

+ 1 — + 1 -f 1 ~ ^ ~~~ 

A 2 - 4/2 2 ’ 

I I 


hence it is enual to zero if the curve is closed. 



twice ill integration in opposite senses. Adding all these inte- 
grals, there will remain then only tlie integrals taken along the 
boundary curve, whose sum is the integral dz. 

Let us now suppose that tlie region A is divided partly in 
smaller regular parts, which shall be squares having their sides 
parallel to the axes Ox, Oy ; partly in irregular parts, which shall be 
portions of squares of which the remaining part lies beyond the 
boundary C. These squares need not necessarily be equal. For ex- 
ample, we might suppose that two sets of parallels to Ox and Oy 
have been drawn, the distance between two neighboring parallels 
being constant and equal to I ; then some of the squares thus obtained 
might be divided up into smaller squares by new parallels to the 
axes. Whatever may be the manner of subdivision adopted, let us 
suppose that there are N regular parts and hregular parts ; let 
us number the regular parts in any order whatever from 1 to N, and 
the irregular x^arts from 1 to N\ Let be the length of the side of 
the tth square and I'f. that of the square to which the 7cth irregular 
part belongs, L the length of the boundary C, and Jl the area of a 
polygon which contains within it the curve C. 

Let ahcd be the 'ith square (Fig. 13), let Zi be a iDoint taken in its 
interior or on one of its sides, and let z be any point on its boundary. 
Then we have 



Fig. 13 



square. By the fii*st lemma stated above, this reduces to the form 


(6) C f(e)dz= f ii{z-Zi)de. 

J(_c,) Jic,) 

Again, let jpqrst be the 7cth irregular part, let be a point taken 
in its interior or on its perimeter, and let z be any point of its 
perimeter. Then we have, as above. 


( 7 ) 




=/'«•)+ 


where is infinitesimal at the same time as ; whence we find 



Let 77 be a positive number greater than the absolute values of 
all the factors and The absolute value of — Zi is less than 
li V2 j hence, by (6), we find 


J(Ci) 


f(z)dz 


< 4 v^rj V2 = 4 7/ V2 v>i, 


where w; denotes the area of the ith regular part. [From (8) we find, 
in the same way, 


1 /.^ 


f{z)dz 


< V2 (4 ll. + arc r^) = 4 77 V2 + -qVj. V2 arc rs^ 


where wl. is the area of the square which contains the kth irregular 
part. Adding all these integrals, we obtain, a fortiori, the inequality 


( 9 ) 


^ f (^) “b d" k L], 


where A is an upper bound for the sides 7^. When the number of 
squares is increased indefinitely in such a way that all the sides 1^ 
and Ik approach zero, the sum Sco^ + finally becomes less than Jl. 
On the right-hand side of the inequality (9) we have, then, the product 
of a factor which remains finite and another factor yj which can be 
supposed smaller than any given positive number. This can be true 


aif. in oraer tnat tne preceaing conclusion may oe legitimate, we must make 
sure tliat we can take the squares so small that the absolute values of all the 
quantities e^, €* will be less than a positive number given in advance, if the 
points Zi and are suitably chosen.^ We shall say for brevity that a region 
bounded by a closed curve 7, situated in a region of the plane inclosed by the 
curve C, satisfies the condition {a) with respect to the number 77 if it is possible 
to find in the interior of the curve 7 or on the curve itself a point z' such that 
we always have 

(^) - (2 - 

when z describes the curve 7. The proof depends on showing that we can choose 
the squares so small that all the parts considered^ regular and irregular^ satisfy the 
condition (or) with respect to the number tj. 

We shall establish this new lemma hy the well-known process of successive 
subdivisions. Suppose that we have first drawn two sets of parallels to the axes 
Ox, Oy, the distance between two adjacent parallels being constant and equal 
to 1. Of the parts obtained, some may satisfy the condition (a), while others 
do not. Without changing the parts which do satisfy the condition (a), we shall 
divide the others into smaller parts by joining the middle points of the opposite 
sides of the squares which form these parts or which inclose them. If, after 
this new operation, there are still parts which do not satisfy the condition (a), 
we will repeat the operation on those parts, and so on. Continuing in this way, 
there can be only two cases : either we shall end by having only regions which 
satisfy the condition (a), in which case the lemma is proved ; or, however far 
we go in the succession of operations, we shall always find some parts which do 
not satisfy that condition. 

In the latter case, in at least one of the regular or irregular parts obtained 
by the first division, the process of subdivision just described never leads us to 
a set of regions all of which satisfy the condition (or) ; let be such a part. 
After the second subdivision, the part contains at least one subdivision 
which cannot be subdivided into regions all of which satisfy the condition (ct). 
Since it is possible to continue this reasoning indefinitely, we shall have a suc- 
cession of regions 

Ai^ A^i -^35 * • ’ 7 Aji<f • • • 

which are squares, or portions of squares, such that each is included in the pre- 
ceding, and whose dimensions approach zero as n becomes infinite. There is, 
therefore, a limit point situated in the interior of the curve or on the curve 
itself. Since, by hypothesis, the function f(z) possesses a derivative /(^q) for 
z = Zq, we can find a number p such that 

I /(z) - /(Zo) - (z - Zo) /(*o) 1 = ’) I S - 2 o I . 



30. By means of a suitable convention as to the sense of integra- 
tion the theorem can be extended also to boundaries formed by 
several distinct closed curves. Let us consider, for examjjle, a func- 
tion f(z) analytic within the region A bounded by tlie closed curve C 
and the two interior curves C', C'\ and on these curves themselves 
(Fig. 14). The complete boundary F of the region A is formed by 
these three distinct curves, and we shall say that that boundary is 
described in the positive sense if the region 
A is on the left hand with respect to this 
sense of motion ; the arrows on the figure 
indicate the positive sense of description 
for each of the curves. With this agree- 
ment, we have always 

f f(/)dz = 0, 

^cn 

the integral being taken along the complete 
boundary in the positive sense. The proof 
given for a region with a sim^de boundary can be apidied again 
here j we can also reduce this case to the preceding by drawing the 
transversals ah, cd and by applying the theorem to the closed curve 
ahvihandGpcdqa (I, § 153). 

It is sometimes convenient in the applications to write the preced- 
ing formula in the form 

C f(»)dz=f f{z)dz+C f(z)dz, 

J(C) JiC') 

where the three integrals are now taken in the same sense ; that is, 
the last two must be taken in the reverse direction to that indicated 
by the arrows. 

Let us return to the question proposed at the beginning of § 28 ; 
the answer is now very easy. Let / (,v) be an analytic function in a 
region of the plane. Given two paths A MB, ANB, having the same 

O vhT'PTYi Thioa onrl iTrinrr on+nTpl in -rckrTirk-n -hUatT- Kirill •fUa onmo 



Fig. 14 


does not have any double points. Indeed, since the sum of the two 
integrals along A MB and along BN A is zero, tlie two integrals along 
AMB and along yliYJ5 must be equal. We ca.n state this result again 
as follows : 2\vo jjatUs AMB and AN having the same extremities ^ 
(Jive the same value for the inUajral if ice can ^ ass from one 

to the other hy a contlnnous deformation without encountering any 
Ijoint where the function ceases to be analytic. 

Tills statement holds true even when the two paths have any num- 
ber whatever of common points besides the two extremities (I, § 152). 
From this we conclude that, when f(f) is analytic in a region 
bounded by a single closed curve, the integral Jf{^)dz is equal to 
zero when taken along any closed curve whatever situated in that 
region. But we must not apply this result to the case of a region 
bounded by several distinct closed curves. Let us consider, for exam- 
ple, a function /(js) analytic in the ring-shaped region between two 
concentric circles (7, C7'. Let be a circle having the same center 
and lying between C and C"; the integral Jf(z')dz, taken along C", 
is not in general zero. Cauchy ^s theorem shows only that the value 
of that integral remains the same when the radius of the circle C" 
is varied.* 


* Cauchy’s tlieorem remains true without any hypothesis upon the existence of 
the function /(z) beyond the region A limited by the curve C, or upon the existence 
of a derivative at each point of the curve G itself. It is siLfiicieut that the function/ ( 2 ) 
shall he analytic at every point of the region and coniinuous on the houndary (7, 
that is, that the value f{Z) of the function in a point Z ot C varies continuously with 
the position of Z on that boundary, and that the difference /(Z) -/(z), where z is an 
interior point, approaches zero uniformly with \ Z-z\. In fact, let us first suppose 
that every straight line from a fixed point a oi A meets the boundary in a single 
point. When the point z describes C, the point a + ^ (z - a) (where ^ is a real number 
between 0 and 1) describes a closed curve O' situated in A, The difference between 
the two integrals, along the curves C and O', is equal to 

5= r {fiz)-ef[z-{z-a){l-9)']}dz, 

JiO 

and we can take the difference 1-^ so small that |5| will be less than any given 
positive number, for we can wu-ite the function under the integral sign in the form 



taken from a fixed point up to a variable point Z along a path 
lying in the region is, from what we have just seen, a definite 
function of the upper limit Z. We shall now show that this function 
^{Z) is also an analytic function of Z whose derivative is /(Z). 
For let Z -h be a point near Z \ then we have 

$(^ + 70 -*(^)= 

and we may suppose that this last integral is taken along the seg- 
ment of a straight line joining the two points Z and Z 4- h. If the 
two points are very close together, f (z) differs very little from /(Z) 
along that path, and we can write 

where |8| is less than any given positive number provided that \ h\ 
is small enough. Hence we have, after dividing by A, 

The absolute value of the last integral is less than i/jAl, and there- 
fore the left-hand side has for its limit /(Z) when h approaches zero. 

If a function F(Z) whose derivative is/(Z) is already known, the 
two functions ^(Z) and F(Z) differ only by a constant (footnote, 
p. 38), and we see that the fundamental formula of integral calculus 
can be extended to the case of complex variables : 

( 10 ) rf{z)dz = F(z^)-F{z^). 

Jz^ 

This formula, established by supposing that the two functions /(«), 
F(z) were analytic in the region Ay is applicable in more general 
cases. It may happen that the function F{%)y or both/(;s) and F{z) 
at the same time, are multiple-valued; the integral has a precise 


derivative is equal to the determination chosen for f(z). 

Whenever the path of integration can be inclosed within a region 
with a simple boundary, in which the branches of the two functions 
/(^), F(jc) under consideration are analytic, the formula may be 
regarded as demonstrated. Now in any case, whatever may be the 
path of integration, we can break it up into several pieces for which 
the preceding condition is satisfied, and apply the formula (10) to 
each of them separately. Adding the results, we see that the for- 
mula is true in general, provided that we apply it with the necessary 
precautions. 

Let us, for example, calculate the definite integral dz^ taken 
along any path whatever not passing through the origin, where in is 
a real or a complex number different from — 1. One primitive func- 
tion is -f 1), and the general formula (10) gives 



/ym + 1 + 1 

^ ^ 

4- 1 


In order to remove the ambiguity present in this formula when m 
is not an integer, let us write it in the form : 



g(m + l)Log(2,) g(7n + DLogCZf,) 

m + 1 


The initial value Log having been chosen, the value of z^ is 
thereby fixed along the whole path of integration, as is also the final 
value Log( 5 ;j). The value of the integral depends both upon the 
initial value chosen for Log (z^ and upon the path of integration. 
Similarly, the formula 


dz = Log [/(«,)] - Log [/(«„)] 

does not present any difficulty in interpretation if the function f{z) 
is continuous and does not vanish along the path of integration. 
The point n =/(«) describes in its plane an arc of a curve not pass- 
ing through the origin, and the right-hand side is equal to the vari- 
ation of Log(ifc) along this arc. Finally, we may remark in passing 




Riemann has shown, in fact, that Cauchy^s theorem results im- 
mediately from the analogous theorem relative to line integrals. 
Let / (z) = A" H be an analytic function of z within a region A 
with a simple boundary 5 the integral taken along a closed curve C 
lying in that region is the sum of two line integrals : 


r f(z) dz == r Xdx - Ydy + i f Ydx + Xdy, 

JiC') JiC) J{C) 

and, from the relations which connect the derivatives of the func- 

hoiis X, r, dx _dY H - _ 

dx dy ’ dy dx’ 


we see that both of these line integrals are zero * (I, § 152). 

It follows that the integral JffQ^)dz, taken from a fixed point 
to a variable point is a single-valued function <i> (z) in the region A . 
Let us separate the real part and the coefficient of i in that function :• 

^(z) = P (x, y) -h id (x, y), 

(.X, y) p (ac, y) 

Xdx — Ydy^ Q (x, y)= Ydx -j- Xdy. 

The functions P and Q have partial derivatives. 




which satisfy the conditions 
dx dy 


dx ~ ’ 


dy dx 



Consequently, P -j- Qi is an analytic function of z whose derivative 
is AH- Yi or/(z). 

If the functioii /(z) is discontinuous at a certain number of points 
of A, the same thing will be true of one or more of the functions A", 
Yy and the line integrals P (x, y), Q (x, y) will in general have periods 
that arise from loops described about points of discontinuity (I, § 153). 
The same thing will then be true of the integral f{^') dz. We shall 
resume the study of these periods, after having investigated the nature 
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To give at least one example of this, let ns consider the integral f^^dz/z. 
After separating the real part and the coefficient of i, we have 

J '* ^dz _ r v'>dx 4* idy _ r y'^xdx + ydy r y'>xdy — ydx 
1 z J(i, 0 ) X + iy J(i, o; X^ + y^ <?) + y^ 

The real part is equal to [log(a:2 + y^)]/2, whatever may be the path followed. 
As for the coefficient of i, we have seen that it has the period 2 tt ; it is equal 
to the angle through which the radius vector joining the origin to the point 
(Xj y) has turned. We thus find again the various determinations of Log ( 2 :). 


II. CAUCHY'S INTEGRAL. TAYLOR'S AND LAURENT'S 
SERIES. SINGULAR POINTS. RESIDUES 

We shall now present a series of new and important results, which 
Cauchy deduced from the consideration of definite integrals taken 
between imaginary limits. 


33. The fundamental formula. Let/(x) be an analytic function in 
the finite region A limited by a boundary P, composed of one or of 
several distinct closed curves, and continuous on the boundary itself. 
If cc is a point* of the region A, the function 

.m 

^ — X 


is analytic in the same region, except at the point z = x. 

With the point x as center, let us describe a circle y with the 
radius p, lying entirely in the region A ; the preceding function is 
then analytic in the region of the plane limited by the boundary P 
and the circle y, and we can apply to it the general theorem (§ 28). 
Suppose, for definiteness, that the boundary P is composed of two 
closed curves C, C' (Fig. 15). Then we have 


r fC^dz ^ r fi^dz 
JiO ^ ^ J(CO ^ 



Z —X 



where |S| is very small. Replaciiig /( sj) by this value, we find 



The first integral of the right-hand side is easily evaluated ; if we 
put ^ = X -h pe^\ it becomes 



Jo 


= 2 TTl. 


The second integral — x) is therefore independent of the 

radius p of the circle y ; on the other hand, if | S | remains less than 



a positive number rj, the absolute value of this integral is less than 
(77/p) 2 TTp = 2 ttt;. Now, since the function f{z) is continuous for 
^ = cc, we can choose the radius p so small that 77 also will be as 
small as we wish. Hence this integral must be zero. Dividing the 
two sides of the equation (11) by 2 tt^, we obtain 


( 12 ) 


/(*) = 


1 

2 ttI 



This is Cauchy’s fundamental formula. It expresses the value of the 
function f(z) at any point x whatever within the boundary by means 
of the values of the same function taken only along that boundary. 

Let cc -f- be a point near x, which, for example, we shall suppose 
lies in the interior of the circle y of radius p. Then we have also 



When Acc approaches zero, the function under the integral sign ap- 
proaches the limit /(^)/(;5 — cc)^. In order to prove rigorously that 
we have the right to apply the usual formula for differentiation, let 
us write the integral in the form 



/(^) 

{z — x) {z — X — Acc) 


r f{z)dz r dz 

JcD JcT) (« - (S - « - Ax) ’ 


Let M be an upper bound for |/(«)| along r, L the length of the 
boundary, and S a lower bound for the distance of any point what- 
ever of the circle y to any point whatever of r. The absolute value 
of the last integral is less than MX|Acc|/S^ and consequently ap- 
proaches zero with |Ax|. Passing to the limit, we obtain the result 


( 13 ) 



/{z) dz 
(z — xY 


It may be shown in the same way that the usual method of differ- 
entiation under the integral sign can be applied to this new integral * 
and to all those which can be deduced from it, and we obtain 
successively 




f{z)dz 

(» - xy' 


and, in general, 

( 14 ) f y 




TTt 



/(^) 
{z — 


Hence, if a function is analytic in a certain region of the plane, 
the sequence of successive derivatives of that function is unlimited, 
and all these derivatives are also analytic functions in the same 
region. It is to be noticed that we have arrived at this result by 
assuming only the existence of the first derivative. 


NoU. The reasoning of this paragraph leads to more general con- 

T.cf Ko Cl An-nf.innnns fnnptinn ^^bnt Tint -np.nftSRfli’ilv 


has a definite value for every value of x that does not lie on the 
path of integration. The evaluations just made prove that the limit 
of the quotient [^F(x ■+- Ax) — jP(a))]/A5r is the definite integral 



when I Ax I approaches zero. Hence F(x) is an analytic function for 
every value of x, except for the points of the curve r, which are in 
general singular points for that function (see § 90). Similarly, we 
find that the ?ith derivative has for its value 


i?Cn) (x) — 7h\ C 

JiT) 


(z) dz 
{z — x)"+^ 


34. Morera^s theorem. A converse of Cauchy’s fundamental theorem winch 
was first proved hy Morera may he stated as follows : If a function f(z) of a 
complex variable z is continuous in a region A, and if the d^nite integral /(c;/(2:) dz, 
taken along any closed curve C lying in A, is zero, thenf{z) is an analytic func- 
tion in A, 

For the definite integral F{z) — j^f if) dt^ taken between the two points z 
of the region A along any path whatever lying in that region, has a definite 
value independent of the path. If the point is supposed fixed, the integral 
is a function of z. The reasoning of § 31 shows that the quotient AF/Az has 
f(z) for its limit when Az approaches zero. Hence the function F(z) is an 
analytic function of z having f(z) for its derivative, and that derivative is 
therefore also an analytic function. 


35. Taylor’s series. LGtf{z) he an analytic function in the interior 
of a circle toith the center a ^ the value of that function at any joolnt 
X within the circle is eqiial to the sum of the convergent series 


(15) 


/(*)=/(®) + 


-m 




n I 




In the demonstration we can suppose that the function f{z) is 
analytic on the circumference of the circle itself j in fact, if x is any 
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Let us now write l/(^ — x) in the following way : 

1 1 1/1 


^ — X z — a ~{x — a) z — a ^ x — a\ 


z — aj 


or, carrying out the division up to the remainder of degree ??- + 1 in 
X — a, 

1 __ 1 X — a 1 

z — X z — a (z — ay (z — ay 

(x—ay (x — 

(z — 0 -)”+^ (z —‘X)(z — 

Let us replace l/(^ — x) in the formula (12') by this expression, 
and let us bring the factors x ^ a, (x — ay, • * • , independent of z, 
outside of the integral sign. This gives 

f(x) = J^+J^(x — a)-\ \.j^(x-aY + R„, 


where the coefficients J^, J^, • • /„ and the remainder have the 

values 



As 71 becomes ’infinite the remainder approaches zero. For let 
M be an upper bound for the absolute value of f(z) along the circle 
C, K the radius of that circle, and r the absolute value of x — a. We 
have \z — x\^R — r, and therefore 1 1/(^ — x) | ^1/{R — r), when z 
describes the circle C. Hence the absolute value of is less than 


1 M 

2 TT \r) R — r 


2 Rtt = 


MR 

R-r \r) ’ 


Now, if we put a in. the formulae (12), (13), (14), the boundary 
r being here the circle C, we find 

-^1 =/'(«)> = •••• 

The series obtained is therefore identical with the series (15) ; that 
is, with Taylor’s series. 

The circle C is a circle with center a., in the interior of which the 
function is analytic; it is clear that we would obtain the greatest 
circle satisfying that condition by taking for radius the distance 
from the point a to that singular point of nearest a. This is 
also the circle of convergence for the series on the right.* 

This important theorem brings out the identity of the two defini- 
tions for analytic functions which we have given (I, § 197, 2d ed. ; 
§191, 1st ed.; and II, § 3). In fact, every power series represents 
an analytic function inside of its circle of convergence (§ 8) ; and, 
conversely, as we have just seen, every function analytic in a circle 
with the center a can be developed in a power series proceeding 
according to powers of x — a and convergent inside of that circle. 
Let us also notice that a certain number of results previously estab- 
lished become now almost intuitive ; for example, applying the 
theorem to the functions Log (1 + z) and (1 + ^)”'j which are ana- 
lytic inside of the circle of unit radius with the origin as center, 
we find again the formulse of §§17 and 18, 

Let us now consider the quotient of two power series f(x) (x), 
each convergent in a circle of radius R. If the series <^(x) does not 
vanish for x = 0, since it is continuous we can describe a circle of 
radius ^ -R in the whole interior of which it does not vanish. The 
function f(x)/^(x) is therefore analytic in this circle of radius r and 
can therefore be developed in a power series in the neighborhood 
of the origin (I, § 188, 2d ed. ; § 183, 1st ed.). In the same way, the 
theorem relative to the substitution of one series in another series 
can be proved, etc. 

Ifote. Let f(z) be an analytic function in the interior of a circle C 


development oi f(z) is equal to {a) /n\, that is, to 

we have, then, 


j_ r • 
2 


(17) 


, , , ^ 1 .^(r) „ ^{r) 

^» = l«»l < ^ 2 TTT- = 


SO that is greater than all the products We could use 

*5W’(r‘) instead of M in the expression for the dominant function 
(I, § 186, 2d ed. j § 181, 1st ed.). 


36. Liouville’s theorem. If the function f(x) is analytic for every 
finite value of x, then Taylor’s expansion is valid, whatever a may be, 
in the whole extent of the plane, and the function considered is called 
an integral function. From the expressions obtained for the coeffi- 
cients we easily derive the following proposition, due to Liouville : 

Every integral function ivliose cibsolute. value is always less than a 
fixed number M is a constant. 

For let us develop f(x) in powers oi x — a, and let a^ be the 
coefficient of (x — af. It is clear that ^ (r) is less than what- 
ever may be the radius r, and therefore \ a^ \ is less than M/r^. But 
the radius r can be taken just as large as we wish ; we have, then, 

= 0 if ^ 1, and /(a;) reduces to a constant /(a). 

More generally, let f{x) be an integral function such that the 
absolute value of f{x) /x^ remains less than a fixed number M for 
values of x whose absolute value is greater than a positive number 
R j then the function f (x) is a 'polynomial of degree not greater than 
m. For suppose we develop /(x) in powers of x, and let be the 
coefficient of x”. If the radius r of the circle C is greater than i?, we 
have c5W‘(r) < and consequently |<x„[ < Mr'^'~^. If n>m, we 
have then = 0, since Mr^~'^ can be made smaller than any given 
number by choosing r large enough. 


37. Laurent’s series. The reasoning by which Cauchy derived 


positive ]}owevs oj x — a, the other in positive powers oj ~ a).^ 

We can suppose, just as before, that the function /(;^) is analytic 
on the circles T, themselves. Let i?, IV be the radii of these circles 
and T the absolute value of a; — ; if is the interior circle, we have 

W <T < R. About X as center let us describe a small circle y lying 
entirely between C and C^. We have the equality 


j(co " ^ j(7) ^ ^ ' 

the integrals being taken in a suitable sense \ the last integral, taken 
along y, is equal to 2 7ri/(a;), and we can write the preceding relation 
in the form 


(IS) 


f{z) dz 


/(C) (O') 

where the integrals are all taken in the same sense. 

Eepeating the reasoning of § 35, we find again that we have 


- /„ + - a) + • • • + 4(X - ay + . . ., 

where the coefficients • • • , • are given by the formulEB 

(16). In order to develop the second integral in a series, let us 
notice that 


1 1 


A , 1 - , 

X — z X — a 

ll ^ ^ 

X -- a (x — ay 

(z-ay-^ 

\ X — aj 


{x — ay {x — z)(x-- ay' 
and that the integral of the complementary term, ^ 

1 r h- « Y‘ /(^) 

approaches zero when n increases indefinitely. In fact, if is the 
maximum of the absolute value of /(^) along C\ the absolute value 
of this integral is less than 


1 /i^Y M' ^ M'R' /R'Y 


* ' 


and the factor R' jr is less than unity. We have, then, also 
f{z)dz _ /f, . K, . . K, 




■ + 


X — a (x — ay 


-f 


(x — a)" 


where the coefl0Lcient is equal to the definite integral 


Adding the two developments (19) and (20), we obtain the proposed 
development of f(x). 

In the formulae (16) and (21), which give the coefficients .4 and 
we can take the integrals along any circle r whatever lying between C 
and C' and having the point a for center, for the functions under the 
integral sign are analytic in the ring. Hence, if we agree to let the 
index n vary from — 00 to + 00, we can write the development of 
f(x) in the form 

(22) f(x)=^XUx-ay, 


where the coefficient whatever the sign of n, is given by the 
formula 


(23) 


2 -«)“+! 


Example. The same function /(x) can have developments which are entirely 
different, according to the region considered. Let us take, for example, a 
rational fraction f{x), of which the denominator has only simple roots with 
different absolute values. Let a, &, c, « • • , Z be these roots arranged in the order 
of increasing absolute values. Disregarding the integral part, which does not 
interest us here, we have 


/ (X) = -H — + 

x — a x — b X — c 


+ 


X — I 


In the circle of radius a about the origin as center, each of the simple frac- 
tions can be developed in positive powers of x, and the development of f(x) is 
identical with that given by Maclaurin’s expansion 


f(x) 








x» - 


38. Other series. The proofs of Taylor’s series and of Laurent’s series are 
based essentially on a particular development of the simple fraction \/{z — a;) 
■when the point x remains inside or outside a fixed circle. Appell has shown that 
•we can again generalize these f ormulse by considering a function /(x) analytic 
in the interior of a region A bounded by any number whatever of arcs of 



circles or of entire circumferences.* Let us consider, for example, a function 
/(x) analytic in the curvilinear triangle PQf? (Fig. 16) formed by the three 
arcs of circles PQ, QP, PP, belonging respectively to the three circumferences 
C, O', Denoting by z any point within this curvilinear triangle, we have 


r f(z)dz ^ 1 r f(z)dz ^ 1 r m 
2 ^ ® « Xp) ^ - 


(24) /(X): 


Along the arc PQ we can write 
1 1 ^ X — a , 


f(z) dz 

X 


z — x z — a 


(z^a)^ 


jL 0^)" , 1 /x — a Y + ^ 

(2 — a)" -t 1 z — x\z^ a) 


where a is the center of C ; hut when z describes the arc PQ, the absolute value 
of (x — a)/( 2 : — a) is less than unity, and therefore the absolute value of the 
integral 




approaches zero as n becomes infinite. We have, therefore, 


X — Z \X — 0/ 


x~z x—u [X — V)" \x — oy^ 

where h is the center of C\ Since the absolute value of (z — b)'^/{x — 6 )" ap- 
proaches zero as n becomes infinite, we can deduce from the preceding equation 
a development for the second integral of the form 


/«?/?) 
Similarly, we find 




f(z) dz 




x — b {x — by 


+ 




{x — b)^ 


(7) 


j_ r /(g) dg . A I I I 1 

2 TTi z — X X — c (x — c)^ {x — c)^ ’ 


where c is the center of the circle C". Adding the three expressions (a), (jS), 
( 7 ), we obtain for/(x) the sum of three series, proceeding respectively accord- 
ing to positive powers of cc — <x, of l/(x — &), and of l/(x — c). It is clear that 
we can transform this sum into a series of wliich all the terms are rational func- 
tions of X, for example, by uniting all the terms of the same degree in x — a, 
l/(x— &), l/(x — c). The preceding reasoning applies whatever may be the 
number of arcs of circles. 

It is seen in the preceding example that the three series, (a), (/3), ( 7 ), are 
still convergent when the point x is inside the triangle P'Q'B', and the sum of 
these three series is again equal to the integral 


I 


f{z)dz 
z — x 


taken along the boundary of the triangle PQK in the positive sense. Now, when 
the point x is in the triangle P'Q'R\ the function f{z)/(z — x) is analytic in 
the interior of the triangle PQB, and the preceding integral is therefore zero. 
Hence we obtain in this way a series of rational fractions which is convergent 
when X is within one of the two triangles PQP, P'Q'P', and for which the sum 
is equal to f(x) or to zero^ according as the point x is in the triangle PQR or in the 
triangle P'Q'R\ 

Painlevd has obtained more general results along the same lines.^ Let us con- 
sider, in order to limit ourselves to a very simple case, a convex closed curve V 
having a tangent which changes continuously and a radius of curvature which 
remains under a certain upper bound. It is easy to see that we can associate 
with each point JVf of r a circle G tangent to P at that point and inclosing that 
curve entirely in its interior, and this may be done in such a way that the center 
of the circle moves in a continuous manner with M. Let/(s) be a function ana- 
lytic in the interior of the boundary P and continuous on the boundary itself. 
Then, in the fundamental formula 


1 


f{z) dz 


where a denotes the center of the circle C which corresponds to the point z of 
the boundary ; a is no longer constant, as in the case already examined, but it 
is a continuous function of z when the point Jif describes the curve r. - Never- 
theless, the absolute value of (x — a)/[z ~ a), which is a continuous function of 
2 , remains less than a fixed number p less than unity, since it cannot reach the 
value unity, and therefore the integral of the last term approaches zero as n 
becomes infinite. Hence we have 


(25) 



% f 

n=0u/cr) 


(x — a)« 
{z- a)« + i 


f(z)dz, 


and it is clear that the general term of this series is a polynomial P„(x) of 
degree not greater than n. The function f (x) is then developable in a series of 
polynomials in the interior of the boundary V. 

The tlieoiy of conformal transformations enables us to obtain another kind 
of series for the development of analytic functions. Let f{x) be an analytic 
function in the interior of the region which may extend to infinity. Suppose 
that we know how to represent the region conformally on the region inclosed 
by a circle C such that to a point of the region A corresponds one and only 
one point of the circle, and conversely j let u = ip{z) be the analytic function 
which establishes a correspondence between tbe region A and the circle G hav- 
ing the point u = 0 for center in the n-plane. When the variable u describes 
this circle, the corresponding value of z is an analytic function of u. The same 
is true of f(z)^ which can therefore _be developed in a convergent series of 
powers of w, or of <p(z)^ when the variable z remains in the interior of A. 

Suppose, for example, that the region A consists of the infinite strip included 
between the two parallels to the axis of reals y = ± a. We have seen (§ 22) 
that by putting u = (e’r3/2a _ iy(^gvz/ 2 a -j, this strip is made to correspond to 
a circle of unit radius having its center at the point i6 = 0. Every function 
analytic in this strip can therefore be developed in this strip in a convergent 
series of the following form : 


71^0 


f e2a __ 1 


\e2« -f 1- 


39. Series of analytic functions. Tlie sum of a uniformly conver- 
gent series wliose terms are analytic functions of ^ is a continuous 
function of Xj but we could not say without further proof that that 
sum is also an analytic function. It must be proved that the sum has 
a unique derivative at every pointy and this is easy to do by means 
of Cauchy^s integral. 



The theorem which we wish to prove is evidently included in the 
following more general proposition : 

Let 


(26) /i(^) + /2(^) + • • • +/h ’ 

he a series all of whose terms are analytic functions in a region A 
hounded hy a closed curve T and continuoics on the houndary. If the 
series (26) is uniformly convergent on F, it is convergent in every point 
of A, and its sum is an analytic fitnct ion L(f) whose p>th. derivative 
is represented hy the series formed hy the pA\\ derioatives of the terms 
of the series (26). 


Let (z) be the sum of (26) in a point of T ; (z) is a continuous 

function of along the boundary, and we have seen (§ 33, Hote) 
that the definite integral « 

(27) F(=.) - X *- 

where x is any point of vl, represents an analytic function in the 
region Aj whose pt\\ derivative is the expression 


dz, 

, {z-xy^^ 


v\ C ^(z)dz p\ 

(28) = 

Since the series (26) is uniformly convergent on T, the same thing 
is true of 'the sej’ies obtained by dividing each of its terms hy « — x, 
and we can write +„ ^ / n j 


or again, since /„(s) is an analytic function in the interior of r, 
we have, hy formula (12), 

(*)+/.(*)+ • • • +/v(*)+ • • •• 

Similarly, the expression (28) can be written in the form 


Every series uniformly convergent in a region A of the plane^ whose 
terms are all analytic functions in represents an analytic function 
F{f) in the same region. The derivative of Fif) is efjiial to the 
series obtained by differentiating p times each term of the series 
which represents 

40. Poles. Every function analytic in a circle with the center a is 
equal, in the interior of that circle, to the sum of a power series 

(29) f(f) =^0 4- Afz — a) -h • — h A^^(z — aff + • . • . 

We shall say, for brevity, that the function is regular at the point a, 
or that a is an ordinary point for the given function. We shall call the 
interior of a circle (7, described about a as a center with the radius p, 
the neighhorhood of the point a, when the formula (29) is applicable. 
It is, moreover, not necessary that this shall be the largest circle in the 
interior of which the formula (29) is true ; the radiiis p of the neigh- 
borhood will often be defined by some other particular property. 

If the first coefidcient ^4^ is zero, we have f(a) == 0, and the point 
a is a zero of the function /(;$:). The order of a zero is defined in the 
same way as for polynomials ; if the development of f{z) commences 
with a term of degree m in « — a, 

= + + , (m> 0), 

where is not zero, we have 

/(«) = 0 , /'(«) = 0 , = 0 , /"•>(«) ¥= 0 , 

and the point a is said to be a zero of order m. We can also write 
the preceding formula in the form 

/(g) = (a 

<ji (z) being a power series which does not vanish when a. Since 
this series is a continuous function of we can choose the radius p 
of the neighborhood so small that <h{z) does not vanish in that 
neighborhood, and we see that the function f(z) will not have any 
other zero than the point a in the interior of that neighborhood. 
The zeros of an analytic function are therefore isolated points. 



an ordinary point for the function /(^). Let us suppose that the 
development commences with a term of degree m in z — a, 

(30) ^ = 

where <^(^) denotes a regular function in the neighborhood of the 
point a which is not zero when z ~ a. From this we derive 


( 31 ) 


m = 


1 1 




where {{/(z) denotes a regular function in the neighborhood of the 
point a which is not zero when z = a. This formula can be written 
in the equivalent form 


(31') /(«) 


(z — a)” 


(z — a)^ 


- H h 



P(z-a), 


where we denote by F(z-’a)j as we shall often do hereafter, a 
regular function for z ~ a, and by ^ certain con- 
stants. Some of the coefficients ’ * * ? ^m-i be zero, but 

the coefficient B„^ is surely different from zero. The integer m is 
called the ordei^ of the ‘pole. It is seen that a pole of order m of f{z) 
is a zero of order m of l/f{z), and conversely. 

In the neighborhood of a pole a the development of /(;5^) is com- 
posed of a regular part P(z — a) and of a polynomial in l/(z — a)) 
this polynomial is called the principal part of f(z) in the neighbor- 
hood of the pole. When the absolute value ofz — a approaches zero^ 
the absolute value of f(z) becomes infinite in tvhatever way the point 
z approaches the pole. In fact, since the function is not zero for 
z ^ a, suppose the radius of the neighborhood so small that the 
absolute value of ij/iz) remains greater than a positive number M in 
this neighborhood. Denoting by r the absolute value of z — a, we 
have |/(^^)| > and therefore \f{^)\ becomes infinite when v 

approaches zero. Since the function \lf{z') is regular for z — there 
exists a circle C with the center a in the interior of which is 
analytic. The quotient \p (z) j{z — is an analytic function for all 

thp. nnints of this circle ex coot for the noint a itself* In the neig-h- 


region.^ A function analytic in tiie ])Jano (‘.X(uq)r. lor poies 

may have an infinite number of poles, but it cun have, only a finite 
number in any finite region of the plaiKi. Tin*. j)r()of depencLs on a 
general theorem, which we must now ri'c.all : If in ((■ Ji^uia nu/wn A 
of the jpUvno there exist an infinite nnmher of ‘points jmssesslng a 
jparticular pv 2 )evty, there exists at least one Ihnlt 'p)o Ini in the region 
A or on its honndary, (We mean by Iwilt jmlnt a ])oint in every 
neighborhood of which there exist an iniinitti nnnii)(*-r of ])oints 
possessing the given property.) This proposition is ])rov(i(l liy the 
process of successive subdivisions that we have employed so often. 
Tor brevity, let us indicate by {Pi) the assemldage of points con- 
sidered, and let us suppose that the region A is divided into squares, 
or portions of squares, by parallels to tlu^ axes 0;t\ Oy. Tliere will 
be at least one region A^ containing an infinite nundxu- of points of 
the assemblage (B), By subdividing tlie region y\^ in the same way, 
and by continuing this process indefinitely, v/a (jan form an infinite 
sequence of regions A^, A^, • • •, A,^, . • • that become smaller and 
smaller, each of which is contained in the preceding and contains 
an infinite number of the points of the assemblage. All the points of 
A^ approach a limit point Z lying in the interior of or on the bound- 
ary of A, The point .2ris necessarily a limit point of (B), since there 
are always an infinite number of points of (E) in the interior of a 
circle having Z for center, however small the radius of that circle 
may be. 

Let us now suppose that the function f(f) is analytic except for 
poles in the interior of a finite region A and also on the boundary T 
of that region. If it has an infinite number of poles in the region, 
it will have, by the preceding theorem, at least one point Z situated 
in ji or on T, ia every neighborhood of which it will have an infinite 
nnmber of poles. Hence the point Z can be neither a pole nor an 
ordinary point. It is seen in the same way that the function f{z) 
can have only a finite nnmber of zeros in the same region. It follows 
that we can state the following theorem ; 

Evei y ficnction analytic except for gioles in a finite region A and on 
its houndcirv has in that vpainr) nmhi 


(32) f(z) = (z-ay<j>(z), 

where (;sj) is a regular function not zero for z = a. The exponent 
fji is called the o?-c?er of f(z) at the point a. The order is zero if the 
point a is neither a pole nor a zero for f(z) ; it is equal to m if 
the point ct is a zero of order 7n for /(.^’), and to — if is a pole 
of order n for /(;^). 

42. Essentially singular points. Every singular point of a single- 
valued analytic function, which is not a pole, is called an essen- 
tially singular point. An essentially singular point a is isolated 
if it is possible to describe about a as a center a circle C in the 
interior of which the function f(z) has no other singular point 
than the point a itself; we shall limit ourselves for the moment 
to such points. 

Laurent’s theorem furnishes at once a development of the func- 
tion /(s;) that holds in the neighborhood of an essentially singular 
point. Let (7 be a circle, with the center in the interior of which 
the function /(£) has no other singular point than a ; also let c be a 
circle concentric with and interior to C. In the circular ring included 
between the two circles C and e the function /(^) is analytic and 
is therefore equal to the sum of a series of positive and negative 
powers of ^ — 0 -, 

(33) A^iz-ay. 

Vls=—ao 

This development holds true for all the ]Doints interior to the circle 
C except the point a, for we can always take the radius of the circle 
c less than \z — a\ for any point whatever that is different from a 
and lies in C. Moreover, the coefficients do not depend on this 
radius (§ 37). The development (33) contains first a part regular 
at the point a, say P(z — ct), formed by the terms with positive 
exponents, and then a series of terms in powers of l/(^ — ct). 




— m 


expression (§37) 

f (® 

the integral being taken along the circle with the center a and 
the radius r. We have, then, 

(35) |yl_J< jr(r)?’- 

where denotes the maximum of the absolute value of f(z) 

along the circle C'. The series is then convergent, provided that 

— a\ is greater than r, and since r is a number which we may 
suppose as small as we wish, the series (34) is convergent for every 
value of z different from a, and we can write 

where P (;^ — a) is a regular function at the point a, and G [1 /(z — a)'] 
an integral transcendental function! of l/(z — a). 

When the absolute value of ^ — a approaches zero, the value of 
f(z) does not approach any definite limit. More precisely, if a circU 
C is described with the point a as a center and %oith an arbitrary 
radius p, there always exists in the interior of this circle points z for 
ivhich f(z) differs as little as we please from any number given in 
advance (Weierstrass). 

Let us first prove that, given any two positive numbers p and 3/, 
there exist values of z for which both the inequalities, \z — a \ < p^ 
|/(gj)| > il/, hold. For, if the absolute value of f(z) were at most 
equal to M when we have \z — a\ -C p^ J^(?’) would be less than 
or equal to M for r < p, and, from the inequality (35), all the coeffi- 
cients yl_^ would be zero, for the product ^{f)r^ ^Mr^^ would 
approach zero with r. 

Let us consider now any value A whatever. If the equation 
f{z)^A has roots within the circle C, however small the radius p 


* To avoid overlooking any hypothesis, it would he necessary to examine also the 
ease in which the development of f{z) in the interior of C contains only positive 
powers of z-a, the value /(a) of the function at the point a heins: different from the 



with the radius p and the center a this equation does not have any 
roots. The function is then analytic for every 

point ?:■ within C ex.cept for the point a ; this point a cannot be any- 
thing but an essentially singular point for for otherwise the 

point would be either a pole or an ordinary point for /(^^). There- 
fore, from what we have just proved, there exist values of ^ in the 
interior of the circle C for which we have 

|q!)(«)|>i or |/(a;)-^|<£, 

however small the positive number c may be. 

This property sharply distinguishes poles from essentially singu- 
lar points. While the absolute value of the function f{z) becomes 
infinite in the neighborhood of a pole, the value of f{z) is completely 
indeterminate for an essentially singular point. 

Picard * has demonstrated a more precise proposition by showing 
that every equation f(z) = A has an infinite number of roots in the 
neighborhood of an essentially singular point, there being no excep- 
tion except for, at most, one ]3articular value of A . 


Example. The point 2 : = 0 is an essentially singular point for the function 


1 



+ 11 + 
2 \z'^ 


1 1 a. 

n ! 


It is easy to prove that the equation = A has an infinite number of roots 
with absolute values less tlian p, however small p may be, provided that A is 
not zero. Setting A = r (cos 0 i sin ^), we derive from the preceding equation 

i = log r -{■ i (6 2 Jctt) . 

We shall have < p, provided that 

(logr)= + {6 + 2/c7r)2 S 1. 

There are evidently an infinite number of values of the integer k which satisfy 
this condition. In this example there is one exceptional value of .^1, that is, 
/L = 0. But it mav also happen that there are no exceptional values ; such is 



can iiibegraie lu ueriii uy Lcrin, lur, even unuugn une puint a is an 
essentially singular point, this series is uniformly convergent. The 
integral of the general term 



(z - 


is zero if the exponent m is greater than unity, for the primitive 
function — takes on again its original 

value after the variable has described a closed path. If, on the con- 
trary, w = 1, the definite integral ^ a) has the value 

2 as was shown by the previous evaluation made in § 34. We 


have then the result 


= r 

J(C) 


which is essentially only a particular case of the formula (23) for 
the coefficients of the Laurent development. The coefficient is 
called the residice of the function f(z) with respect to the singular 
point a. 

Let us consider now a function f{z) continuous on a closed 
boundary curve V and having in the interior of that curve T only a 
finite number of singular points a, b, c, • • •, 1. Let jS, C, • • •, X be 
the corresponding residues ; if we surround each of these singular 
points with a circle of very small radius, the integral / f{z)dz, taken 
along r in the positive sense, is equal to the sum of the integrals 
taken along the small curves in the same sense, and we have the 
very important formula 


r /(^) dz^2iTi{A A- B A- C ^ f- X), 

J(X) 

which says that the integral J f(z) taken along T in the positive 
sense, is equal to the product of2iri and the sum of the residues loith 
respect to the singulour points of f{z) within the curve T. 

It is clear that the theorem is also applicable to boundaries V com- 
posed of several distinct closed curves. The importance of residues 
is now evident, and it is useful to know how to calculate them rapidly. 
If a point a is 2i pole of order m for f(z), the product (z — a)”*/(s) 



quently the function f{z) appears under the form 


/(*)= 


Q(z) 


Tvliere the functions P {z) and Q (z) are regular for z — a, and P {a) 
is different from zero, while is a simple zero for Q,{z). Let 
Cl{z) — (z--a)R{z)\ then the residue is equal to the quotient 
P{cb)/Pi,{a)y or again, as it is easy to show, to P (a) / Q! (ct). 


III. APPLICATIONS OF THE GENERAL THEOREMS 

The applications of the last theorem are innumerable. We shall 
now give some of them which are related particularly to the evalua- 
tion of definite integrals and to the theory of equations. 

44. Introductory remarks. Let f(z) be a function such that the 
product (z — approaches zero with \z — a\. The integral of 

this function along a circle y, with the center a and the radius p, 
approaches zero with the radius of that circle. Indeed, we can write 

r f 

J(y) Jiy) ^ ^ 

If rj is the maximum of the absolute value of (z — a) /(z) along the 
circle y, the absolute value of the integral is less than 2 ttt], and con- 
sequently approaches zero, since rj itself is infinitesimal with p. We 
could show in the same way that, when the product (z — a) f(z) 
approaches zero as the absolute value of z — a becomes infinite, the 
integral taken along a circle C with the center ci, ap- 

proaches zero as the radius of the circle becomes infinite. These 
statements are still true if, instead of integrating along the entire 
circumference, we integrate along only a part of it, provided that 
the product (z — a)f{z) approaches zero along that part. 

Frequently we have to find an upper bound for the absolute value 
of a definite integral of the form fj" fix') dx, taken along the axis of 
reals. Let us suppose for definiteness a<h. We have seen above 



for any real value of x and that the degree of the numerator is less 
than the degree of the denominator by at least two units. With the 
origin as center let us describe a circle C with a radius R large 
enough to include all the roots of the denominator of F(^), and let 
us consider a path of integration formed by the diameter BA , traced 
along the real axis, and the semi circumference C', lying above the 
real axis. The only singular points of lying in the interior of 
this path are poles, which come from the roots of the denominator 
of F(!^) for which the coefficient of i is positive. Indicating by 
the sum of the residues relative to these poles, we can then write 

-\rR ^ 

F(^') dz j F(^)dz=:= 2 7ri'!^Rf., 

R JiC') 

As the radius R becomes infinite the integral along C' approaches 
zero, since the product ^F(z) is zero for z infinite; and, taking the 
limit, we obtain 

+ CO 

F(x)dx = 2 

CO 

We easily reduce to the preceding case the definite integrals 

2 7T 

F(sin £c, cos x) dx, 

where JP is a rational function of sin x and cos x that does not 
become infinite for any real value of x, and where the integral is to 
be taken along the axis of reals. Let us first notice that we do not 
change the value of this integral by taking for the limits x^ and 
cCg -p 2 TT, where x^ is any real number whatever. It follows that we 
can take for the limits — tt and + tt, for example. ISTow the classic 
change of variable tan {xj2')^t reduces the given integral to the 
integral of a rational function of t taken between the limits — oo 
and + CO, for tan (a;/2) increases from — co to + oo when x increases 
from — TT to + TT. 

We can also proceed in another way. By putting = ;^ we have 





J ^ 






As for the new path of integration, when x increases from 0 to 2 tt 
the variable z describes in the positive sense the circle of unit radius 
about the origin as center. It will suffice, then, to calculate the resi- 
dues of the new rational function of z with respect to the poles 
whose absolute values are less than unity. 

Let us take for example the integral [(cc — • a — hi)/2']dx, 

which has a finite value if h is not zero. We have 


or 


ctn 


fx — a — hi 


./x — a — 'bi\ Jx—a~'bi\ 

:\ ^ 2 ^ 

/ ^ yic — a — 6t\ ./X— a — 6i\^ 

/ J , ) p, "( 2 ) 


ctn 




a 

■2 


hi 


^ Q--b-hai 

i — : ; — :• 


Hence the change of variable = z leads to the integral 

r g -{- g~b + «i 

I V p—h^rai ^ 

J(C) ^ 

The function to be integrated has two simple poles 
^ = 0, ^ = 

and the corresponding residues are — 1 and -{-2. If 5 is positive, 
the two poles are in the interior of the path of integration, and the 
integral is equal to 2 tt^ ; if h is negative, the pole ^ = 0 is the only 
one within the path, and the integral is equal to — 2 ttL The pro- 
posed integral is therefore equal to ± 2 7ri, according as h is posi- 
tive or negative. We shall now give some examples which are 
less elementary. 


46. Various definite integrals. Example 1. The function + a:^) has the 

two poles + i and — i, with the residues and ~ e« 72 i. Tet us suppose 

for definiteness that m is positive, and let us consider the boundary formed by 
a large semicircle of radius R about the origin as center and above the real 
axis, and by the diameter which falls along the axis of reals. In the interior of 
this boundary the function bas the single pole z = i, and the integral 

taken along the total boundary is equal to Now the integral along the 

a n-r.-n-i.rvQ nl'i a o rroTTv no fUn I’nUinc 7? lippninpft infinif.p fnr t.llP. n.bsninf'.fi 


gmix 

"dx = ire-^K 

1 + ^2 


If we replace by cos mx + i sin ma;, the coefficient of i on the left-hand side 
is evidently zero, for the elements of the integral cancel out in pairs. Since we 

have also cos (— mx) = cos??ix, we 
y can write the preceding formula in 

the form 


/’+°®COSmX, TT 

(37) / dx = -e-”h 

^ ^ Jo 1-I-X2 2 


J ^ \ Example 2. The function &^/z is 

-^-1 L® analytic in the interior of the bound- 

^ ary AB^IB'A'NA (Fig. 17) formed 

by the two semicircles BMB\ A'NA^ 
described about the origin as center 
with the radii U andjr, and the straight lines AB^ B'A', 

We have, then, the relation 


J, ‘ 


piz 

— dz-t- 


which we can write also in the form 


When r approaches zero, the last integral approaches — iri] we have, in fact, 

Qiz 1 

z z 

where P(z) is a regular function at the origin, so that 


rf P(z)dz + 


The integral of the regular part F[z) becomes infinitesimal with the length of 
the path of integration ; as for the last integral, it is equal to the variation of 
Log (z) along A'NA^ that is, to — tti. 

The integral along BMB' approaches zero as R becomes infinite. For if we 
put z = -R (cos ^ 4- i sin ^), we find 


f ^dz=if' 


Q~ sin 0 + iR cob B dO 


nence 


2720 


*<e 


r- n- _ r 2Jg0-l| 

/ 2g-i?Bin0(?5?< Mg TT JL e TT =_!L(i-,e /f). 

Jo Jo 21il Jo ^ 

which establishes the proposition stated above. 

Passing to the limit, we have, then (see I, § 100, 2d ed.), 


X 


+ QlX _ g- ix 


dx = Tri, 


r 


dx = — 

X 2 



Example 3. The integral of the integral transcendental function e- along 
the boundary OABO formed by the two radii OA and OB, making an angle of 
45°, and by the arc of a circle AB (Pig. 18), is 
e(inal to zero, and this fact can be expressed 
as follows : 

r e-^‘^dx-{' f e-^^dz— f e~^^dz. 

Jo Jun) J(05) 

When the radius jR of the circle to wdiich 
the arc AB belongs becomes infinite, the in- 
tegral along the arc AB approaches zero. In 
fact, if we put z — B [cos (0/2) + i sin (0/2)], 
that integral becomes 

V 7? z' ~ 

— I 2 g- Jj2(cos ^ + i sin <^)) qT d(b. 

2 Jo 

and its absolute value is less than the integral 

7? z*- 

2 Jo 

As in the previous example, we have 

' 7? — 7? /»— 7? — 2^2^ 

— y 2g-i22coB<>(20 = — J dip. 


The last integral has the value 



e = e- V, and as R becomes infinite we have at the limit (see I, § 135, 2d ed.; 
§ 134, 1st ed.) 

Vyr 


J e~ ^cos ^ + i sin d/o = y e- ^^dx = ■ 


or, affain. 




J ’ ' Vn2 J V TT / TT . . 7r\ 

e~ ’P dp = cos I sin - . 

0 ^ 2 \ 4 4 / 

3 of i, we 

/» + w 1 /tt ^ + 00 I 

(38) £ cosp^dp = -yJ-, Binp^dp = -yj-. 


Equating the real x^arts and the coefficients of i, we obtain the values of 
Fresnel’s integrals, 


47, Evaluation of T (p) T{1— p). 


I. 


The definite integitil 


1 X 


where the variable x and the exponent p are real, has a finite value, provided 
that p is positive and less than one it is equal to the product r (p) r (1 — p)* 

In order to evaluate this integral, let 
us consider the functions:/' -1/(1 -f 2 ), 
which has a pole at the point 2 : = — 1 
and a branch point at the point 
2=0. Let us consider the boundary 
abmb'a'na (Fig. 19) formed by the 
two circles^ 0 and C% described about 
the origin with the radii r and p re- 
spectively, and the two straight lines 
ab and a'b% lying as near each other 
as we please above and below a cut 
along the axis Ox. The function 
zP~^/{l z) is single-valued within 
this boundary, which contains only 
one singular point, the pole 2 = — 1, 
In order to calculate the value of the 
integral along this path, we shall agree to take for the angle of z that one 
which lies between 0 and 27r. If R denotes the residue with respect to the 
pole 2 = — 1, we have then 



Fio. 19 


The sum of the two integrals along ab anti along b'a' therefore has for its limit 


r-sii, 
j, •+* 


[1 _ Q2TTi{p-l^ 


The residue E is equal to (— 1)^-^, that is, to if tt is taken as the 

angle of —1. We have, then, 

Jo 1 + x ■“ 1— e27ri(p~I) e-(2J~i)7rt _ “ siii(_p — 1) TT ’ 


or, finally, 


r‘^, 

j, 1 +' 


48. Application to functions analytic except for poles. Given two 
functions, f(z) and (z), let us suppose that one of them, /(^), is 
analytic except for iDoles in the interior of a closed curve C, that the 
other, </> (.i;), is everywhere analytic within the same curve, and that the 
three functions are continuous on the curve C; and 
let us try to find the singular points of the function //(«) 

within C. A point a which is neither a pole nor a zero for f(z) is 
evidently an ordinary point for the function f‘Q^)/fQ^) and conse- 
quently for the function If a i^oint a is a pole or a 

zero of/(?v), we shall have, in the neighborhood of that point, 

where fx denotes a positive or negative integer equal to the order of 
the function at that point (§ 41), and where \lf(z) is a regidar func- 
tion which is not zero for z ^ a. Taking the logarithmic derivatives 
on both sides, we find 

= -if— + . 

/('*) » - « '!'(?) 

Since, on the other hand, we have, in the neighborhood of the point a, 

^ (z) = + ~ a) <^>'(a) H , 

it follows that the f)oint a is a pole of the first order for the product 


of residues, provided there are no roots of f{z) on the curve C, we 
have 




where a is any one of the zeros of /(^) inside the boundary (7, h any 
one of the poles of f{z) within C, and Avhere eacli of the poles and 
zeros are counted a number of times equal to its degree of multi- 
plicity. The formula (40) furnishes an. infinite number of relations, 
since we may take for ^ QS) any analytic function. 

Let us take in particular (,t) == 1 ; then the preceding formula 
becomes 


(41) 


cm 

2^^ Jcc) /« 




where N and P denote respectively the number of zeros and the 
number of poles oi f{z) within the boundary C, This formula leads 
to an important theorem. In faf;t, /'(.v)//(,t') is the derivative of 
Log ; to calculate the dehnite integral on the right-hand side 

of the formula (41) it is therefore sufficient to know the variation of 

log l/(s)| + i angle [/(s:)] 

when the variable describes the boundary C in the positive sense. 
But \ returns to its initial value, while the angle of /(;^) increases 
by 2 /ifTT, K being a positive or negative integer. We have, therefore, 


(42) 


N-P = 


2 KttL 

2 TTl 


= /I : 


that is, the difference N — P is equal to the quotient obtained by the 
division of the variation of the angle of f{z) by 2ir when the variable 
z describes the boundary C in the qiositive sense. 

Let us separate the real part and the coefficient of i in f(z) : 

/(^)=X+ Ft. 


"\7k71n an f-li a n rxi n f 


I aorj-ml-iQCJ 




( 43 ) = 


XdY- YdX 
Y^ 


Since the function Y/X takes on the same value after z has described 
the closed curve C, the definite integral 



XdY- YdX 
X^ 


is equal to 7r7(F/X), where the symbol I (Y/X) means the index of 
the quotient Y/X along the boundary C, that is, the excess of the 
number of times that that quotient becomes infinite by passing from 
+ <x) to — 00 over the number of times that it becomes infinite by 
passing from — oo to -f oo (I, §§ 79, 154, 2d ed.j §§ 77, 154, 1st ed.). 
We can write the formula (43), then, in the equivalent form 

(44) '^-'' = 1'©' 


49. Application to the theory of equations. When the function f(z) 
is itself analytic within the curve C, and has neither poles nor zeros 
on the curve, the preceding formulse contain only the roots of the 
equation f(z) == 0 which lie within the region bounded by C. The 
formulae (42), (43), and (44) show the number N of these roots by 
means of the variation of the angle of f(z) along the curve or by 
means of the index of Y/X, 

If the function f{z) is a polynomial in Zy with any coefficients 
whatever, and when the boundary C is composed of a finite number 
of segments of unicursal curves, this index can be calculated by ele- 
mentary operations, that is, by multiplications and divisions of 
polynomials. In fact, let AB be an arc of the boundary which can be 
represented by the expressions 

where <^(^) and are rational functions of a parameter t which 
varies from o: to /5 as the point (x, y) describes the arc AB in the 
positive sense. Replacing z hj {t) + iij/ (f) in the polynomial /(^), 



suiTi; ill order to have the number of roots of the equation f{z) — 0 
within the boundary C. 


Note, D’Alembert’s theorem is easily deduced from the preceding 
results. Let us prove first a lemma which we shall have occasion to 
use seveiul times. Let functions analytic in the 

interior of the closed curve C, continuous on the curve itself, and 
such that along the entire curve C we have | < ; under 

these conditions the two equations 

F(z)= 0, 

have the same number of roots in the interior of C, For we have 


F(f)+^{z) = F{i^) 



f(«)_ 


As the point z describes the boundary C, the point Z — /F(f) 

describes a closed cuiwe lying entirely within the circle of unit radius 
about the point Z = 1 as center, since | Z — 1 1 < 1 along the entire 
curve C. Hence the angle of that factor returns to its initial value 
after the variable z has described the boundary C, and the variation 
of the angle of F (z') -f- (z) is equal to the variation of the angle of 

F(z). Consequently the two equations have the same number of 
roots in the interior of C. 

How let f(z) be a polynomial of degree m with any coefficients 
whatever, and let us set 


F(^ = -h . • . + f(z) = F{z) + ^ {zf 

Let us choose a positive number E so large that we have 


n 


+ 


A, 


i + 


+ 




Then along the entire circle C, described about the origin as center 
with a radius greater than E, it is clear that |<J>/jP| < 1. Hence the 
equation f(z) = 0 has the same number of roots in the interior of 
the circle C as the equation F(z) = 0, that is, m. 


50. Jensen’s formula. Jjetf{z) be an analytic function except for poles in the 



(46) 


I = {Log (z) Log [/(z)] }(C) - f Log (z) ^ dz, 

where the first part of the right-hand side denotes the increment of the product 
Log (z) Log [/{z)] when the variable z describes the circle C. If we take zero 
for the initial value of the angle of 2 , that increment is equal to 

(log r + 2 TTt) {Log [/(?’) ] + 2 TTi (?i - m ) } ~ log r Log [/(r)] 

= 2 TTi Log [/(r)] d- 2 TTi (?t — m) log r — 4 (n — m) tt^. 

In order to evaluate the new definite integral, let us consider the closed 
curve r, formed by the circumference (7, by tlie circumference c described 
about the origin with the infinitesimal radius p, and by the two borders a6, 
a'b' of a cut made along the real axis from the point 2 = p to the point z = r 
(Fig. 10). We shall suppose for definiteness that f(z) has neither poles nor 
zeros on tliat portion of the axis of reals. If it has, we need only make a cut 
making an infinitesimal angle with the axis of reals. The function Log 2 is 
analytic in the interior of P, and according to the general formula (40) we 
have the relation 


f Log(z)^^ 
•/ (a&) / ( 2 ) 


+ f Log (z) dz = 2 TTi Log ■ 

f ' ' ' btn/ 


The integral along the circle c approaches zero with p, for the product 
2 Log 2 is infinitesimal with p. On the other hand, if the angle of 2 is zero 
along a6, it is equal to 2 7r along a'6', and the sum of the two corresponding 
integrals has for limit 



m 


dz = — 2 771 Log [/(r)] d- 2 TTi Log [/ (0)] . 


The remaining portion is 

and the formula (46) becomes 

1—2771 (n — m) logr d- 2 iri Log [/(O)] ~ 2 tti Log(^^i^^ — 4 (n — m) tt^. 

In order to integrate along the circle (7, we can put 2 = and let 0 vary 

from 0 to 2 7 r. It follows that ^ 2/2 = idcf>. Let/( 2 ) = where B and 4> are 



continuous functions of 0 along G. Equating the coefficients of i in the preced- 
ing relation, we obtain Jensen’s formula^ 


( 47 ) 


i loglKd[0 = log|/(O)| + log 
27r Jo 


— 7n 


- --an 


in which there appear only ordinary Napierian logarithms. 

When the function f(z) is analytic in the interior of C, it is clear that the 
product hjhg * • * should be replaced by unity, and the formula becomes 


( 48 ) 


i r* logBd0 = log|/(O)| + log 
27 r Jo 


rn 

^2 * * * 


This relation is interesting in that it contains only the absolute values of the 
roots of /( 2 :) within the circle O, and the absolute value oif(z) along that circle 
and for the center of the same circle. 


51. Lagrange’s formula. Lagrange’s formula, which we have already 
established by Laplace’s method (I, § 195, 2d ed. ; § 189, 1st ed.), 
can be demonstrated also very easily by means of the general 
theorems of Cauchy. The process which we shall use is due to 
Hermite. 

Let f(z) be an analytic function in a certain region D containing 
the point a. The equation ^ 

(49) F(z')= z — 

where a is a variable parameter, has the root z — for a; = O.t Let 
us suppose that a ^ and let C be a circle with the center a and 
the radius r lying entirely in the region D and such that we have 
along the entire circumference \af(z)\<\z-~a\. By the lemma 
proved in § 49 the equation F(z)= 0 has the same number of roots 
within the curve C as the equation sj — a = 0, that is, a single root. 
Let I denote that root, and let II (^) be an analytic function in the 
circle C. 

The function H{z)/F(z) has a single pole in the interior of C, at 
the point z = and the corresponding residue is n {^)/F\^). Broni 
the general theorem we have, then, 

FXK) 2 F(%) “2 7riLjS- a- «/(«)■ 





Jq + (x^J^ 4- ^n + l? 


where 



Let m be the maxiinuin value of the absolute value of ccf(z) along 
the circumference of the circle (7; then, by hypothesis, m is less 
than r. If M is the maximum value of the absolute value of IT (z) 
along C, we have 1 (mY^^ 2'rrrM 

rs+il 2 7j- V)’/ r — m* 

which shows that approaches zero when n increases indefinitely. 
Moreover, we have, by the definition of the coefficients J^, 7^, 

. • * and the formula (14), 

/„ = n(«), ^ n (a)}; 


whence we obtain the following development in series : 

(50) |§=i>(.)+|^£.{n(»)[/(.):-}. 

We can write this expression in a somewhat different form. If we 
take n(^)=7j'(s:)[l ^ ^r/'(^)], where is an analytic function in 
the same region, the left-hand side of the equation (50) will no longer 
contain a and will reduce to -^s for the right-hand side, we 

observe that it contains two terms of degree n in cr, whose sum is 




(?^ — 1 ) ! da^ 




n ! 

n ! dd’^~^ 




{<»'(«)[/(«)]’'}> 



lormaiLi S J-yO; tju. j s J-oy, xai eu.^ 

(51) $ (0 = $ (a) + 1 $'(«)/(«) + • • • + 5 {-*>'(«)[/(«)]"} + • • •• 


We have su];)posecl that we have \o^f{^)\<r along the circle C, 
which is true if |a'| is small enough. In order to find the maximum 
value of |«:|5 let us limit ourselves to the case where f(z) is a poly- 
nomial or an integral function. Let ^ (?*) be the maximum value of 
\f{^)\ along the circle C described about the point a as center with the 
radius r. The proof will ax^ply to this circle, xn’ovided \a\^(^r) <r. 
We are thus led to seek the maximum value of the quotient 
as r varies from 0 to + 00 . This quotient is zero for r = 0, for if 
^(?') were to apiiproach zero with the point z — a would be a zero 
for and F(z) would vanish for z ^ a. The same quotient is 

also zero for ?’ = 00 , for otherwise /(^;) would be a polynomial of the 
first degree (§ 36). Aside from these trivial cases, it follows that 
passes through a maximum value fi for a value of The 
reasoning shows that the equation (49) has one and only one root ^ 
such that I ^ — a I < ?q, provided | a- ] < /-t. Hence the develo]pments 
(50) and (51) are applicable so long as |a:| does not exceed //., ipvo- 
vided the functions n(^) and ^(z) are themselves analytic in the 
circle of radius ?q. 


Example. Let/( 2 ) = {z^ — l)/2 ; the equation (49) has the root 
__ 1 — V 1 — 2 aa. + 

i — , 


•which approaches a when a approaches zero. Let us put 11 ( 2 :) = 1. Then the 
formula (50) takes the form 


(52) 


•Vl — 2 aa H- 


- , ^ r (a^ — l)»n ^ ^ ^ 

= 1 + X ;rT S?; LSr^J = ' + X ’ 


where Xn is the nth Legendre’s polynomial (see I, §§ 90, 189, 2d ed. ; §§ 88, 
184, 1st ed.). In order to find out between what limits the formula is valid, let 
us suppose that a is real and greater than unity. On the circle of radius r we 
have evidently ^{r) = [(a + — 1]/2, and we are led to seek the maximum 

value of 2 r/[{a + r)^ — 1] as r increases from 0 to + 00 . This maximum is 
found for r = Va^ — 1, and It is equal to a — 1. If, however, a lies 


tiiiu -t* i, tue ctuttuiuutj vu-iutj ui tsucii iiifci bwu oribiuai a ± i v i — IS 

unity. 

In the fourth lithographed edition of Herniite’s lectures will be found (p. 185) 
a very comx)lete discussion of Kepler’s equation z — a= smz hj this method. 
His process leads to the calculation of the root of the transcendental equation 
— 1) = -f 1) which lies between 1 and 2. Stieltjes has obtained the 
values 

= 1.199678640257734, fx = 0.6627434193492. 

52. Study of functions for infinite values of the variable. In order 
to study a function f(z) for values of the variable for which the 
absolute value becomes infinite, we can put z = 1/s;' and study the 
function /(!/«;') in the neighborhood of the origin. But it is easy to 
avoid this auxiliary transformation. We shall suppose first that we 
can fijid a 2:)Ositive number R such that ever^ finite value ofz whose 
absolute value is greater than R is an ordinary point for If we 
describe a circle C about the origin as center with a radius 72, the 
function f(z) will be regular at every point z at a finite distance 
lying outside of C. We shall call the region of the plane exterior 
to C a neiglihovliood of the gjoint at infinity. 

Let us consider, together with the circle C, a concentric circle C' 
with a radius 72' > 72. The function being analytic in the 

circular ring bounded by C and C', is equal, by Laurent’s theorem, 
to the sum of a series arranged according to integral positive and 
negative powers of s;, 

(53) /(«)= § 

m=— 00 

the coefficients A_^ of this series are independent of the radius 72', 
and, since this radius can be taken as large as we wish, it follows 
that the formula (53) is valid for the entire neighborhood of the point 
at infinity, that is, for the whole region exterior to C. We shall now 
distinguish several cases : 

1) When the development of f(fi) contains only negative powers 
of 

(54) /(«)=^o + '^i“ + "^2 Ja"! > 



positive powers of 

(55) /(^O = + • . • 



where the first coefficient is not zero, we shall say that the point 
at infinity is a pole of the mth order for /(«), and the polynomial 
Brrf‘ + • • * + principal paH relative to that pole. When 

\z\ becomes infinite, the same thing is true of whatever may 

he the manner in which z moves. 

3) Finally, when the development of f(z) contains an infinite 
number of positive powers of z, the point at infinity is an essentially 
singxdar point for f(zf The series formed by the positive powers of 
z represents an integral function G (f), which is the principal part 
in the neighborhood of the point at infinity. We see in particular 
that an integral transcendental function has the point at infinity as 
an essentially singular point. 

The preceding definitions were in a way necessitated by those 
which have already been adopted for a point at a finite distance. 
Indeed, if we put = 1 jz\ the function f(f) changes to a function of 
z\ have only carried 

over to the point at infinity the terms adopted, for the point z' = 0 
with respect to the function Beasoning by analogy, we might 

be tempted to call the coefficient il_i of in the development (53), 
the residite, but this would be unfortunate. In order to preserve the 
characteristic property, we shall say that the residue with respect to 
the p)oint at infinity is the coejficient of IJz with its sign changed^ 
that is, — A^. This number is equal to 

h f 

where the integral is taken in the positive sense along the boundary 
of the neighborhood of the point at infinity. But here, the neighbor- 
hood of the point at infinity being the part of the plane exterior to 
C, the corresponding positive sense is that opposite to the usual 


and, when z describes the circle C in the desired sense, the angle of 
s; diminishes bj 2 tt, which gives — as the value of the integral. 

It is essential to observe that it is entirely possible for a function 
to be regular at the point at infinity without its residue being zero ; 
for example, the function 1 l/gj has this property. 

If the point at infinity is a pole or a zero for we can write, 
in the neighborhood of that point, 

where is a positive or negative integer equal to the order of the 
function with its sign changed, and where </> (z^ is a function which 
is regular at the point at infinity and which is not zero for ^ = oo. 
Prom the ju'cceding equation we deduce 

/'(g) _IX ^'(z) 
f(z) « <ifc(s) 

where the function (z) /<^ (z) is regular at the point at infinity but 
has a development commencing with a term of the second or a higher 
degree in \[z. The residue of is then equal to — ■ that 

is, to the order of the function/(;5i) at the jDoint at infinity. The state- 
ment is the same as for a pole or a zero at a finite distance. 

Let /(«) be a single-valued analytic function having only a finite 
number of singular points. The convention which has just been 
made for the point at infinity enables us to state in a very simple 
form the following general theorem : 

The sum of the residttes of the function f^z) in the entire jjlane, 
the point at infinity included^ is zero. 

The demonstration is immediate. Describe with the origin as 
center a circle C containing all the singular points oi f(z) (except 
the point at infinity). The integral Jf(z)dz, taken along this circle 
ill the ordinary sense, is equal to the product of 2 ttI and the sum 
of the residues with respect to all the singular points of f(z) at a 
finite distance. On the other hand, the same integral, taken along 
the same circle in the opposite sense, is equal to the product of 2 Tri 
and the residue relative to the noint at infinitv. The sum of the two 



where P {z) and Q (z) are two polynomials, the first of degree the 
second of even degree 2 q. If is a real number greater than the 
absolute value of any root of Q(^), the function is single-valued out- 
side of a circle C of radius E, and we can write 

where 4> is a function which is regular at infinity, and which is 
not zero for ^ = 00 . The point at infinity is a pole for f(z) Up '> q, 
and an ordinary point it p ^ q. The residue will certainly be zero 
if p is less than q —1. 

lY. PEKIODS OF DEFINITE INTEGKALS 

53. Polar periods. The study of line integrals revealed to us that 
such integrals possess periods under certain circumstances. Since 
every integral of a function f(z) of a complex variable 2 : is a sum of 
line integrals, it is clear that these integrals also may have certain 
periods. Let us consider first an analytic function /(s) that has only 
a finite number of isolated singular points, poles, or essentially 
singular points, within a closed curve C. This case is absolutely 
analogous to the one which we studied for line integrals (I, § 153), 
and the reasoning applies here without modification. Any path that 
can be drawn within the boundary C between the two points Z 
of that region, and not passing through any of the singular points 
of f(z)^ is equivalent to one fixed path joining these two points, 
preceded by a succession of loops starting from z^ and surrounding 
one or more of the singular points * • • , of f(z). Let A^, 

• • •, be the corresponding residues of f(z ) ; the integral Jf{^)dz, 
taken along the loop surrounding the point o.^, is equal to ± 2 iriA^, 
and similarly for the others. The different values of the integral 
are therefore included in the expression 

(^6) r m dz^F{Z)+2 TTi + . . . + 

where F(Z) is one of the values of that integral corresponding to 



guish them from periods of another kind mentioned later. 

Instead of a region of the plane interior to a closed curve, we may 
consider a portion of the plane extending to infinity ; the function 
f{z) can then have an infinite number of poles, and the integral an 
infinite luunber of periods. If the residue with respect to a singu- 
lar point a of /(z) is zero, the corresponding period is zero and the 
point a is also a pole or an essentially singular point for the integral. 
But if the residue is not zero, the point a is a logaritlnnic critical 
point for the integral. If, for example, the point a is a pole of the 
mth order for /(;??), we have in the neighborhood of that point 






-f* ' 




(z — (z — a) 


— I- 




■->rA^+A^(z-a)+. 


and therefore 





(m — V)(z — aY'~^ 

(z — “ aj 


+ • • • 4-i?^Log(^ — a) 


A-A^(z-a) + A^- 




where (7 is a constant that depends on the lower limit of integration 
and on the path followed by the variable in integration. 

When we ap^fiy these general considerations to rational functions, 
many well-known results are at once apparent. Thus, in order that 
the integral of -a rational function may be itself a rational function, 
it is necessary that that integral shall not have any periods ; that is, 
all its residues must be zero. That condition is, moreover, sufficient. 
The definite integral 


has a single critical |)oint z = a, and the corresponding period is 
2 iri ; it is, then, in the integral calculus that the true origin of the 
multiple values of Log(js; — a) is to be found, as we have already 
pointed out in detail in the case of dz/z (§ 31). 

Let us take, in the same way, the definite integral 



variaDie, biie cunereiiu aeteriuiiiciuiuna ui u,io uclu u; o\j 

distinct functions of the variable x. We see, on the contrary, how 
Cauchy’s work leads us to regard them as so many distinct branches 
of the same analytic function. 


Note. When there are more than three periods, the value of the definite 
integral at any point z may be entirely indeterminate. Let us recall first the 
following result, taken from the theory of continued fractions* : Given a real 
irrational number or, we can always find two integers p and q, positive or nega- 
tive, such that we have |p + f/cr| < e, where e is an arbitrarily preassigned 
positive number. 

The numbers p and q having been selected in this way, let us suppose that 
the sequence of multiples ot p + qa is formed. Any real number A is equal to 
one of these multix^les, or lies between two consecutive multiples. We can 
therefore find two integers m and n such tliat [m + ?ia — ^| shall be less than e. 

With this in mind, let us now consider the function 



' 1 a , i \ 

1 r H 1 -zjy 

— a z — b z — c z -- a/ 


where a, &, c, d are four distinct poles and cr, ^ are real irrational numbers. 
The integral Jz^f(z)dz has the four periods 1, a:, i, Let I{z) be the value of 
the integral taken along a particular xjath from to 2 :, and let M + Ni denote 
any complex number whatever. We can always find four integers w, n, n' 
such that the absolute value of the difference 

I ( 2 :) + + nor + i {mf + — (if + Ni) 

will he less than any preassigned positive number e. We need only choose 
these integers so that 

\m + na-- A\<~r [ ?n' + — .B | < - , 

2 2 


where M Ni 1 (z) ^ A + Bi. Hence we can make the variable describe a 
path joining the two points given in advance, Zq , z, so that the value of the inte- 
gral ff{z) dz taken along this path differs as little as we wish from any pre- 
assigned number. Thus we see again the decisive influence of the path followed 
by the variable on the final value of an analytic function. 


54. A study of the integral The integral calculus 

explains the multiple values of the function arc sin in the simplest 
manner by the preceding method. They arise from the different 
determinations of the definite integral 


Liie rwa,i tiAib ur li ib lies upon me real axis wibnin me segmeiib irom 

— 1 to. + 1 ; but when z is real and \ z\>l, we shall take for the 
direct i^ath a x)ath lying above the real axis. 

3S^ow, the points 1, z = —l being the only critical points of ^ 

Vl ~ z^, every path leading from the origin to the point z can be 
rephwjed by a succession of loops described about the two critical 
points -h 1 — 1, followed by the direct path. We are then led 

to study the value of the 
integral along a loop. Let 
us consider, for example, 
the loop OamaO, described 
about the point ^ + 1 ; 

this loop is composed of the segment Oa passing from the origin to 
the point 1 — • c, of the circle cwia of radius c described about z = l 
as center, and of the segment aO. Hence the integral along the loop 
is equal to the sum of the integrals 

dx ^ r dz _p r 

Vl — x'-* Ji-eVl — 

The integral along the small circle approaches zero with c, for the 
product (z — 1) f(z) approaches zero. On the other hand, when z 
has described this small circle, the radical has changed sign and in 
the integral along the segment aO the negative value should be 
taken for Vl — x^. The integral along the loop is therefore equal to 
the limit of 2 dxj'^l — o? as e apj)roaches zero, that is, to w. 
It should be observed that the value of this integral does not depend 
on the sense in which the loop is described, but we return to the 
origin with the value — 1 for the radical. 

If we were to describe the same loop around the point ^ + 1 

with — 1 as the initial value of the radical, the value of the integral 
along the loop would be equal to — tt, and we should return to the 
origin with -f- 1 as the value of the radical. In the same way it is 
seen that a loop described around the critical point z=—l gives 
“ TT or + TT for the integral, according as the initial value -f 1 or 

— 1 is taken for the radical on starting from the origin. 




Fig. 20 



— 2 TTj accordiDg to the order in whioli tliese two loops are described. 
All even number of loops will give, tlien, 2 ivtt foi’ the value of the 
integral, and will bring back the radical to its initial value -f 1. 
An odd nmiiber of loops will give, on the contrary, the value (2 m. + 1) tt 
to the integral, and the final value of the radical at the origin will 
be — 1. It follows from this that the value of the integral F{z) will 
be one of the two forms 

/ 2 viTTj (2 m “h 1) TT — 

according as the path described by the variable can be replaced by 
the direct path pii’eceded by an even number or by an odd number 
of loops. 


55. Periods of hyperelliptic integrals. We can study, in a simOar 
manner, the different values of the definite integral 


(58) 



^ P (z) dz 


where P (z) and E (z) are two polynomials, of which the second, R (z')^ 
of degree n, vanishes for n distinct values of : 


We shall suppose that the |)oint z^ is distinct from the points 
. • • , ; then the equation 'id = R (z^ has two distinct roots + and 

— We shall select 'ic^ for the initial value of the radical R (z). If 
we let the variable describe a path of any form whatever not pass- 
ing throu gh an y of the critical points e,^, • • • , the value of the 
radical V A (z) at each pioint of the path will be determined by con- 
tinuity. Let us suppose that from each of the points e^y 
we 2 nake an infinite cut in the pdane in such a way that these cuts do 
not cross each other. The integjul, taken from z^ up to any point z 
along a path that does not cross any of these cuts (which we shall 
call a direct path), has a comj)letely determined value I (z) for each 
point of the plane. We have now to study the influence of a loop, 
described from z. around auv onp. of thp pritica.l -noints ^ . nn tlip. 


grals obtained is zero ; but the value of the integral for the first turn 
is 2 and we return to the point with the value — for the radi- 
cal. The integral along the Gui*ve described in the op^Dosite sense is 
then equal to — 2 and consequently E\ = The closed curve 
considered may be reduced to a loop formed by the straight line z^a, 
the circle of infinitesimal radius about and the straight line az^ 
(Fig, 21) ; the integ ral along is infinitesimal, since the product 
P (z ) / Vi2 (z) approaches zero with the absolute value oiz — ei. 
If we add together the integrals 


along z^a and along az^, we find 




r 

/ 

Jz„ («) 



where the integral is taken alon g 

if 1 


the straight line and the initial 

I 


value of the radical is 



This being the case, the inte- 



gral taken along a path which 


\ / 

reduces to a succession of two 

\ 

V 4-1 ) 

loops described about the points 



eay is equal to 2 E^ — 2 E^, 



for we return after the first loop 

Fig 

k 21 


to the point z^ with the value 

— for the radical, and the integral along the second loop is equal 
to — 2 7iJp. After having described this new loop we return to the 
point z^ with the original initial value If the path described by 
the variable z can be reduced to an even number of loops described 
about the points Cy, <^ 5 , • • •? successively^ followed by the 

direct path from z^ to Zj where the indices a, (3, k, X are taken 
from among the numbers 1 , 2 , • • •, n, the value of the integral along 
the path is, by what precedes, 

F(z)^I-jr2(E, - E^)+2(Ey - . . . + 2(E, - E^), 

If, on the contrary, the path followed by the variable can be reduced 



O). 


j = 2(E,-£„), w^ = 2(E^-E„), ■■■, = 2 

for it is clear that we can write 

2 (E, - E,) ^ 2 (E,- E,) 2 {E, - = a., ~ co,. 

Since, on the other hand, 2 -f 2 7i;„, we see that all the values 

of the definite integral F(z) at the point are given by the two 
expressions 

]''(fS) = / + 771^(0^ ^ ^ 

F(r:) = 2 E^^ — I -i- H h 

where * ' '? a,rbitraiy integers. 

This result gives rise to a certain number of important observa- 
tions. It is almost self-evident that the periods must be independent 
of the point chosen for the starting point, and it is easy to verify 
this. Consider, for example, the period 2 E^ — 2 Ej ^ ; this period is 
equal to the value of the integral taken along a closed curve r pass- 
ing through the i)oint and containing only the two critical points 
e*-, g/j. If, for definiteness, we suppose that there are no other critical 
points in the interior of the triangle whose vertices are 6,^, this 
closed curve can be replaced by the boundary bh'nc^cmh (Fig. 21) ; 
whence, making the radii of the two small circles approach zero, we 
see that the period is equal to twice the integral 



taken along the straight line joining the two critical points e^y 

It may happen that the (n — 1) periods to-, • * • ? O'!'® iiot 

independent. This occurs whenever the polynomial R{z) is of even 
d&graey inovided that the degree of P{z) is less than n/2 — 1. With 
the ]point z^ as center let us draw a circle C with a radius so large 
that the circle contains all the critical points ; and for simplicity let 
us suppose that the critical points have been numbered from 1 to n 
in the order in which they are encountered by a radius vector as it 
turns about z^ in the positive sense. 

The integral 


rP(z)dz 



of the radical. On the other hand, the integral along C approach^ 
zero as the radius becomes infinite, since the product zP (z^/^R {z) 
approaches zero by the hypothesis made on the degree of the poly-- 
nomial Since the value of this integral does not depend on the 

radius of C, it follows that that value must be zero. 

Now the boundary z^AMAz^ considered above can be replaced by 
a succession of loops described around the critical points • • • , 
in the order of these indices. Hence we have the relation 


which can be written in the form 

(*>1 — + Wg — co^ + • • * + a)„_i = 0 5 

and we see that the n — 1 periods of the integral reduce to — 2 
periods • • • , 


Consider now the more general form of integral 



^ P{z)dz 
Q(z)-Vb (z) 


where P, Q, B are three polynomials of which the last, B{z), has only simple 
roots. Among the roots of Q {z) there may be some that belong to E {z ) ; let a-j, 
^ 2 , • • • , be the roots of Q (z) which do not cause B {%) to vanish. The integral 
F(z) has, as above, the periods 2(Pf — Eh), where 2 Ei denotes always the inte- 
gral taken along a closed curve starting from Zq and inclosing none of the roots 
of either of the polynomials Q(z) and B(z) except a. But F{z) has also a cer- 
tain number of polar periods arising from the loops described about the poles 
UTg, • • •, as. The total number of these periods is again diminished by unity 
if B {z) is of even degree n, and if 

P < O' + “ 

u 

where jp and g are the degrees of the polynomials P and Q respectively. 


Example. Let B (z) be a polynomial of the fourth degree having a multiple 
root. Let us find the number of periods of the integral 




130iar period. 

If li (z) has a triple root, the integral 


F(z) = 


f- 


‘ dz 

(z-ei)V(z-ei){2-e2) 


has the period 2 JE'j — 2 jS’g, hut, by the general remark made above, that period 
is zero. The same thing is true if R (z) has a quadruple root. In r^sumd we 
have : If R (z) has one or two double roots, the integral has a period ; if R (z) has a 
triple or quadruple root, the integral does not have periods. All these results are 
easily verilied by direct integration. 


56. Periods of elliptic integrals of the first kind, 
of tlie first kind, 

-«=/■ 

%/Zq 


dz 


The elliptic integral 


where R is a polynomial of the third or the fourth degree, prime to 
its derivative, has two periods by the preceding general theory. We 
shall now show that the ratio of these two joerlods is not real. 

We can suj)iDose without loss of generality that R{z) is of the 
third degree. Indeed, if R^ (z) is a polynomial of the fourth degree, 
and if a is a root of this polynomial, we may write (I, § 105, note, 
2d ed. 5 § 110, 1st ed.) 



where z z=i a -{-1/y and where R(j/) is a polynomial of the third 
degree. It is evident that the two integrals have the same periods. 
If R (z) is of the third degree, we may suppose that it has the roots 
0 and 1, for we need only make a linear substitution z — a j^y to 
reduce any other case to this one. Hence the proof reduces to 
showing that the integral 


(59) 


F(z) = 


i: 


dx 


V«(l-,-s)(a-s) 


where a is different from zero and from unity, has two periods whose 
ratio is not real. 

If a is real, the joroperty is evident. Thus, if a is greater than 



cient oiim a is positive. We can again take for one of the periods 



We shall apply Weierstrass's formula (§ 27) t o this integral. When 
varies from 0 to 1, the f actor 1 /V7(1 — remains positive, and 
the point representing 1/ Va- — z describes a curve L whose general 
nature is easily determined. Let A 
be the point representing a ; when 
varies from 0 to 1, the point 
describes the segment AB parallel 
to Ox and of unit length (Fig. 22). 

Let Op and Oq be the bisectors of 
the angles which the straight lines 
OA and OB make with Ox, and let 
Op^ and Oq^ be straight lines sym- 
metrical to them with respect to Ox. 

If we select that determination of 
a — z whose angle lie s betw een 
0 and 7r/2, the point Vc& — ^ de- 
scribes an arc from a point a on Op to a point ^ on ; hence the 
point If'yla — z describes an arc from a point a’ on Op' to 2 ^ point 
of Oq'. It follows that Weierstrass^s formula gives 




where is the comiolex number corresponding to a point situated in 
the interior of every convex closed curve containing the arc It 
is clear that this point is situated in the angle and that it 
cannot be the origin j hence the angle of lies hetween — and 0. 

We can take for the second period 





/ z (1 — z) (a — z) 


5 


■where is a complex number different from zero ’whose angle lit 
hetioeen 0 and 7r/2. The ratio of the two periods or ZjZ^ i 

therefore not a real number. 


EXERCISES 

1 . Develop the function 

2 / = - (x + -f. 1 (x -Vx^-l)"* 

z z 

in powers of ic, w being any number. 

Find the radius of the circle of convergence. 

2. Find the different developments of the function l/[(2'^ 4- 1) (2 — 2)] in pos 
tive or negative powers of s, according to the position of the point z in the plair 

3. Calculate the definite integral fz'^'LiOg[{z-{’l)/{z~-l)]dz taken along 
circle of radius 2 about the origin as center, the initial value of the logarithm i 
the point 2 ; = 2 being taken as real. 

Calculate the definite integral 

dz 

^ 2 : ^ 1 

taken over the same boundary. 

4 . Let/( 2 :) be an analytic function in the interior of a closed curve C co] 
taining the origin. Calculate the definite integral {z)lt0^zdz^ taken aloi 
the curve C, starting with an initial value Zq, 

5. Derive the relation 

di (2?i~l) 

(l + 42 )n + i- 2.4.6---2n ^ 

and deduce from it the definite integrals 

dt r+“ dt 

[(4-Q-)2+^2]n + l’ J ^ (At^ + 2St+C}’‘ + l' 

6. Calculate the following definite integrals by means of the theory of residuei 

sinmxdx 
X (x^ + a2)2 ’ 






m and a being real, 


(s" + l)(a:^ + 4) 


r 


(l + x) 
cos ax — cos bx 


d/Xj 


i: 


° X log X dx 


dXj 


(1 + 

a and & ‘being real and positive. 

along the 


(To evaluate the last integral, integrate the function (e«' 
boundary indicated by Eig. 17.) 

7. The definite integral + C — — C) cos0] is equal, when it 

has any finite value, to ctt/VaC, wher e e i s equal to ± 1 and is chosen in 
such a way that the coefficient of i in ei V^AC/A is positive. 

8. Let F(z) and G(z) be two analytic functions, and z — double root of 

G( 2 :) = 0 that is not a root of Show that the corresponding residue of 

F{z)/G (z) is equal to 

6 F'{a) G"{a) -2F(a) G^"(a) 

S[G"(an^ 

In a similar manner show that the residue of F {z) /[G (z)']^ for a simple root 
a of G{z) = 0 is equal to 

F'{a) G'{a) - F(a) G"{a) 

9. Derive the formula 


I 


dx 


(x — (x)Vl — x2 Vl — ( 


the integral being taken along the real axis with the positive value of the 
radical, and a being a complex number or a real number whose absolu te valu e 
is greater than unity. Determine the value that should be taken for Vl — a^. 
10. Consider the integrals J^^^dz/Vl J(,ydz/Vl + where S and 


denote two boundaries formed as follows : The boundary S is composed of a 
straight-line segment OA on Ox (which is made to expand indefinitely), of the 
circle of radius OA about 0 as center, and finally of the straight line AO. The 
boundary is the succession of three loops which inclose the points a, 6, c 
which represent the roots of the equation z^ -{■ 1^0. 

Establish the relation that exists between the two integrals 


£ 


dx 


dt 

1 




Vl + x^ 

which arise in the course of the preceding consideration. 

11. By integrating the function along the boundary of the rectangle 


nprl tUp. cr.-pui rrUt. linPH 7/ 7/ = h. T, ~ -J- 7?. fK Ti. atid tJiBn TYiakino' 


sin budu^ 


( - le- «« cos hu du, 

Jo Jo 

where a and b are real and positive. The results obtained are valid for a = 7 r/ 2 ^ 
provided that we have n < 1. 

13. Let ?a, m\ n be positive integers (m < n, 7n'< n). Establish the formula 


•» + OO 


I2m _ i2m' 


^ 2?iL \ 2?i / \ 271 /J 


X 

14. Deduce from the preceding result Euler’s formula 

^ + 00 7J. 


X 


1 + ^2,1 


2 n sin 


. /2 7a + 1 \ 

in ! — TT ) 

\ 271 / 


16. If the real part of a is positive and less than unity, we have 

» + TT 


x; 


1 + sin air 


(This can be deduced from the formula (39) (§ 47) or by integrating the 
function e«V(l + e®) along the boundary of the rectangle formed by the straight 
lines 7/ = 0, 7/=:2 7r, cti=+n, cc=: — i?, and then making B become infinite.) 

16. Derive in the same way the relation 

* + W 


X 

c/_OC 


_ gba: 


1 — 


dx = TT (ctn aw — ctn ?;7r), 


where the real parts of a and b are positive and less than unity. 

(Take for the path of integration the rectangle formed by the straight lines 
2 / = 0, 7/ = TT, X = i2, X = — 2?, and make use of the preceding exercise.) 

17. From the formula 


X 


CC) 


+ l /cl 


where n and k are positive integers, and C is a circle having the origin as 
center, deduce the relations 


JJ{2 cos u)>‘ + * cos (n - k)u du = Tr ' ' ' 


(71 + k) 


X 


+ 1 


x2«dx 


vr 


,1.3.5-- ■(277-1) 
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(Put 2 = e2^w, then cosu = x, and replace ?i by 7 i + /c, and k by ti.) 
18 The definite integral 

— r 


19. Study in the same way tlie definite integral 


i: 


X — a + 1 cos 0 

and deduce from the result Laplace’s formula 


J /^ir 

T 

0 0 


d4> 


(x + Vx2 — 1 cos (t>y + 1 
where e = ± 1, according as the real part of x is positive or negative. 
20 Establish the last result by integrating the function 

1 


+ + 

along a circle about the origin as center, whose radius is made to become infinite. 

21*. Gauss’s sums. Let Tg = e 2 7rw2/?t^ where n and s are integers; and let 
Sn denote the sum Tq + 1- T^-i . Derive the formula 


(Apply the theorem on residues to the function <l>( 2 ) = e 2 7r?22/ny(e2 7r« — taking 
for the boundary of integration the sides of the rectangle formed by the straight 
lines X = 0, X = ?i, 2/ = + -K, ?/ =— f^iid inserting two semicircumferences of 
radius e about the points x = 0, x = n as centers, in order to avoid the poles 
^ = 0 and z = n of the function (f> {z ) ; then let B become infinite.) 

22. Let/(25) be an analytic function in the interior of a closed curve T con- 
taining the points a, 6, c, • ‘ If a, /3, . . • , X are positive integers, show that 
the sum of the residues of the function 

with respect to the poles a, 6, c, ♦ • • , Hs a polynomial F{x) of degree 
tr-f/S-f-'-' + X — 1 

satisfying the relations 

F{a)^f(a), F'{a)=f(a), 

F(b)=f{b), F'(b)=f'(b), 


(Make use of the relation F(x) = f{x) + [ 0 (z) dz]/2 iri.) 

23*. Let/( 2 :) be an analytic function in the interior of a circle G with center 
a. On the other liancl, let • • • , • • • be an infinite sequence of points 

within the circle C, the point having the center a for limit as n becomes in- 


where 


Fn{z) =(z- ai) (z - a-g) • . . (2: an). 

[Laurent, Journal de mathcmatiques^ 5th series, Vol, VIII, p. 325.] 

(Make use of the following formula, which is easily verified, 

z — x z — {z — a^{z~~ a^) 

{z - a^) • • ‘ {z — an-i) (z - On) z-x (z- a^) • •• (z- a„) ’ 
and follow the method used in establishing Taylor’s formula.) 

24. Let Zq = a -h bi be a root of the equation f{z) =X'f Vi = 0 of multi- 
plicity n, where the function f{z) is analytic in its neighborhood. The point 
x=a^y = b is a multiple p)omt of order n for each of the two curves X = 0, 
V = 0. The tangents at ’this point to each of these curves form a set of lines 
equally inclined to each other, and each ray of the one bisects the angle between 
the two adjacent rays of the other. 

25. Let /(a:) = X Vi = ^ 0 ^"! + q, . . . q. be a polynomial of the 

mtli degree whose coefficients are numbers of any kind. All the asymptotes of 
the two curves AT = 0, V = 0 pass through the point — A^/mA^ and are 
arranged like the tangents in the preceding exercise. 

26*. Burman’s series. Given two functions /(x), F{x) of a variable x^ 
Barman’s formula gives the development of one of them in powers of the other. 
To make the problem more definite, let us take a simple root a of the equation 
F(x) = 0, and let us suppose that the two functions /(®) and F(x) are analytic 
in the neighborhood of the point a. In this neighborhood we have 


J^(x) = 


» — a 

0(S) ’ 


the’ function 0(x) being regular for x = <x if ot is a simple root of F{x) = 0. 
Representing F{x) by ?/, the preceding relation is equivalent to 


X — (x) = 0, 

and we are led to develop /(x) in powers of y (Lagrange’s formula). 

27*. Kepler’s equation. The equation 2 : — a, — e sin 2 : = 0, where a and e are 
two positive numbers, a < tt, c < 1, has one real root lying between 0 and tt, 
and two roots whose real parts lie between ?n7r and (m + l)7r, where m is any 
positive even integer or any negative odd integer. If m is positive and odd, 
or negative and even, there arc no roots whose real p)arts lie between mir and 

{m + 1) TT. 

[Briot et Bouquet, TMorie dcs fonctions elUptiques, 2d ed., p. 199.] 



CHAPTER III 


SINGLE-VALUED ANALYTIC FUNCTIONS 

The first part of this chapter is devoted to the demonstration of 
the general theorems of Weierstrass* and of Mittag-Leffler on inte- 
gral functions and on single- valued analytic functions with an 
infinite number of singular points. We shall then make an applica- 
tion of them to elliptic functions. 

Since it seemed impossible to develop the theory of elliptic func- 
tions with any degree of completeness in a small number of pages, 
the treatment is limited to a general discussion of the fundamental 
principles, so as to give the reader some idea of the importance of 
these functions. Por those who wish to make a thorough study of 
elliptic functions and their applications a simple course in Mathe- 
matical Analysis would never suffice 5 they will always be compelled 
to turn to special treatises. 


I. WEIERSTKASS’S PREVIARY FUNCTIONS. MITTAG-LEFFLER^S 

THEOREM 

57. Expression of an integral function as a product of primary 
functions. Every polynomial of the vit\\ degree is equal to the prod- 
uct of a constant and m eqnal or unequal factors of the form x — a, 
and this decomposition dis^days the roots of the polynomial. Euler 
was the first to obtain for sin z an analogous development in an 
infinite product, but the factors of that product, as we shall see far- 
ther on, are of the second degree in z. Cauchy had noticed that we 
are led in certain cases to adjoin a suitable exponential factor to 
each of the binomial factors such as cc — a. But Weierstrass was 
the first to treat the question with complete generality by showing 
that every integral function having an infinite number of roots can 
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expressible in that form. In fact^ if the integral function G (z) does 
not vanish for any value of every point z ~ an ordinary point 
for G\z)jG(z), which is therefore another integral function g^{z) ; 



Integrating both sides between the limits z^ we find 

where g (z) is a new integral function of z, and we have 
G(z):= G "" ^ C*) - 9 (^o) + C 

The right-hand side is precisely in the desired form. 

If an integral function G (z) has only n roots a^, - • • , distinct 
or not, the function G (z) is evidently of the form 

G (z) =z(z-a;)(z-a^ .-.{z- a„) eo^^\ 

Let ns consider now the case where the equation G(z)=0 has an 
infinite number of roots. Since there can be only a finite number of 
roots whose absolute values are less than or equal to any given num- 
ber R (§ 41), if we arrange these roots in such a way that their 
absolute values never diminish as we proceed, each of these roots 
appears in a definite position in the sequence 

( 1 ) ^25 • • • , + > 

where | ^ | , and where | \ becomes infinite with the index n. 

We shall suppose that each root appears in this series as often as is 
required by its degree of multiplicity, and that the root = 0 is 
omitted from it if G^(0)= 0. We shall first show how to construct 
an integral function 0^(z) that has as its roots the numbers in the 
sequence (1) and no others. 

The product (1 ■— where Qp{z) denotes a polynomial, is 

an integral function which does not vanish except for g: = a^. We 
shall take for Q^, (z) a x^olynomial of degree v determined in the f ol- 
lowinsr manner : write the nrecedino’ -nrndnnt in thp, form 



eiiiu. icpicnjc ±ju^ tjxpcxnisiuii 111 a powei* senes ; Lxien 

the development of the exponent will commence with a term of 
degree v + 1, provided we take 


Qy(^) = - 


. — -f h — 

2 a?, ^ m:: 


The integer v is still undetermined. We shall show that this number v 
can be chosen as a function of n in such a way that the infinite product 


n 1 


will be absolutely and uniformly convergent in every circle C of 
radius Ji about the origin as center, however large may be. The 
radius having been chosen, let a be a i:)ositive number less than 
unity. Let us consider separately, in the product (2), those factors 
corresiDonding to the roots whose absolute values do not exceed 
Ji/a. If there are <7 roots satisfying this condition, the product of 
these g' factors ^ 


evidently represents an integral function of Consider now the 
product of the factors beginning with the + l)tli : 

il 


If s: remains in the interior of the circle with the radius JR, we 
have and since we have \a,^\>R/a when n>q, it follows 

that we also have \z\<a\a,^\, A factor of this product can then be 
written, from the manner in which we have taken (z). 


1 /gy+l 1 /g\t/ + 2 
0 = ! \aj V’\‘2\aJ 


A. 


if we denote this factor by 1 4- 'hdiive 


_ ^ {^Y + ^ + 2_ 

V+IW^/ v + 2\aJ^/ ■’* 


or, noticing that | s: | < cr | | , when | 1 is less than E, 

1 I s Iv + l 1 

But if cc is a real positive number, — 1 is less than xe^ j hence 
we have , 


z 

v + l -j ^ M 1 ^ + 1 

l-ar-c ^ 

(V 

v+i 


l-«r' ”v + l 

a,, 

1 

1—1 


In order that the series whose general term is shall be uni- 
formly convergent in the circle with the radius /t, it is suf6.cient 
that the series whose general term is converge uniformly 

in the same circle. If there exists an integer such that the series 
converges, we need only take u ^ 2^ —1, If there exists no 
integer that has this property,* it is sufficient to take v = — 1. 

For the series whose general term is is uniformly convergent 

in the circle of radius /?, since its terms are smaller than tliose of 
the series and the nth root of the general term of this last 

series, or \R/a^\, approaches zero as n increases indehnitely.t 

Therefore we can alvmys choose the integer v so tha.t the infinite 
product FJ^z) will be absolutely and uniformly convergent in the 
circle of radius R. Such a product can be reidaced by the sum. of a 
uniformly convergent series (§ 176, 2d ed.) whose terms are all 
analytic. Hence the product Fjz) is itself an analytic function 
within this circle (§ 39). Multiplying F^{z) by the product 
which contains only a finite number of analytic factors, we see that 
the infinite product 

is itself absolutely and uniformly convergent in the interior of the 
circle C with the radius R, and represents an analytic function within 
this circle. Since the radius R can be chosen arbitrarily, and since 


example, let an = log n(n^ 2). The series whose general term is (logTi)'-^ 
is divergent, whatever may he the positive number^, for the sum of the first in - 1) 


V does Bot depend on R, this product is an integral function 
which has as its roots precisely all the various numbers of the 
sequence (1) and no others. 

If the integral function G (z) has also the point = 0 as a root of 
thejt^th order, the quotient 

is an analytic function which has neither poles nor zeros in the 
whole plane. Hence this quotient is an integral function of the form 
where (/(z) is a polynomial or an integral ti'ansceiideutal func- 
tion, and we have the following expression for the function G (z) : 


( 4 ) 


G(z) = ~ 


The integral function g (z) can in its turn be replaced in an infinite 
variety of ways by the sum of a uniformly convergent series of 
polynomials 

and the preceding formula can be written again 






The factors of this product, each of which vanishes only for one 
value of are called 'primary functions. 

Since the product (4) is absolutely convergent, we can arrange the 
primary functions in an arbitrary order or group them together in 
any way that we please. In this product the polynomials 
depend only on the roots themselves when we have once made a 
choice of the law which determines the number v as a function of n. 
But the exiDonential factor cannot be determined if we know 
only the roots of the function G(z). Take, for example, the function 
sin TTZy which has all the positive and negative integers for simple 
roots. In this case the series is convergent; hence we can 

take V = 1, and the function 


58. The class of an integral function. Given an infinite sequence 
• • • 5 where |a„| becomes infinite with n, we have just 

seen how to construct an infinite niunber of integ]‘al functions that 
have all the terms of that sequence for zeros and no others. When 
there exists an integer such that the series is convergent, 

we can take all the polynomials of degree — 1. 

Given an integral function of the form 


G{z)=^ 






1 

7 


where P(z) is a polynomial of degree not higher than ^ — 1, the 
number p — 1 is said to be the class of that function. Thus, the 
function 


n>-5) 


is of class zero ; the function (sin mentioned above is of class 

one. The study of the class of an integral function has given rise in 
recent years to a large number of investigations.* 


59. Single-valued analytic functions with a finite number ot singular 
points. When a single-valued analytic function F{z) has only a 
finite number of singular p)oints in the whole plane, these singular 
points are necessarily isolated ; hence they are poles or isolated 
essentially singular points. The ^Doint = qo is itself an ordinary 
point or an isolated singular point (§ 52). Conversely, if a single- 
valued analytic function has only isolated singular g^oints in the entire 
plane {including the gjoint at infinitij)^ there can he only a finite 
number of them. In fact, the point at infinity is an ordinary point 
for the function or an isolated singular point. In either case we can 
describe a circle C with a radius so large that the function will have 
no other singular point outside this circle than the point at infinity 
itself. Within the circle C the function can have only a finite number 
of singular points, for if it had an infinite number of them there 
would be at least one limit point (§ 41), and this limit point would 
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finite valm of and for z-= cC) , is a constant. In fact, if the func- 
tion were not a constant, since it is regular for every finite value of 
z, it would be a polynomial or an integral function, and the point at 
infinity would be a pole or an essentially singular point. 

Kow let F(z) be a single-valued analytic function with n distinct 
singular points a^, in the finite portion of the plane, and 

let — a^'] be the principal part of the development of 

in the neighborhood of the point a-^ 5 then is a polynomial or an 
integral transcendental function in lf(z — a^. In either case this 
principal part is regular for every value of z (including ^ = 00) 
except z == a^. Similarly, let P (z) be the principal part of the devel- 
opment of F{z) in the neighborhood of the point at infinity. P(z) 
is zero if the point at infinity is an ordinary point for F(z). The 
difference 

is evidently regular for every value of z including ^ = 00 j it is there- 
fore a constant C, and we have the equality* 

(5) J'(.)= p(.)+|;y,(^)+ c, 

which shows that the function F(z) is completely determined, except 
for an additive constant, when the principal part in the neighbor- 
hood of each of the singular points is known. These principal parts, 
as well as the singular points, may be assigned arbitrarily. 

When all the singular points are poles, the principal parts Gi are 
polynomials ; P (z) is also a polynomial, if it is not zero, and the 
right-hand side of ( 5 ) reduces to a rational fraction. Since, on the 
other hand, a single-valued analytic function which has only poles 
for its singular points can have only a finite number of them, we 
conclude from this that a single-valned analytic function, all of %ohose 
singnlar jyoints are 'poles, is a rational fraction. 


^ We might obtain the same formula by equating to zero the sum of the residues 



60. Single-valued analytic functions with an infinite number of singu- 
lar points. If a single-valued analytic function has an infinite num- 
ber of singular points in a finite region, it must have at least one 
limit point within or on the boundary of the region. For examjde, 
the function 1/sin (1/;^;) has as poles all the roots of the equation 
sin (l/7i) = 0, that is, all the points z = I/Zctt, where 7c is any integer 
whatever. The origin is a limit point of these p)oles. Similarly, the 
function h 



has for singular points all the roots of the equation sin (l/z) = l/(kTr)^ 
among which are all the points 

1 

z 

2 /c'tt -}- arc sin 

where 7c and ¥ are two arbitrary integers. All the points 1/(2 
are limit points, for if, 7c' remaining fixed, 7c increases indefinitely, 
the preceding expression has 1/(2 /c'tt) for its limit. It would be 
easy to construct more and more complicated examples of the same 
kind by increasing the number of sin symbols. There also exist, as 
we shall see a little farther on, functions for which every point of a 
certain curve is a singular point. 

It may happen that a single-valued analytic function has only a 
finite number of singular points in every finite portion of the plane, 
although it has an infinite number of them in the entire plane. Then 
outside of any circle C, however great its radius may be, there are 
always an infinite number of singular points, and we shall say that 
the point at infinity is a limit point of these singular points. In the 
following paragraphs we shall examine single-valued analytic func- 
tions with an infinite number of isolated singular points which have 
the point at infinity as their only limit point. 



61. Mittag-Lefider’s theorem. If there are only a finite number of 


be stated thus : 


There exists a single-valued analytie fitnction xolvlch is regular for 
every finite value of z that does not occur in the seq%ience (6), and for 
which the j^rincipal gKirt in the nelghhorhood of the 'point z — is 

We shall prove this by showing that it is possible to assign to 
each function G^[l/(z — a,.)] a polynomial Pi{^) such that the series 




defines an analytic function that has these properties. 

If the point .u = 0 occurs in the sequence (C), we shall take the 
corresponding polynomial equal to zero. Let us assign a positive 
number e,; to each of the other points so that the series shall be 
convergent, and let us denote by cj; a positive number less than unity. 
Let Ci be the circle about the origin as center passing through the 
point and the circle concentric to the i^receding with a radius 
equal to a\a^\. Since the function Gi\l/{z — %)] is analytic in the 
circle we have for every point within 

a' ) ^ ^ ^ • 

The power series on the right is uniformly convergent in the circle 
Cli hence we can find an integer v so large that we have, in the 
interior of the circle 


( 7 ) 







Having determined the number v in this manner, we shall take for 
the polynomial — a^Q ~ a^^z — - ^ ‘ 

How let C be a circle of radius Px. about the point ^ 0 as 

center. Let us consider separately the singular points in the 
sequence (6) whose absolute values do not exceed Pfa. If there 


is absolutely and uniformly convergent in the circle C, since for 
every point in this circle \z\< R a\a^\ if the index i is greater 
than q. From the inequality (7), and from the manner in which we 
have taken the polynomials (z), the absolute value of the general 
term of the second series is less than when z is within the circle C. 
Hence the function F^(z) is an analytic function within this circle, 
and it is clear that if we add to it, the sum 

( 8 ) + ,,(«)] 

will have the same singular points in the circle C, with the same 
principal parts, as F^(z), These singular points are precisely the 
terms of the sequence (6) whose absolute values are less than and 
the principal part in the neighborhood of the point is Gi[l/(z — a^'], 
Since the radius R may be of any magnitude, it follows that the 
function F{z) satisfies all the conditions of the theorem stated above. 

It is clear that if we add to F(z) a polynomial or any integral 
function whatever the sum F(z)-\- G(z) will have the same 

singular points, with the same principal parts, as the function F{z). 
Conversely, we have thus the general expression for single- valued 
analytic functions having given singular points with corresponding 
given principal parts ; for the difference of two such functions, being 
regular for every finite value of is a polynomial or a transcendental 
integral function. Since it is possible to represent the function G (z) 
in ton by the sum of a series of polynomials, the function F{z)-\~G (z) 
can itself be represented by the sum of a series of which each term 
is obtained by adding a suitable polynomial to the principal part 
(?,[!/(« -a,)]. _ 

If all the principal parts are polynomials, the function is 
analytic except for poles in the whole finite region of the plane, and 
conversely. We see, then, that every function analytic except for 
poles can be represented by the sum of a series each of whose terms 
is a rational fraction which becomes infinite only for a single finite 
value of the variable. This representation is analogous to the decom- 


has no j)oles, 
the equality 


It is therefore an integral function and we have 




^i(^) 

G(^) 


62. Certain special cases. The preceding demonstration of the 
general theorem does not always give the simplest method of con- 
structing a single-valued analytic function satisfying the desired 
conditions. Suppose, for example, it is required to construct a func- 
tion having as poles of the first order all the points of the 
sequence (6), each residue being equal to unity ; we shall suppose 
that Si = 0 is not a pole. The principal part relative to the pole is 
l/(z — u,), and we can write 


1 

z — 

If we take 



Pi{^) 


= -+ 4 +' 

a, a: 


+ 



the proof reduces to determining the integer v as a function of the 
index i in such a way that the series 


+ 00 -4 / ^\V +^ 

tTi 




shall be absolutely and uniformly convergent in every circle de- 
scribed about the origin as center, neglecting a sufficient number of 
terms at the beginning. For this it is sufficient that the series 
be itself absolutely and uniformly convergent in the same 
region. If there exists a number _p such that the series is 

convergent, we need only take — 1. If there exists no such 

integer, we will take as above (§ 57) v = t — 1, or v + 1 > log^. The 
number v having been thus chosen, the function 


whatever not passing through any of the poles ; for if the path lies 
in a circle C having its center at the origin, the series (9) can be 
replaced by a series which is uniformly convergent in this circle, 
together with the sum of a finite number of functions analytic except 
for poles. This results from the demonstration of formula (9). If 
we integrate, taking the point z = 0 for the lower limit, we find 


Jo i = l - 


^,2 


Log(l--) + - + ^ + 


+ 


V(l\ 


and consequently 

( 10 ) 

i=l \ 



It is easy to verify the fact that the left-hand side of the equation 
(10) is an integral function of In the neighborhood of a value w 
of z that does not occur in the sequence (6) the integral 
is analytic ; hence the function 

is also analytic and different from zero for z = a. In the neighbor- 
hood of the j)oint we have 

^ (z) clz = Log (z — a-i) + Q(z-- 

gjo gC (s - 

where the functions P and Q are analytic. It is seen that this inte- 
gral function has the terms of the sequence (6) for its roots, and the 
formula (10) is identical with the formula (3) established above. 

The same demonstration would apply also to integral functions hav- 
ing multiple roots. If % is a multiple root of order r, it would suffice 
to suppose that <I> (z) has the pole z = with a residue equal to r. 
Let us try again to form a function analytic except for poles of 



and the series 



satisfies all the conditions, provided it is uniformly convergent in 
every circle C described about the origin as center, neglecting a 
sulficient number of terms at the beginning. ISTow if we take only 
those terms of the series coming from the poles for which we have 
\ai\> R/a^ R being the radius of the circle C and oc a x^ositive num- 
ber less than unity, the absolute value of (1 — will remain 

less than an upper bound, and the series whose general term is 
2 — ^^/a\ is absolutely and uniformly convergent in the circle C, 

by the hypotheses made concerning the poles a^. 

63. Cauchy’s method. If F{z) is a function analytic except for poles, 
Mittag-Lefider^s theorem enables us to form a series of rational terms 
whose sum has the same poles and the same principal parts 

as F(zy But it still remains to find the integral function which is 
equal to the difference F{z) — F^(z). Long before Weierstrass's work, 
Cancby had deduced from the theory of residues a method by which 
a function analytic except for poles may, under very general condi- 
tions on the function, be decomposed into a sum of an infinite number 
of rational terms. It is, moreover, easy to generalize his method. 

Let F(z) be a function analytic except for poles and regular in the 
neighborhood of the origin ; and let C 2 , • • •, • • • be an infinite 

succession of closed curves surrounding the point s; = 0, not pass-, 
ing through any of the poles, and such that, beginning with a value 
of n siifldciently large, the distance from the origin to any point what- 
ever of remains greater than any given number. It is clear that 
any pole whatever of F(£) will finally be interior to all the curves 
<7„, • • •, jorovided the index n is taken large enough. The 

definite integral 

1 r 


== 0^^" + +•••+ . 
Tn tlie neighborhood of this point we can also write 

1 1 1 _ _ (g - 

s~x x — a^ — {a — a^) x~ a^. {x — a^)'^ (x — %)* 

Writing ont the product we see that the residue of F(z)/(z — x) 
with respect to the pole % equal to 

_ ^4-1 K g / 1 \ 

x-a^ ■■■ (a; - (»-%)“ *\a; - aj 

We have, then, the relation 


F(x)='2,(. 


_ r 

■V(C„, •== - 


where the symbol 2 indicates a summation extended to all the poles 
within the curve C„. On the other hand, we can replace l/(z — x) by 

l x 1 I ^ 

and write the preceding formula in the form 

(13) J ^ « 

I 4.-2L r + f 

^ 2 7r^ ^ 2iTlJ^CrO^.-x\z) 

Th. iategM ^ 

is equal to F(0) increased by the sum of the residues of F(z')fz with 
respect to the poles of F(z) within C\. More generally, the definite 
integral 

^ — r 




is equal to 



In order to obtain an upper bound for the last term, let us write 
it in the form 

f F(z) dz 

Let us suppose that along the absolute value of remains 

less than il/, and that the absolute value of ^ is greater than S. Since 
the number n is to become infinite, we may suppose that we have 
already taken it so large that S may be taken greater than \ x\\ hence 
along CL we shall have 


< 


If is the length of the curve 

ip + i 




■M 


8 - 1*1 

we have then 


2it B(h--\x\) 


We shall have proved that this term 7?,^ ap^^roaches zero as n becomes 
infinite if we can find a sequence of closed curves C 2 , • • •, C„, • • • 
and a positive integer jp satisfying the following conditions : 

1) The absolute value of z-^F(z') remains less than a fixed nuim 
her M along each of these curves. 

2) The ratio S^/B of the length of the curve CL minimum 

distance S of the origin to a point of C7„ remains less than an upper 
bound X as 71 becomes infinite. 

If these conditions are satisfied, |7?,J is less than a fixed number 
divided by a number 8 — | which becomes infinite with n. The term 

therefore approaches zero, and we have in the limit 


F(sc)= F(0)-h 03 

+ lim |[“*t “k + 4^^03 -h • • • + * 


( 16 ) 


Note. If the point z — were a pole for F{z) with the principal 
part G(1/?S), it would suffice to apply the preceding method to the 
function G(1/?S). 

64. Expansion of ctnx and of sinx Let us apply this method to 
the function F(fS)==:(itu.z — l/z, which has only poles of the first order 
at the points z = /ctt, where k is any integer different from zero, the 
residue at each pole being equal to unity. We shall take for the 
curve a square, such as BCB'C\ having the origin for center and 
having sides of length 2 titt -f tt parallel to the axes ; none of the 
poles are on this boundary, and the ratio of the length to the 
minimum distance 8 from the origin to a point of the boundary 
is constant and equal to 8. The square of the absolute value of 

ctn is equal to 

g2// _p g-2y _|_ 2 cos 2 X 
q_ (j-2ir _ 2 eos 2 X 

On the sides BC and B^C^ we have 
cos 2 cr = — 1, and the absolute value 
is less than 1. On the sides BB^ and 
CC' the square of this absolute value 
is less than 

e2z/ Q-iy _ 2 “■ \1 — * 

We must replace 2 y in this formula by i (2 ??, + 1) tt, and the ex^- 
pression thus obtained approaches unity when n becomes infinite. 
Since the absolute value of Xjz along approaches zero when n 
becomes infinite, it follows that the absolute value of the function 
ctn z — IJz on the boundary (7„ remains less than a fixed number il/, 
whatever n may be. Hence we can apply to this function the for- 
mula (15), taking^ = 0. We have here 

a:«0\ XSmX / 

and which represents the residue of (otnz — 1/^)1^ for the pole 
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X — /CTT /CTT hlT (/r-TT — x) 



and the absolute value of the factor x/(l — xfkir) remains less than 
a certain ui3j)er bound, provided x is not a multiple of tt. We have, 
then, precisely 


(17) 


ctn cc = ~ + 
X 




Integrating the two members of this relation along a path start- 
ing from the origin and not passing through any of the iDoles, we hud 


jf (ctna;-l)da; = Log(^)=g'Log(l- 

from which we derive , 

(18) sina; = a^H'^l - 


—^4- — 
/CTT/ /cTT ’ 


The factor eo'f®) is here equal to unity. If in the series (17) we combine the 
two terms which come from opposite values of fc, we obtain the formula 


(170 


ctnx — 



1 

7r2 


Combining the two factors of the product (18) which correspond to opposite 
values of k, we have the new formula^ 


(180 

or, substituting wx for x, 




Me 1. The last formulas show plainly the periodicity of sinx, which does 
not appear from the power series development. We see, in fact, that (sin7rx)/7r 
is the limit as n becomes infinite of the polynomial 



Note 2. In this particular example it is easy to justify the necessity of associ- 
ating with each binomial factor of the form 1 — z/ak a suitable exponential factor 
if we wish to obtain an absolutely convergent product. Por definiteness let us 
suppose X real and positive. The series ^x/n being divergent, the product 

becomes infinite with m, while the product 


approaches zero as n becomes infinite (I, § 177, 2d ed.). If we take m =zn^ the 
product PjnQvi fi9.s (sin7rx)/7r for its limit; but if we make m and n become 
infinite independently of each other, the limit of this product is completely in- 
determinate. This is easily verified by means of W eierstrass’s primary functions, 
whatever may be the value of x. Let us note first that the two infinite products 

= xQ (l + fje-l F.C.) = n (l - g J 

are both absolutely convergent, and theirproductP^(a;)P’ 2 (®) is equal to (sin7ra;)/7r. 
With these facts in mind, let us write the product PmQn in the form 





When the two numbers m and n become infinite, the product of ail the fac- 
tors on the right-hand side, omitting the last, has F^{x) F^ix) = (sin7nc)/7r for its 
limit. As for the last factor, we have seen that the expression 



+ 



1 

2 


1 

n 


has for its limit log w, where w denotes the limit of the quotient m/n (I, § 161). 
The product P„iQn therefore, 


TT 

for its limit. Hence we see the manner in which that limit depends upon the 
law according to which the two numbers m and n become infinite. 

Note 3. We can make exactly analogous observations on the expansion of ctn x. 
We shall show only how the periodicity of this function can be deduced from the 
series (17). Let us notice first of all that the series whose general term is 


1 1 _ 1 
kir (A; •— 1) TT & (A: — 1) tt ’ 



Lutj uuvtJiuxjiiiiiiJL oi cuiic in i/iie lorin 


. 1 1 
ctn X = ~ H 

X X— TT 


1 , y-r 1 1 1 1 

TT ^ \_x — hir {k — 1) ttJ 


where the yalues fc = 0, A: = 1 are excluded from the summation. This results 
from subtracting from each term of the series (17) the corresponding term of 
the convergent series formed by the preceding series together with the additional 
term 2/7r. Substituting x + tt for x, we find 


ctn (x + tt) : 


or, again, 


,11 1 , y-r 1 , 

X X + TT TT ^ L® — (fc — 1) ^ (Ac — 1) 7 

;+.)=i+vT +-J—] 

' X U- (/c-l)7r (/c-l)7rj 


where A:— 1 takes on all integral values except 0. The right-hand side is 
identical with ctnx. 


II. DOUBLY PERIODIC FUNCTIONS. ELLIPTIC FUNCTIONS 


65. Periodic functions. Expansion in series. A single-valued analytic 
function /(;^) is said to be ijeriodic if there exists a real* or complex 
number to such that we have, whatever may be /(fs -p u)')=f(z')j 


this number <0 is called 
a 'Period. Let us mark 
in the plane the point 
representing «>, and let 
us lay off on the unlim- 
ited straight line pass- 
ing through the origin 
and the point w a length 
equal to | o) | any number 
of times in both direc- 
tions. We obtain thus 
the points w, 2 w, 3 o), 
• • •, ?z,a>, • • • and the 
points — tu, — 2 01 , • • 

— Tioj, • • Through 
thftSft diffftrftut -noints 




shall obtain all the points of that straight line bj allowing the real 
parameter X in the expression + Aw to vary from — go to 4* co. In 
particular, if the point describes the first strip AA'JjB\ the corre- 
sponding point 4 - <0 will describe the contiguous strip BB^CC\ the 
point ,1; -h 2 w will describe the third strip, and so on in this manner. 
All the values of the function /(;$:) in the first strip) will be duplicated 
at the correspoonding pDoints in each of the other stripes. 

Let LL' and MAB be two unlimited straight lines p^arallel to the 
direction Om. Let us p}ut u == and let us examine the region, 

of the ^t-pfiane described by the variable u when the pDoint z remains 
in the unlimited cross strip) contained between the two parallels LL^ 
and MAB. If cr 4 * yStis a point of LL\ we shall obtain all the other 
points of that straight line b}^ putting = a fii' A- Aw and making 
A vary from — qd to 4- co. Tims, we have 




+ Atoj) 


.<r + 


hence, as A varies from — 00 to 4- co , describes a circle having the 
origin for center. Similarly, we see that as z describes the straight line 
M/', iL remains on a circle concentric with the first ; as the point 
^ describes the unlimited strip) contained between the two straight 
lines LL\ MAB, the point 1.1 describes the ring-shaped region contained 
between the two circles ( 7 ^, C^. But while to any value of z there 
corresponds only one value of n, to a value of u there correspond an 
infinite uuinber of values of z which form an arithmetic p)rogression, 
with the common difference w, extending forever in both directions. 

A p:)eriodic function /(;^), with the period w, that is analytic in the 
infinite cross strips between the two straight lines LL', AIAB, is equal 
to a function ( 7 t) of the new variable u which is analytic in the 
ring-shaped region between the two circles and For although 
to a value of u there correspond an infinite number of values of 
all these values of z give the same value to f(z) on account of its 
periodicity. Moreover, if is a particular value of u, and any 
corresponding value of that determination of z which approaches 
Zq as approaches is an analytic function of u in the neighbor- 
hood of : hence the same thing is true of We can therefore 


terior of the cross strip considered above the periodic function 
is equal to the sum of the series 

+ op 2 miVg 

( 19 ) “ . 

— 00 

If the function is analytic in the whole plane, we can suppose 
that the two straight lines LL\ MM\ which bound the strip, recede 
indefinitely in opposite directions. Every periodic integral function 
is therefore developable in a series of positive and negative powers of 
^zniz/ui Qojiver gent for every finite value of ri, 

66. Impossibility of a single-valued analytic function with three periods. By a 
famous theorem clue to Jacobi, a single-valued analytic function cannot have 
more than two independent periods. To prove this we shall show that a single- 
valued analytic function cannot have three independent periods.^ Let us first 
prove the following lemma : 

Let a, b, c be any three real or complex quantities, and m, n, p three arbi- 
trary integers, positive or negative, of lohich one at least is different from zero. 
If we give to the integers ?7i, n, p all systems of possible values, except 

m = n = p = 0, 

the low&' limit of | ma + nb + pc j is equal to zero. 

Consider the set {E) of points of the plane which represent quantities of the 
form ma nb d- pc. If two points corresponding to two different systems of 
integers coincide, we have, for example, 

ma -H nb + pGT= m^a -{- nft + p^c, 

and therefore 

(m — mj) a 4* + (p — c = 0, 

where at least one of the numbers m — n — n^, p — is not zero. In this 
case the truth of the lemma is evident. If all the points of the set {E) are dis- 
tinct, let 2 a be the lower limit of | ma -j- nb + pc | ; this number 2 a is also the 
lower limit of the distance between any two points whatever of the set (E). In 
fact, the distance between the two points ma -f nb + pc and m^a + 4 PjC is 

equal to | (m - m^) a 4 (7^ - 'ih) b+{p-Pi)c\. We are going to show that we 
are led to an absurd conclusion by supposing a > 0. 

Let iV be a positive integer ; let us give to each of the integers m, n, p one 
of the values of the sequence — W, — (iV — 1), • • •, 0, • • - , iV— 1, N, and let 
us combine these values of m, n, p, in all possible manners. We obtain thus 
(2 W 4 - 1)8 points of the set (E), and these points are all distinct by hypothesis. 
T.of ne onr^-nneo I r/ then the distance from the orkdn to any one 


l , 0 8iV|a| -f 5 about tlie origin as center, and no two of tlioin wiil overlap, since 
the distance between the centers of two of tiiein cannot be smaller than 2 d. The 
sum of the areas of all these small circles is therefore less than the area of the 
circle and we have 

(3iSr|a|+ ^)^>(2 7V^+1)852, 
or 

(2iV'+l)l-l 

The right-hand side approaches zero as N becomes infinite ; hence this in- 
equality cannot be satisfied for all values of N by any positive number 5. 
Consequently the lower limit of |m(X -h nt> -f pc | cannot be a positive number ; 
hence that lower limit is zero, and the truth of the lemma is established. 

We see, then, that when no systems of integers m, ?i, p (except m = = p = 0) 

exist such that ma 4- nb -f pc = 0, we can always fintl integral values for these 
numbers such that \ma -{■ nb pc \ will be less than an arbitrary positive num- 
ber €. In this case a single-valued analytic function /(z) cannot have the three 
independent periods a, b, c. For, let Zq be an ordinary point for/(z), and let 
us describe a circle of radius e about the point Zq as center, where e is so 
small that tlie equation f{z) = f{z^^ has no other root than z ~ Zq inside of this 
circle (§ 40). If ct, b, c are the periods of /(z), it is clear that ma -p nb 4- pc is 
also a period for all values of the integers m, n, p ; hence we have 

/(Zq ^ma^nb + pc) =f(Zo), 

If we choose ?n, ?i, p in such a manner that | ma 4- nb 4- pc | is less than e, the 
equation /(s;) =/(^o) would have a root different from Zq, where \ Zi — Zq\<€, 
which is impossible. 

When there exists between a, b, c a relation of the form 

(20) ma + nb 4- pc = 0, 

without all the numbers m, ?i, p being zero, a single-valued analytic function 
f(z) may have the periods a, b, c, but these periods reduce to two periods or to 
a single period. We may suppose that the three integers have no common divisor 
other than unity. Let X) be the greatest common divisor of the two numbers 

m, n ; ?n = Dm'^ n = Bn'. Since the two numbers m', n' are prime to each other, 
we can find two other integers ii" such that in'n" — m"n' = 1. Let us put 

m'a -p n'b = a', m"a -p n"b = b'; 

then we shall have, conversely, a = n"a' — n'b\ b = m'b' — m"a'. If a and b are 
periods of /(z), a' and ¥ are also, and conversely. Hence we can replace the 
system of two periods a and b by the system of two periods a' and ¥. The re- 
lation (20) becomes Da' 4- pc = 0 ; V and p being prime to each other, let us 
take two other integers B' and p' such that Bp' ^ B'p = 1, and let us put 



function f{z) cannot have two independent periods a and b whose ratio is real, 
for the function /(a^;) would have the two real periods 1 and b/a* 

67. Doubly periodic functions. A doubly periodic function is a 
single-valued analytic function having two periods whose ratio is 
not real. To conform to Weierstrass^s notation, we shall indicate the 
independent variable by the two periods by 2 w and 2 o)', and we 
shall suppose that the coefficient of i in is positive. Let us 
mark in the plane the points 2 a), 4 co, 6 w, • • • and the points 2 
4 a)', 6 0 )', • • ‘ . Thi*ough the points 2 mw let us draw parallels to the 



direction Oo)', and through the points 2m'a)' parallels to the direc- 
tion Oo). The plane is divided in this manner into a net of 
congruent parallelograms (Fig. 25). Let f(u) be a single-valued 
analytic function with the two periods 2 a), 2 a)'; from the two 
relations f(n-\-2w)=^f(u), /('?^ + 2 o)') = /(w) we deduce at once 


* It is now easy to prove that there exists for any periodic single-valued function 
at least one pair of periods in terms of which any other period can he expressed as an 
integral linear combination ; such a pair is called iipriviitive pair of periods. — Trans. 


The points that represent the various periocls are precisely the 
vertices of the preceding net of xinrallelograms. Wlien the point u 
describes the parallelogram OABC whose vertices are 0, 2 w, 2 w + 2 w', 
2 (o'j the point -zt -f- 2 describes the parallelogram Avhose vertices 
are the points 2 2 2 w, 2 + 2 w 2 cu', 2 2 co', and the 

function f{it) takes on the same value at any pair of corresponding 
points of the two parallelograms. Every parallelogram whose ver- 
tices are four points of the type + 2 oj, -f 2 o', + 2 w + 2 oj' 

is called a parallelogram of periods ; in general we consider the 
parallelogram OABC\ but we could substitute any ]3oint in the plane 
for the origin. The period 2 o + 2 w' will be designated for brevity 
by 2 0 )"; the center of the parallelogram OABC is the point w", while 
the points w and are the middle points of the sides OA and OC. 

Every integral d.ouhly j) er If kUo function is a constant. In fact, let 
f(^u) be a doubly periodic function ; if it is integral, it is analytic in 
the parallelogram OABC, and the absolute value of f(ii) remains 
always less than a fixed number M in this parallelogram. But on 
account of the double periodicity the value of f{it) at any point of the 
plane is equal to the value of f(%t) at some point of the parallelogram 
OABC. Hence the absolute value of /('zt) remains less than a fixed 
number M. It follows by Liouville’s theorem that/('z^) is a constant. 

68. Elliptic functions. General properties. It follows from the pre- 
ceding theorem that a doubly periodic function has singular points 
in the finite portion of the plane, unless it reduces to a constant. 
The term elliptic function is applied to functions which are doubly 
periodic and analytic except for poles. In any pai’allelogram of 
periods an elliptic function has a certain number of poles ; the num- 
ber of these poles is called the order of the function, each being 
counted according to its degree of imdtiplicity *. It should be noticed 
that if an elliptic function /(?c) has a pole on the side OC, the 
point -Zip -f 2 CO, situated on the opposite side AB, is also a pole; but 
we should count only one of these poles in evaluating the number 
of poles contained in OABC. Similarly, if the origin is a pole, all the 



as we please to the origin, the given iunction / (?/.) no longer has 
any i:>oles on the boundary of the parallelogram. When we have oeca- 
sioii to integrate an elliptic function f{;u) along the boundary of the 
parallelogram of periods, we shall always suppose, if it is necessary, 
that the parallelogram has been displaced in such a way that /(?a) 
has no longer any poles on its boundary. The application of the 
general theorems of the theory of analytic functions leads quite 
easily to the fundamental propositions : 

1) The sum of the residues of an elUjptlc function %vith resided 
to the 'poles situated in a piavallelograin of periods is tcero. 

Let us suppose for dehniteness that f{u) has no poles on the 
boundary OABCO. The sum of the residues with respect to the poles 
situated within the boundary is equal to 


1 

2 Tri 



du, 


the integral being taken along OABCO, But this integral is zero, for 
the sum of the integrals taken along two opposite sides of the jjaral- 
lelogram is zero. Thus we have 


' f{xC)clu= / f{ii)du, / f(it)du= I f{u)du, 

(O/I) Jo J mC) t/Sw + Su}' 


and if we substitute w + 2 to' for u in the last integral, we have 


r f(u)du= f f(n + 2u>')du= f /(■«)(/«=- T j 
*J {BC) Ulfti *J 'iui \J{OA) 


f{%i)du. 


Similarly, the sum of the integrals along AB and 
along CO is zero. In fact, this property is almost 
self-evident from the figure (Fig. ^0). For let us 
consider two corresponding elements of the two inte- 
grals along OA and along BC, At the points m and 
m' the values of f{it) are the same, while the values 
of du have opposite signs. 

The preceding theorem proves that an elliptic func- 
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Let/(v^,) be an elliptic function j the (piotient /'(?/,)//’(yf)== is 
also an elliptic function, and the sum of the residues of iiia i)ar- 
allelogTani is equal to the number of zeros of /(/r) diminished by the 
number of the poles (§ 48). Aj^plying the preceding* tlieorein to the 
function ^VQ see the truth of the proposition just stated. In gen- 
eral, the number of roots of the equation /(v^) = C in a parallelogram 
of periods is equal to the order of the function, for the function 
/(yt) — C has the same poles as f (y^.), whatever may be the constant 0. 

3) 27ie difference between tlte mni of the i^:eros and the sum of the 
'jfoles of an ellijjtlc f a7ictlon in a ]javallelo(jrai)i of jjeviods is equal to 
a 'period. 


Consider the integral 



/'OO 

/C'O 


da 


along the boundary of the parallelogram OABC. This integral is 
equal, as we have already seen (g 48), to the sum of the zeros of f(u) 
within the boundary, diminished by the sum of the poles of f{u) 
within the same boundary. Let us evaluate the sum of the integrals 
resulting from the two opposite sides OA and BC : 


Jo /(«) Jaco 


.fill) , 
+ 20 ,- /(«) 


If we substitute u + 2 ai' for u in the last integral, this sum is equal to 




4 “ 2 ( 0 ^) 




or, on account of the periodicity qf/(y^), to 

/C'O 


-X' 



dll 


The integral 




Ai JL AVy JL U X 1 V/X>l O 




(j\:Vi^7rl(i)')/2 7 ri = 2vi^o}\ Similarly, the sum of the integrals along 
AB and along CO is of the form 2 vi^(d. The difference considered 
above is therefore equal to 27/qw -{- that is, to a period. 

By a similar argument it can be shown that the proposition is 
also applicable to the roots of the equation f(u) = C, contained in a 
parallelogram of periods, for any value of the constant C. 

4) Between any tioo elUptic functions with the same periods there 
exists an algebraic relation. 

Let /(7t), ffa) be two elliptic functions with the same periods 
2 w, 2 to'. In a parallelogram of periods let us take the points 
^ 2 ? * ’ ‘j which are poles for either of the two functions /{u)^ 
ffa) or for both of them; let/x^ be the higher order of multi- 
jdicity of the point with respect to the two functions, and let 
Ml -h /^2 + • • • + Mm = Now let y) be a polynomial of degree n 
with constant coefficients. If we replace x and y hj f{u) and/^( 7 t), 
respectively, in this polynomial, there will result a new ellij^tic func- 
tion $ {u) which can have no other poles than the points cq, rq, • • • , 
and those which are deducible from them by the addition of a period. 
In order that this function ^(ti) may reduce to a constant, it is 
necessary and sufficient that the pirincipal parts disappear in the 
neighborhood of each of the points rq, cq, • • •, Now the point 
is a pole for <I> (it) of an order at most equal to Writing the con- 
ditions that all the principal parts shall be zero, we shall have then, 
in all, at most 

+ = 

linear homogeneous equations between the coefficients of the poly- 
nomial F(Xj y) in which the constant term does not appear. There 
are (?^ + 3) /2 of these coefficients ; if we choose n so large that 
n (?^ + 3) > 2 Nn^ or + 3 > 2 N, we obtain a sj'-stem of linear 
homogeneous equations in which the number of unknowns is greater 
than that of the equations. Such equations have always a system of 
solutions not all zero. If F(x, y) is a polynomial determined by 
these equations, the elliptic functions fin), ffu) satisfy the algebraic 


The derivative of an even function is an odd function, and the 
derivative of an odd function is an even function. In general, the 
derivatives of even order of an even function are themselves even 
functions, and the derivatives of odd order are odd functions. On 
the contrary, the derivatives of even order of an odd function are 
odd functions, and the derivatives of odd order are even functions. 

Let /(/t) be an odd elliptic function ; if w is a half-period, -wo 
must have at the. same time f{—w) and /(?(;) = /(— '^)j 

since tv — w 2 w. It is necessary, then, that f{w) shall be zero 
or infinite, that is, that w must be a zero or a ])ole for f{u). The order 
of multiplicity of the zero or of the pole is necessarily odd; if 
were a zero of even order 2 72. for /(vt), the derivative which 
is odd, Avould be analytic and different from zero for tc iv. If w 
were a pole of even order ior /(it), it would be a zero of even order 
for Hence we may say that eveiy half-period is a zero or a 

pole of an odd order for any odd elliptie function. 

If an even elliptic function f{i() has a half-period xo for a i^ole or 
for a zero, the order of vinltiplicity of the pole or of the zero is an 
even manher. If, for examxde, iv were a zero of odd order 2 -|- 1, it 

would be a zero of even order for the derivative f'{nf which is an 
odd function. The proof is exactly similar for poles. Since twice a 
period is also a period, all that we have just said about half-periods 
applies also to the periods themselves. 

69. The function p(u). We have already seen that every elliptic 
function has at least two simple jDoles, or one pole of the second order, 
in a parallelogram of periods. In Jacobi’s notation we take func- 
tions having two simple poles for our elements ; in Weierstrass’s 
notation, on the contrary, we take for our element an elliptic func- 
tion having a single pole of the second order in a jmrallelogram. 
Since the residue must be zero, the principal part in the neighbor- 
hood of the pole a must be of the form A/{xi — af. In order to 
make the problem completely definite, it suffices to take A =1 and 
to suppose that the poles of the function are the origin xc = 0 and 

all thft vp.rtiiP.PS nf thp. ript-, wnvk 9 7/j 9 -4- Wp arp f.hna 


— 1 I y/to) -f 'nc, at) |’ 

where m and m' take on all the integral values from — oo to -f- oc 
(the combination vi = vi' = 0 being excepted), is Gonvei’ gent, provided 
that the exponent fjb is a positive niiinher greater than 2. Consider the 
triangle having the three points iv = 0, 'll. = ino), u = mo) + vdo)' for 
its vertices ; the lengths of the three sides of the triangle are respec- 
tively \via)\, \vdad\, I met) + iidbd\. We have, then, the relation 

I may + vdadf = vd\(i) ^ -f w' p + 2 mnd\ cdw' | COS 9, 

where 0 is the angle between the two directions Oo), 0a)\0 <9<. tt). 
For brevity let |a)|= a, [a)^|= h, and let ns suppose a^b. The pre- 
ceding relation can then be written in the form 

|???.ca + lid ad ^ -f nd^h^ ± 2 mrrdah cos 0, 

where the angle ® is equal to ^ if ^ ^ 7r/2, and to tt — 0 if 0>7rl2. 
The angle @ cannot be zero, since the three points 0, o), w' are not in 
a straight line, and we have 0 ^ cos 0< 1. We have, then, also 

|ma) + 77da )’ p = (1 — cos 0) (nda^ -P + cos 0 (pia ± 77i'by, 
and consequently 

I nio) -P m'o)' P ^ (1 — cos 0) (m^a^ -P nd^h^^) = (1 — cos 0) a^{iid + m'^). 

From this it follows that the terms of the series (21) are respectively 
less than or equal to those of the series %'l/(pd' + iid^Y^^ multiplied 
by a constant factor, and we know that the last series is convergent 
if the exponent /x/2 is greater than unity (I, § 172). Hence the 
series (21) is convergent if we put /a = 3 or = 4. According to a 
result derived in § 62, the series 

1 HI 1 ”1 

(«) = +X' ’ O'' = 

represents a function that is analytic except for poles, and that has 
the same poles, with the same principal parts, as the elliptic function 
sought. We shall show that this function (w) has precisely the two 
periods 2 w and 2 w'. Consider first the series 






by considering it as a double series ana evaluating separately eacn 
of the rows of the rectangular double array. Subtracting this series 
from (u), we can then write 

111 1 1 

^(«) = -, + [(m-2w)^ (2w + 2a,)^J’ 

the combinations (m = = 0), (vi = — 1, m' = 0) being always 

excluded from the summation. Let us now change it to u — 2 w ; 
then we have 

^(m - 2 <fl) = ^ 2„_ “ (2 m; + 2 («)■']’ 

the combination m — — 1, m' = 0 being the only one excluded from 
the summation. But the right-hand side of this equality is identical 
with <^(” 2 ^). This function has therefore the period 2 a), and in like 
manner we can prove that it has the period 2 a)'. This is the func- 
tion which Weierstrass represents by the notation p(u)j and which 
is thus defined by the equation 

(22) P(«) = |+2'[(^r^“4^]’ + 

If we put = 0 in the difference p{u)— 1/it^, all the terms of the 
double sum are zero, and that difference is itself zero. The function 
p (it) possesses, then, the following properties : 

1) It is doubly periodic and has for poles all the points 2 lo and 
only those. 

2) The principal part in the neighborhood of the origin is l/it^, 

3) The difference p (it) — 1/it^ is zero for u = 0. 

These properties characterize the function p (it). In fact, any analy- 
tic function f{it) possessing the first two properties differs from p(it) 
only by a constant, since the difference is a doubly periodic func- 
tion without any poles. If we have also f{it) — 1/u^ = 0 for u— 0, 
f(ii) — p (it) is also zero for 7 /; = 0 ; we have, therefore, f(i() = p(it). 

The function p(— 'eO evidently possesses these three properties; 
we have, then, p(— i6)= p('?0) fhe f miction p{it) is even, which 
is also easily seen from the formula (22). 



1 

(u — 2 ^d?)^ 4 (2 -w;)® 

and it is easy to prove that the function 


z u 


; + 


6-a^ 


. ... . . .. 


5 u 

16 ]^^ “V 
^ 1^1 

dominates this series in a circle of radius 8/2, and, a fortiori, the 
expression obtained from it by replacing \ — u/\w\ by 
dominates the series. Since the series S'l/|w|® is convergent, we 
have the right to add the resulting series term by term (§9). The 
coefficients of the odd powers of u are zero, for the terms resulting 
from periods symmetrical with respect to the origin cancel, and we 
can write the development of p (u) in the form 


(23) 
where 

(24) 


P W “ ^ + •" + 

«a = ( 2 ^- 1 ) 2 ) (2wy^’ 


Whereas the formula (22) is applicable to the whole plane, the new 
development (23) is valid only in the interior of the circle hav- 
ing its center at the origin and passing through the nearest vertex 
of the periodic network. 

The derivative p'(?t) is itself an elliptic function having all the 
points 2w for poles of the third order. It is represented in the 
whole i^lane by the series 

(25) 


In general, the ?ith derivative elli|)tic function having 

all the points 2 w for poles of order ? 2 - -h 2, and it is represented by 
the series 


(26) 


3 /»)(«) = (- 1)" + (- lf(n + ly.^’- 


1 

2wY+^' 


p iu IS easily ODtainea as luiiuws : ±ll uug nejigJLiuuiiiuuu. ux unc 
origin we have, from the formula (23), 

p'(ti) =— — 4- 2 Cjit + 4 Cgw’ + • • • > 
CPW=5i-^“-1603+---, 

Cp(«)T = :^o + ^'+ 3^3 + ..., 

’where the terms of the series not written are zero for u = 0. The 
difference p'^00 "" therefore the origin as a pole of the 

second order, and in the neighborhood of this point we have 

20 r. 

3y2(^,,)_4pX70=--^-28c3 + ..., 

where the terms not written are zero for u = 0. 

Hence the elliptic function — 20 c^p (u) — 28 has the same poles, 
with the same principal parts, as the elliptic function p'^ — 4p®, and 
their difference is zero when u = 0. These two elliptic functions are 
therefore identical, and we have the desired relation, which we shall 
■write in the form 

(27) [P'(''0]" = (^0 “ .7.> 

where 

,, - 20 605;'(i)‘. 5. - 28 - UOXi^J- 

The relation (27) is fundamental in the theory of elliptic func- 
tions ; the quantities and are called the invariants. 

All the coefficients of the development (23) are polynomials in 
terms of the invariants and g^. In fact, taking the derivative of 
the relation (27) and dividing the result hy 2 p'(?^), we derive the 
formula 





which enables us to calculate step by step all the coefficients ii 
terms of and c^, and consequently in terms of and g ^ ; we find 
thus 

. _ al . _ 3 

* 2^3.5^’ ® 2^5.7.1l’ 

This computation brings out the remarkable algebraic fact that all 
the sums :S'l/(2 are expressible as polynomials in terms of the 
first two. 

AVe know a priori the roots of p'(?.t). This function, being of the 
third order, has three roots in each parallelogram of periods. Since 
it is odd, it has the roots = w, = o', = w + o' (§ 68, notes) 

3j (27) the roots of the equation g^P — (/q— 0 are precisel}! 

the values of p(ti) for u ==■ w, w', w". These three roots are ordinaril;y 
represented by e^, e^, : 

ej = p(«)), 6, = p((o'), e3 = p(a)"). 

These three roots are all different ; for if we had, for example, e^= 
the equation p(u)= would have two double roots w and w' in the 
interior of a parallelogram of periods, which is impossible, since p (u] 
is of the second order. Moreover, we have 

4 p* (m) - P 00 -i/s = 4 [P 00 - ej [p (w) - 62] [p (m) - fij] , 

and between the invariants g^, g^ and the roots we have the 

relations 

^ f/2 

«a + «2 + «3=0> «l«2 + ei'’8 + '^2'53=-'4’ «1«2«3 = ^- 

The discriminant {^g\ — 27y^)/16 is necessarily different from zero 

71. The function ^(u). If we integrate the function p(i^) — l/w‘ 
along any path whatever starting from the origin and not passing 
through any pole, we have the relation 

X ~ ""“2^ [w-22tf '^2w'^ (2w)X 


The preceding relation can be -written 


(30) = 


u) -f - J 

^ It 


and, taking the derivatives of the two sides, we find 


(31) 


r(«) = -p(«)- 


It is easily seen from either one of these form-ulse that the function 
^(u) is odd. In the neighborhood of the origin we have by (23) 
and (30), 




The function f(w) cannot have the periods 2 tu and 2 <o', for it would 
have only one pole of the first order in a parallelogram of periods. 
But since the two functions ^ (?^ + 2 zv) and { (u) have the same deriva- 
tive — p ('ll), these two functions differ only by a constant ; hence the 
function ^(u) increases by a constant quantity when the argument ii 
increases by a period. It is easy to obtain an expression for this con- 
stant. Let us -wi'ite, for greater clearness, the formula (30) in the form 



Changing to n -f 2 w and subtracting the two formulae, we find 


We shall put 


W + 3 «J 

f p (v) dv. 

u 




I p (?;) dv, 2n' — - j p (y) dv. 

u *J u 


Then rj and are constants independent of the lower limit zi and of 
the path of integration. This last point is evident a priori, since all 
the residues of p(v) are zero. The function ^(u) satisfies, then, the 
two relations 


t(u-h2io)=: t(u)-^2v. 


i:(u + 2w^)=tM^2v^, 


Wqj ^ -t- z 0 ) + ^ oj 5 + z o)'. we snaii suppose tnat Qi^u) 

has no poles on the boundaiyj and that the coefficient of i in <xi'/u) is 
positive, so that the vertices will be encountered in the order in 
which they are written when the boundary of the parallelogram is 
described in the positive sense. There is a single pole of ^(%t) in the 
interior of this boundary, with a residue equal to + 1 ; hence the 
integral under consideration is equal to 2 irL On the other hand, by 
§ 68 the sum of the integrals taken along the side joining the vertices 
0 ) and along the opposite side is equal to the expression 



— f (w + 2 u}')'\du 4 


Similarly, the sum of the integrals coming from the other two sides 
is equal to 4 We have, then, 

(32) (o'l/ -<071' = - i, 


which is the relation mentioned above. 

Let us again calculate the definite integral 



M+ 2l«> 

^(v)dv, 


taken along any path whatever not passing through any of the poles. 

We have t n \ ^ o 

F {u) = ^ (w + 2 oj) — C 00 = 2 


so that i^OO is of the form F{u)~ 2 rju -f- K, the constant K being 
determined except for a multiple of 2 ttI, for we can always modify 
the path of integration without changing the extremities in such a 
way as to increase the integral by any multiple whatever of 2 7r\ 
To find this constant K let us calculate the definite integral 




dv 


along a path very close to the segment of a straight line which joins 
the two points co and — w. This integral is zero, for we can replace the 
path of integration by the rectilinear path, and the elements of 
the new integral cancel in pairs. But, on rexfiacing -it by — w in the 

rk-n n-i-vraa llQATA 


(33) 


/ 


•« + 2 


^ ('<;) dv = 2 Tj (u -h w) -{- (2 m + 1) tt 


wliere m is an integer, and we have an analogous formula for the 
integral ^ (/;) do. 


72. The function o-(u). Integrating the function — Ifu along 
any path starting from the origin and not jjassing through any pole, 
we have 




and consequently 

(34) « ^ 


The integral function on the right is the sinqjlest of the integral 
functions which have all the periods 2 iv for simple roots ; it is the 
function o-('u): 

(36) 

The equality (34) can be written 
(34') <T(M)=Me-^“ 

whence, taking the logarithmic derivative of both sides, we obtain 


(36) 


<t'(ic) _ 1 
(t(}C) u 


+f(«)-J=^(«)- 


The function cr(^t), being an integral function, cannot be doubly 
periodic. When its argument increases by a ]3eriod, it is multiplied 
by an exponential factor, which can be determined as follows : 

From the formula (34') we have 


<j(u 2 ii)) 7^ -f- 2 OJ 

(T (tl) U 

This factor was calculated in § 71, whence we find 



in*om eitiier ot tne tonnuJee {6b) or (^4') it tollows that (r{u) is 
an odd function. 

If we expand this function (r{tt) in powers of u, the expansion 
obtained will be valid for the whole plane. It is easy to show that 
all the coefficients are polynomials in Por we have 


i: 


1' 

du = 

_ _?2_ 4 _ 

u 

3.4 5.6 






a-{u)—ue 


2A(2A~1) 


We see that there is no term in %c^ and that any coefficient is a 
jiolynoinial in the and therefore in the invariants and y^^j 
the first five terms are as follows : 


(39) 




2\3.5 


0-y ■«!_ __ 

2'. 3.6. 7 2".3-.6.7 2’.3^5^7.1] 


The three functions p('/t); ^00^ essential elements of 

the theory of elliptic functions. The first two can be derived from 
cr{u) by means of the two relations f — or'(ic)/(T{u)^ — ^00- 


73. General expressions for elliptic functions. Every elliptic function 
can be expressed in terms of the single function or again 
in terms of the function ^{u) and of its derivatives, or finally in 
terms of the two functions pQii) and p'(?t). We shall present con- 
cisely the three methods. 

Method 1. Expression of f {it) in terms of the function a {it). Let 
be the zeros of the function f{u) in a parallelogram of 
periods, and ^ 2 ? poles o^f{u) in the same parallelogram, 

each of the zeros and each of the poles being counted as often as is 
required by its degree of multiplicity. Between these zeros and poles 
we have the relation 

(40) + u-2 + * * ‘ + ^2 “^ * * * “I" ^ 

where 2 O is a period. 

Let us now consider the function 


(it + 2 (o') = The quotient /(vt)/<5i>(7t) is therefore a doubly 

periodic function, of u haring no infinite values ; that is, it is a 
constant, and we can write 


(41) f{u)=C 


kt(ii — a^) or (ii — (L^ • • » (r(it — 
cr (ii — cr(tt — ^ 2 ) • • • O' (it — h^^ — 2 0) 


To determine the constant C it is sufficient to give to the variable u 
any value which is neither a iDole nor a zero. 

More generally, to express an elliptic function f(it) in terms of 
the function (r(^t), when we know its poles and its zeros, it will suf- 
fice to choose n zeros (ctj, ttg, • • •, «') and n poles (&(, ^ 2 ; * * *? K) 
such a way that :§a- = 2Z>£ and that each root of /(tt) can be obtained 
by adding a period to one of the quantities a'^, and each pole by 
adding a period to one of the quantities These poles and zeros 
may be situated in any way in the plane, provided the preceding 
conditions are satisfied. 


Method 2. Expression of f(%i) in terms of the function I and of its 
derivatives. Let us consider k poles • • •, of the functioii/('w) 

such that every other pole is obtained by adding a period to one 
of them. We could take, for example, the poles lying in the same 
parallelogram, but that is not necessary. Let 

A(.i) /jCO ^(0 

1 ^ + • •» + — 

(po — (it — <Xi)”i 


be the princi];)al part of f(u) in the neighborhood of the point a^. 
The difference 


m-% 




«;) - Af^'{u — fli) ■ 


+ 






«.)j 


is an analytic function in the whole plane. Moreover, it is a doubly 
periodic function, for when we change n to 76 -h 2 w, this function is 
increased by — 2 which is zero, since 2d represents the sum 


( 42 ) 


/(«)= c' +;4 - «,)- -«;)••• 

Al;} 




(%-l)! 




«.)] ■ 


The preceding formula is due to Heriiiite. In order to apply it we 
must know tlie poles of the elli 2 :)tic function f(tc) and the corre- 
sponding principal parts. Just as formula (41) is the analogon of the 
forjinila which ex|)resses a rational function as a quotient of two 
polynomials decomposed into their linear factors, the formula (42) 
is tlie analogon of the formula for the decomposition of a rational 
fraction into simple elements. Here the function ^ (u — a) plays the 
part of the simple element. 


WIethod 3. Expression offitt) in terms ofp(id) and of Let 
us consider first an even elliptic function /(tt). The zeros of this 
function lolileh are not periods^ are symmetric in pairs. We can 
therefore find n zeros (a^, af) such that all the zeros .except 

the periods are included in the expressions 

± + 2 ±. + 2w, • • • , ± -p 2 

We shall take, for example, the parallelogram whose vertices are 
(0 + o)', to' — oj, ~ oj — 0 )', 0 ) — 0 )' and the zeros in this parallelogram 
lying on the same side of a straight line passing through the origin, 
carefully excluding half the boundary in a suitable manner. If a 
zero is not a half-period, it will be made to appear in the sequence 
(Xj, 0 ^ 2 , • • as often as there are units in its degree of multiplicity. 
If the zero for example, is a half-period, it will be a zero of even 
order 2r (§ 68, notes). We shall make this zero appear only r times 
in the sequence ^x^, • • •, With this understanding, the product 

[p («) - P (aj)] [p («) - P («2)] • • • [p (“) - P («n)] 
has the same zeros, with the same orders, as f{u), excepting the case 
of /(O) = 0. Similarly, we shall form another product, 

[p (m) - p (&i)] [p (m) - P ('•' 2 )] • • • [p 00 - P (*«)]> 

having the poles of f(u) for its zeros and with the same orders, 


J 


[p 00 - p (•'■’i)] [p (w) - p (*0] • • • [p 00 ~ p (0«)] 
is an odd elliptic function, /j(w)/jy ( 7 ^) is an e\^en function, 
and therefore this quotient is a rational function of ^( 7 ^. Pinallj, 
any elliptic function F(u) is the sum of an even function and an 
odd function : 

A - 

Applying the j)receding results, we see that every ellip>tic function 
can be expressed in the form 

(43) F (it) == /^ [j3 (?t)] + p' («) -Ri [P («)]t 

where Ji and 7?^ are rational functions. 


74, Addition formulae. The addition formula for the function sin x 
enables us to express sin (a -h 7») in terms of the values of that func- 
tion and of its derivative for x = a and x == A There exists an 
analogous formula for the function p(7t), except that the expression 
for p(7^ + 7;) in terms of p(7^), p(7;), P'OO somewhat more 

complicated 011 account of the presence of a denominator. 

Let us first apjjly the general formula (41), in whicli the function 
or(7fc) appears, to the elliptic function p(7t)'- p(v). We see at once 
that cr(n -f 7;)<r(7^ — v)/cr^(ti) is an elliptic function with the same 
zeros and the same poles as p(7t)— * p(v). We have, then, 




p(u)-p(v) 




in order to determine the constant C it suffices to multiply the two 
sides by cr“(7t) and to let 7/^ approach zero. We thus find the relation 
1 = — Ccr“(y), whence we derive 

(44) p(«)- P('’) = --^v4^?i)^‘ 

If we take the logarithmic derivative on both sides, regarding v as 
a constant and 71 ^ as the independent variable^ we find 




Finally, adding these two results, we obtain the relation 


(45) 


C(M + w)-^(M)-f(v) = 


1 P'(«) - P'W 

2 p{u)--p(v) ’ 


which constitutes the addition formula for the function ^ (it). 

Differentiating the two sides with respect to w, we should obtain 
the expression for p (w 4- ^) ; the right-hand side would contain 
the second derivative ^l^ich would have to be replaced by 

6 p^('?^) ff^/2. This calculation is somewhat long, and we can obtain 
the result in a more elegant way by proving first the relation 


(46) p (u ■^v) + p (u) +p(v) = [C (tc -h v) - t (it) - f (^;)]2 

Let us always regard u as the independent variable ; the two sides 
are elliptic functions having for poles of the second order it = 0, 
u—~Vy and all the points deducible from them by the addition of 
a period. In the neighborhood of the origin we have 

j ^ y) ^ ^(u) - ^(v) = t(^v) + iit\v) + ^ W 

— p ii^^(y) -{- <XU^ -j- ' • • 

and consequently 

lt{u + v)-t{u)- tiy)J= i - 2 t,<{v) _ 2 aw + • • •• 


The principal part is 1/w^, as also for the left-hand side. Let us 
compare similarly the principal parts in the neighborhood of the pole 
'it = — 'y. Putting u — V h, we have 

t(JC) -K{-v + h)-K{v) = j- 7iV(v) + ^h^+..., 

- V)- ^(v)y= I - 2r(t;)+ • • •. 

The principal part of the right-hand side of (46) in the neighbor- 
hood of the point u=~^ v is, then, l/(;it + v)% just as for the left- 
hand side. Hence the difference between the two sides of (46) is 
a constant. To find this constant, let us compare, for instance, the 
developments in the neighborhood of the origin. We have in this 

1 .^1, 1 T 3 


we see that the ditterenee is zero tor u = U. llie relation is there- 
fore established. Combining the two eijualities (45) and (46) , we 
obtain the addition formula for the fiinetion ])(/0: 

(47) p (w + v) + p {u) + p (y) = - 


p'(^o y 

_p(''0- 


75. Integration of elliptic functions. Hermite’s decomposition for- 
mula (42) lends itself immediately to the integration of an elliptic 
function. Applying it, we find 



du = Cit -f ^ |yi f ) Log [(r{u — a^) ] — ^ (n — 

^ y^(i) ^ 


We see that the integral of an elliptic function is expressible in 
terms of the same transcendentals o-, p as the functions themselves, 
but the function cr(?^) may appear in the result as the argument of 
a logarithm. In order that the integral of an elliptic function may 
be itself an elliptic function, it is necessary first that the integral 
shall not present any logarithmic critical points ; that is, all the 
residues must be zero. If this is so, the integral is a function 
analytic except for poles. In order that it be elliptic, it will suffice 
that it is not changed by the addition of a period to u, that is, that 


2Co) - 2 v =0, 2 Cto' - 2 ri''^A = 0 ; 

i i 


whence we derive C = 0, = 0. If these conditions are satisfied, 

the integral will appear in the form indicated by Hermite’s theorem. 


When the elliptic function which is to be integrated is expressed in terms 
of p(ip and p''(w), it is often advantageous to start from that form instead of 
employing the general method. Suppose that we wish to integrate the elliptic 
function R [p (w)] p'pp [p (u)], R and R^ being rational functions. We have 
only to notice in regard to the integral J [p (w)] p'(w) dzi that the change of 
variable p(u) = t reduces it to the integral of a rational function. As for the 
integral /ii[p(zt)] du, we could reduce it to a certain number of type forms by 
means of rational operations combined with suitably chosen integrations hy 



We have seen how this int.eo ;ral decomposes into a rational function of t and 
of the radica l V4 t — t/g, a sum of a certain number of integrals of the 

form ft^di/'V4iV^ — g^t — £/g, and finally a certain number of integrals of the form 
rQ(t) dt 

J -P (0 V4 ~ Ont — Pg 


where P (t) is a polynomial prime to its derivative and also to 41^ — pg, 
and where is a polynomial prime to P{t) and of lower degree than P(i). 

lleturning to the variable u, we see that the integral jE[p(zi)]dw is equal 
to a rational function of p{u) and p'{u), plus a certain numher of integrals 
such as /[p(ti)]“du and a certain number of other integrals of the form 


(49) 


f Q[p 

J P[p(u)] ^ 


and this reduction can be accomplished by rational operations (multiplications 
and divisions of polynomials) combined with certain integrations by parts. 
We can easily obtain a recurrent formula for the calculation of the integrals 
= /[p(u)]’^du. If, in the relation 


we replace p'^{u) and p"{ii) by 4p^ {ii) ^ g^p(u) ~ g^ and Qp'^ {u) g^/2 

respectively, there results, after arranging with respect to p(w), 

= (4 + 2) [p (u)] ” + 1 - (72 [p («)]’*- 1 - (Jl - 1) 33 [p (tt)]" - 2, 

and from this we derive, by integrating the two sides, 

(50) [p («)]“ - ip'(K) = (4 II + 2) 4 + 1 - (r - i) 32 1 - (n - 1) 33 4 - s- 


By putting successively = 1, 2, 3, • • ♦ in this formula, all the integrals I„ 
can he calculated successively from the first two, Tq = u^ A =■” 

To reduce further the integrals of the form (49), it will be necessary to Imow 
the roots of the polynomial P{t). If we know these roots, we can reduce the 
calculation to that of a certain number of integrals of the form 

/ du 
P W - P (v) ’ 

where p(v) is different from e^, e„, Cg, since the polynomial F( 6 ) is 'prime to 
4^3 The value of v is therefore not a half -period, and p'(tj) is not 

zero. The formula 

-P'W 


/t/\ rv /li\ 


= (-(m + r) - (-(m - II) - 2 f(»), 


VYilVJiC jJlCiilC. -LAIC/ J.VU.ilUOXO \Jd. Uiiu UIIUUXJ i, ii j /4 avaiva w ujuua^jl^ 

had introduced another remarkable transcendental, which had previously been 
encountered by Fourier in his work on the theory of lieat, and which can be 
developed in a very rapidly convergent series ; it is called the 0 function. We 
shall establish briefly the principal properties of this function, and show how 
the Weierstrass <r (w) function can be easily deduced from it. 

Let T = r + si be a complex quantity in which the coefficient s of i is positive. 
If V denotes a complex variable, the function 0 (v) is defined by the series 

(62) 6^ (v) = T y) (— 1)’^ ^ 2 j (2 n 1) TTiv^ q — Q-nir^ 

1 , 

— 00 , 

which may be regarded as a Laurent series in which has been substituted 
for z. This series is absolutely convergent, for the absolute value Tin of the 
general term is given by 

U = e“ 

if V — a + hence V Un approaches zer o wli en n becomes infinite through 
positive values, and the same is true of It follows that the function 

0 {v) is an integral transcendental function of the variable v. It is also an odd 
function, for if we unite the terras of the series which correspond to the values 
n and ~ n — 1 of the index (where n varies from 0 to + 00 ), the development 
(52) can be replaced by the following formula : 

(63) ^(®) = 2^(-l)ng(’‘''‘2)sin(2n+l)in>, 

0 

which shows that we have 

(5'(-v)=-<9(u), ^(0)=:0. 

When V is increased by unity, the general term of the series (52) is multi- 
plied by e(2n+i)Tri __ 2. We have, then, ^ (u -f- 1) = — ^ (r). If we change v to 
u + r, no simple relation between the two series is immediately seen ; but if 
we write 

9{V + T) = ^^ (- 


and then change n to n — 1 in this series, the general term of the new series 

( — l)^“lg( 2 )"^^” ^g(2n + l)7rivg— 27TIU 

is equal to the general term of the series (52) multiplied by — q- Hence 

the function 0 (u) satisfies the two relations 


lesc arc the only roots of the equation 9 (r) = 0. For, let us consider a 
lelograrn whose vertices are the four points Uq, -f 1, Dq + 1 + r, Uq + r, 
rst vertex Uq being taken in such a way that no root of 9 (v) lies on the 
lary. We shall show that the equation ^(u) = 0 has a single root in this 
lelogram. For this purpose it is sufficient to calculate the integral 


/ 


6{v)' 


dv 


its boundary in tlie positive sense. By the hypothesis made upon r, we 
inter the vertices in the order in which they are written, 
om the relations (54) w'e derive 

9'{v+r) _ e'{v) 
d{v + l) 9(v)' 6(p+T) B(v) 


first of these relations shows that at the corresponding points n and n' 
27) of the sides ylD, BG, the function 9'(v)/9(v) takes on the same value. 

1 these two sides arc described in 
ary senses, tlie sum of the cor- 
nding integrals is zero. On the 
ary, if we take two corresponding 
s ?n, vi' on the sides AB^ DC, the 
; of 9'(v)/9(v) at the point m' is 
. to the value of the same function 
3 point m, diminished by 2 7ri. The 
of the two integrals coming from 
two sides is therefore equal to 
— 2 TTidv, that is, to 2 irL As there is evidently one and only one point 
e parallelogram ABCD which is represented by a quantity of the form 
mgT, it follows that the function 9 (r) has no other roots than those found 

5 

mming up, the function 9 (r) is an odd integral function ; it has all the 
s + m^T for simple zeros ; it has no other zeros ; and it satisfies tlie 
ons (54), Xjct now 2 w, 2 to' be two periods such that the coefficient of i in 
is positive. In 9{v) let us replace the variable v by n/2(o and t by to /to, 
et 0 (zi) be the function 
5 ) = 

0 (u) is an odd integral function having all the periods 2 w = 2 mw + 2 mV 
U’os of the first order, and the relations (54) are replaced by the following: 

. / 7l + 

3) 0(tt + 2w)=-0(u), .^(« + 2ai')=-8 " " 



relations (56) becomes 

(58) i//(u + 2(o)=- 

We have next 


xp {u 2 OJ^) — 

or, since >jw' — ij'w = 7ri/2, 


0(n) =— e2’?f" + ‘^)\t'('iA). 
6/'(0) ^ ' 


2 oj + 2w')^ _!I!(w-l-wO , . 

C 0(^^)? 

^'(0) 


(59) 0 (it + 2 w') = - c2 + w') 0 (w) . 

The relations (58) and (59) are identical with the rolatjons established above 
for the function (r(w). Hence the quotient 0(a)/cr(u) ha.s the two i^eriods 2w 
and 2 for the two terms of this ratio are multiplie-d by the .same factor when 
u increases by a period. Since the two functions havci the same zeros, this 
quotient is constant; moreover, the coellioient of n in each of the two develop- 
ments is equal to unity. We have, then, (r {u) ~ \p (u), or 


(60) 


2w - 
(T (u) = C 

^ 0'(O) 




and the function (r{u) is expressed in terms of the function (9, as we proposed. 
If we give the argument u real values, the absolute value of q being le.ss than 
unity, the series (53) is rapidly convergent. We .shall not further elaborate 
these indications, which suffice to suggest the fundamental part taken by the 
6 function in the applications of elliptic functions. 


III. INVERSE FUNCTIONS. CURVES OF DEFICIENCY ONE 

77. Relations between the periods and the invariants. To every 
system of two complex numbers w, w', whose ratio ay' /ay is not real, 
corresponds a completely determined elliptic function which 

has the two periods 2 w, 2 w', and which is regular for all the values 
of u that are not of the form 2 mw -f 2 m'ay'^ all of which are poles of 
the second order. The functions and o-(it), which are deducible 
from p('?i) by one or by two integrations, respectively, are likewise 
determined by the system of periods (2 w, 2 w). When there is any 
reason for indicating the periods, we slnill make use of the notation 
p(?«|w, w'), cr(?t|a), 0 )') to denote the three fundamental 

functions. 

But it is to be noticed that we can replace the system (w, oy) by 
an infinite number of other systems (D, O') without changing the 



lire bciiu lu ue -^-^6 luiiCTion u ) iias uie same 

periods and the same poles, with the same principal parts, as the 
function p('?/^|o>, (o'), and their difference is zero for u = 0. They are 
therefore identical. This fac3t results also from the development 
(22), for the set of quantities 2 ?Ma) + 2 is identical with the 
set of quantities 2 mO + 2 m'Q'. For the same reason, we have 
Cl')= ^{it\(o, (o') and cr(?^|f^, n')= (j(io\(o, (o'). 

Similarly, the three functions p(?^), ^{u), cr(^u) are completely deter- 
mined by the invariants Ur have seeir that the function 

is represented by a power-series development all of whose coeffi- 
cients are polynomials in g^, g^. We have, then, l{u)==. cr'(it)/o‘{u), 
and finally p(tt) = — order to indicate the functions which 

correspond to the invariants y, and g.^, we shall use the notation 


P (“ ; dv S'a)) ^ ('" > Ui> 3^, ^(1 '- ; 5^2, ffs)- 


Just here an essential question presents itself. While it is evi- 
dent, from the very definition of the function p (”?/), that to a system 
(a>, w') corresponds an elliptic function p('?t), provided the ratio 
cd'/o) is not real, there is nothing to prove a priori that to every 
system of values for the invariants g^, corresponds an elliptic 
function. We know, indeed, that the expression gl — 27 must be 
different from zero, but it is not certain that this condition is suffi- 
cient. The problem which must be treated here amounts in the end 
to solving the transcendental equations established above, 




(2 9?2a) 4- 2 Vl'(oy 


for the unknowns 0 ), (o', or at least to determining whether or not 
th.ese equations have a system of solutions such that ou'/oj is not real 
whenever g\ — 27 g\ is not zero. If there exists a single system of solu- 
tions, there exist an infinite number of systems, but there appears 
to be no Avay of approach for a direct study of the preceding equations. 
We can arrive at the solution of this problem in an indirect way by 
studying the inversion of the elliptic integral of the first kind. 


Note. Let «, be two complex numbers such that (o' /w is not real. The corre- 



to the definite integral 


dp 


V4p3-cr2p-(73 

taken along the curve L. An analogous expression for w' can be obtained by 
replacing by in the preceding integral. 

We have thus the two half-periods expressed in terms of the invariants 
In order to be able to deduce from this result the solution of the lu’oblem before 
us, it would be necessary to show that the new system is equivalent to the system 
( 61 ), that is, that it defines and g^ as single-valued functions of w'. 

78. The inverse function to the elliptic integral of the first kind. Let 

R (z) be a polynomial of the third or of the fourth degree which is 
prime to its derivative. We shall write this polynomial in the form 

R(s) = A(z- ffij) (» - »,) (z - a.^) (z - a,), 

where denote four different roots if R (z) is of the 

fourth degree. On the other hand, if R (z) is of the third degree, we 
shall denote its three roots by a^, and we shall also set a^=:co, 
agreeing to replace — qo by unity in the expression R (z). 

The elliptic integral of the first kind is of the form 



where the lower limit is supposed, for definiteness, to be different 
from any of the roots of R (z) and to be finite, and where the radical 
has an assigned initial value. If R{z) is of the fourth degree, the 
radical Vi^^) has four c ritical points a^y cig, a^y and each of the 
determinations of V R {z) has the point s; = oo for a pole of the second 
order. If R(z) is of the third degree, the radical V R (z) has only 
three critical points in the finite plane a^y ; but if the variable 
z describes a circle containing the three points a^y a^y a^y the two 
values of the radical are permu ted. The point ^ = co is thei'efore a 
branch point for the function 

Let us recall the properties of the elliptic integral w proved in 
§ 55. If ^c(z) denotes one of the values of that integral when we 
go from the point z^ to the point z by a determined path, the same 



tion for the variable it the integral (62) itself diminished by //2, 
and let (z) be the function thus obtained : 



This function is a single-valued function of z. In fact, if we 
replace u by any one of the determinations (63), we hnd always, 
whatever in and m' may be, 

which shows that <J> (z) is single- valued. 

Let us see what points can be singular points for this function 
^{z). First let z^ be any finite value of z different from a branch 
point. Let us suppose that we go from the point z^ to the point z^ 
by a definite path. We arrive 'at z^ with a certain value for the 
radical and a value for the integral. In the neighborhood of the 
point z^, l/'\fR{z) is an analytic function of z, and we have a 
development of the form 

0 , 

'VjR(z) 

\vhence we derive 

(65) u = it^ + (^ - ^i) + (^^ ~ H . 

If — I f2 is not equal to a period, the function j){u — 1/2) is 
analytic in the neighborhood of the point and consequently cE» (z) 
is analytic in the neighborhood of the point z^. If u^ — I/2 is a 
period, the point is a pole of the second order for p{u — 7/2), and 
therefore z^ is a pole of the second order for <1>(^), for in the neigh- 
borhood of the point tq 



Avhence, integrating term by term, we find 

(G6) u = Vi 4- Vs — + | - a-f) 4 j . 


If tii — 7/2 is not a period, p (u — 1/2) is an analytic function of u 
in the neighborhood of the point 11 ^. Substituting in the develop- 
ment of this function in powers of u — the value of the difference 
u — obtained from the formula (66), the fractional powers of 
(z — a/) must disappear, since we know that the left-hand side is a 
single-valued function of ; hence the function (?;) is analytic in 
the neighborhood of the point Let us notice in passing that this 
shows that ~ 1/2 must be a half-period. Similarly, if 11 ^ — 1/2 is 
equal to a period, the point is a pole of the first order for 

Finally, let us study the function ^(z) for infinite values of z. 
We have to distinguish two cases according as R (z) is of the fourth 
degree or of the third degree. If the polynomial R {z) is of the fourth 
degree, exterior to a circle C described about the origin as center and 
containing the four roots, each of the determinations of l/'^~R(z) is 
an analytic function of '1/z. For example, we have for one of them 


1 

Vij («) 






and it would suffice to change all the signs to obtain the develop- 
ment of the second determination. If the absolute value of ^ becomes 
infinite, the radical l/Vif (s:) having the value which we have just 
written, the integral approaches a finite value and we have in 
the neighborhood of the point at infinity 


(67) 


w = 


^ 

2z^ Zz^ 


If — 1/2 is not a period, the function p(7t — 7/2) is regular for 
the point and consequently the point ;$: = 00 is an ordinary point 
for $ (z). If — 1/2 is a period, the point is a pole of the second 


1 





wliicli holds exterior to a circle having the origin for center and 
containing the three critical points a^, a^. It follows that 

( 68 ) + 

Reasoning as above; we see that the point at infinitj is an ordh 
nary point or a pole of the first order for The function (r^) 

has certainly only iioles for singular points ; it is therefore ci rational 
function of z, and the elliptic integral of the first kind (62) satisfies 
a relation of the form 

(69) 

where $ (;?;) is a rational function. We do not know as yet the degree 
of this function; but we shall show that it is equal to nnity. For 
that purpose we shall study the inverse function. In other words, 
we shall now consider u as the independent variable; and we shall 
examine the properties of the upper limit z of the integral (62), con- 
sidered as a function of that integral u. We shall divide the study, 
which requires considerable care, into several parts : 

1) To every finite value of ti corres]iond m vahtes of % if m is the 
degree of the rational f unction 

For let be a finite value of \i. The equation ^ {f) == p (?q — -1/2) 
determines m values for which are in general distinct and finite, 
though it is possible for some of the roots to coincide or become 
infinite for particular values of ?q. Let z^ be one of these values 
of The values of the elliptic integral n which correspond to this 
value of z satisfy the equation 

p (m - 0 = <* (*i) = p («-i - 1) ; 

we have, then, one of the two relations 

u 2 m. oj H- 2 w', u J — u. -J- 2 w -|- 2 



values of for which the integral (62) takes a given value ii. 

2) Let be a hnite value of u to which corresponds a finite value 
z^oiz\ that cUt&rminatlon of z lohich aiyproaohas when tc ajjj^roaches 

is an analytic ficnctlon of u in the neighborhood of the ijoint Uy 

For if is not a critical point, the values of tt and z which ap- 
proach respectively and are connected by tlie relation (65), where 
the coefficient is not zero. By the general theorem on implicit 
functions (I, § 193, 2d ed. ; § 187, 1st ed.) we deduce from it a 
development for z — positive integral powers of u — • Uy 

If, for the particular value z were equal to the critical value a^^ 
we could in the same way consider the right-hand side of (66) as a 
development in power s pf "^/z — ay Since is not zero, we can 
solve (66) for ^z ~ ay and therefore for z — ay expressing each of 
them as a power series in n — Uy 

3) Let be one of the values which the integral ii takes on when 
|s| becomes infinite ; the 'point is a gjole for that determination ofz 
whose absolute value becomes infinite. 

In fact, the value of the integral u which ajjproaclies is repre- 
sented in the neighborhood of the point at infinity by one of the 
developments (67) and (68). In the first case we obtain for 1/z 2 , 
development in a series of positive powers of u — u^, 

i = p^{u - «,„) + :#= 0 ; 

in the second ease we have a similar develoiJinent for and 

therefore ^ 

~ “ ('/t — 'z^oo) -k • • 

The point is therefore a pole of the first or second order for z, 
according as the polynoiiiial R (z) is of the fourth' or of the third 
degree. 

4) We are going to show finally that to a value of u there can cor- 
respond only one value of z. For let us suppose that as the variable z 
describes two paths going from z^ to two different points Zy z,y the 
two values of the integral taken over these two paths are equal. It 


with the coordinates (A', Y) in the system of rectangular axes OX, 
OY, we see that the point n would describe a closed curve r when 
the point describes the open curve L. We shall show that this is 
not consistent with the properties which we have just demonstrated. 

To each value of there correspond, by means of the relation 
p — 7/2) = a Jinita number of values of z, each of which 
varies in a continuous manner with u, provided the path described 
by does not pass through any of the points corresponding to the 
value zr= CO, ^ According to our supposition, when the variable u 
describes in its plane the closed curve T starting from the point 
A (iQ and returning to that point, z describes an open arc of a con- 
tinuous curve passing from the point to the point Let us take 
two points M and P (Eig. 28) on the curve r. 

Let the initial value of z at A be z^, and let 
z\ be the values obtained when we reach 
the points M and P* respectively, after n has 
described the paths AM and d MAP. Again, 
lot Zi be the value with which we arrive at 
the point P after u has described the arc 
AQP. It results from the liypothesis that 
z^' and Zi are different. Let us join the two 
points M and P by a transversal MP interior to the curve T, and let 
us suppose that the variable tc describes the arc AquM and then the 
transversal il/P; let z!J be the value with which Ave arrive at the 
point P. This value z^ will be different from z^' or else from z['. If 
it is different from z[', the two paths AviMP and AQP do not lead 
to the same value of .i? at the point P, If z’' and are different, the 
two paths AinMP and AmMNP .([o not lead to the same value at P; 
therefore, if we start from the point M with the value z' for z, Ave 
obtain different values for z according as Ave proceed from il7 to P 
along the path il7P or along the path il/A^7^. In either case we see 
that we can rejdace the closed boundary r by a smaller closed bound- 
ary T^, partly interior to T, such that, when u describes this closed 
boundary, describes an open arc. Eepeating this same operation on 

4-n»-v n -....••I' Tn /I -.Tm -r* .v ■i'lTnti t /I o-nn TXTti n 



exist in the interior of a (drc-le of j’lulius e dese-idluMl al)Out A as a 
eenter a (dosed path not leading- tli(^ variahl(‘ ;; hank to its original 
value, however small e may In^. Now tliat is iinjmssibh^, for the point 
A is an ordinary point or a pole for cuudi of the differtnit determina- 
tions of in both eases is a singhwahuHl funedion of v, in the 
neighborhood of A. We are thus led to a (5()ntradi{dion in supposing 
that the integral / tlzf'\/R (,^), taken over an oi)en path (am be zero, 
or, what amounts to the same thing, l)y supposing that to a value of 
u correspond two values of 

We have noticed above that, if for two different values of we have 
$ ^ we can find a path L from to such that the integral 


r-i= 

will be zero. Hence the rational function (p (,^') caxnnot take on the same 
value for two different values of ; that is, the function must be 
of the first degree : ^(?j) = (ciz -f + d). It follows, from the 


relation (69), that 
( 70 ) 


^ = 



> 


and we may state the folloAving important proposition : The upj)er 
limit z of an elliptic integral of the firr,t kind^ considered as a function 
of that integral^ is an elliptic function of tlte second order. 

Elliptic integrals had been studied in a thorough manner by 
Legendre, but it was by reversing the problem that Abel and 
Jacobi were led to the discovery of ellij^tic functions. 

Xhe actual determination of the elliptic function z — fi}^) con- 
stitutes the problem of inversion. By the relation (62) we have 



and therefore V/^ (s) yt is clear that the radical 'y/jl(z) is 

itself an elliptic function of u. We can restate all the preceding 


in such a may that to a 'point (ct;, ?/) of that curve corresponds only 
one value of Uy any period being disregarded. 

To prove the last part of the proposition, we need only remark 
that all the values of u which correspond to a given value of x are 
included in the two expressions 

+ 2 7??.^ 0) -h 2 mpify I — 2 (D -f 2 Wg a>^ 

All the values of u included in the first expression come from an 
even number of loops described about critical points, followed by 
the direct path from to a-, with the same initial value of the 
radical -\/r{x). The values of it included in the second expression 
come from an odd number of loops described about the critical points, 
followed by the direct path from to cc, where the corresponding 
initial value of the radical '\/r{x) is the negative of the former. It 
we are given both x and y at the same time, the corresponding 
values are then included in a single one of the two formulae. 

From the investigation above, it follows that the elliptic function 
X = f{u) has a pole of the second order in a parallelogram if R (x) 
is of the third degree, and two simple poles if R (x) is of the fourth 
degree ; hence y =f(;u) is of the third or of the fourth order, accord- 
ing to the degree of the polynomial R (x). 

Note. Suppose that, by any means whatever, the coordinates (x, y) 
of a point of the curve = A (x) have been expressed as elliptic 
functions of a parameter v, say x = cp (v), y = The integral of 

the first kind ic becomes, then, 

dx __ r dv 

~y ~J 

Tlie elliptic function cannot have a pole, since u must 

always have a finite value for every finite value of v ; it reduces, 
then, to a constant /c, and we have u = lev + L The constant I 



vU J nvrt inn Jor 'inhicJi, ctihd are the invariants. 

I'nf 1 Ih‘ j)olyiH)nual 

n (,*j) = 4 - ^3 

is in'inif l.it tl.s (li'i'i vn.l'iivfi, aiul tlio elliptic integral /(Za/V R (z) has 
Uvi> 2 <i), 2 o)', wli().s<i ratio is iiiiagiimiy. Let p(?a|co, m') be the 

ron'ps) Kiiidiii'*; (‘llipt’Hi ibuH'.tiou. We shall substitute for the argu- 
iiH-nl. a ill 111 in iuiK^l.ioii tlui iiitogTal 


(T'J!) 


““I’vfe- 




wlnTt* // is ;i. <'nnHl.a,nt) (*.li<)S(ui in suoli a way that one of the values 
iif u liliiill In* is|iia.l to y^wo for rj = co. We shall tahe TI, for example, 
eijual In va.lui^ of tlio integral taken over a ray L 

starting* at We shall show first that 
the. fmrction thus obtained is a single- 
vtiluecl analytic function of Let be 
any point of the plane, and let us denote 
by 'y and the values of the integrals 

Viz(K)’ 

J (Sj^7U) (z) 

starting with the same initial value for 
V/^ and taken over the two paths 
which together form a closed 
curve containing the three critical points 
r.., of th(^ radi(^nl. Consider tire closed curve z^mznz^ZMNZz^ 
r('.nmMi‘l)y ihc. curve the segment z^X, the circle C of very 

largc^ riuliiis, and the segment The function 1/W^ is analytic 

ill the iiite.rier of this bonnclary, and -we have the relation 

^ r dz 



dz 


is a single-valued function of We have seen that it is a linear 
function of the form (az d). To determine a, b, Cj d it 
will suffice to study the development of this function in the neigh- 
borhood of the point at infinity. We have in this neighborhood 


1 

(rj) 





J 


hence the value of which is zero for z infinite, is represented by 
the series 




92 


+ 




whence 


V 40?.;'^ / 20.^ 


It follows that the difference p('?0‘“ ^ 2 :ero for z^co. But the 
difference (az + b) /(cz d)~ z can be zero for z = co only if we 
have c=:0, ^ — 0, a = d] and the function p('u| a>, w') reduces to z 
when we substitute for tc the integral (72). Taking the point at 
infinity itself for the lower limit, this integral can also be written in 
the form 


(72') 





and this relation makes p(u) = where the function p (u) is con- 
structed with the periods 2 a), 2 o)' of the integral fdz/'\^R(z). 

Comparing the values of du/dz deduced from these relations, we 
have p\u) = Vi2(^), or, after squaring both sides, 


(73) (u) = R (sS) = 4 p' (^0 - y^p (w) - 


The numbers g^, therefore, are the invariants of the elliptic func- 
tion p('z^), constructed with the periods 2 co, 2 o'. This result answers 
the question proposed above in § 77. If gl — 27 gl is not zero, the 
equations (61) are satisfied by an infinite number of systems of values 


one sj'steiu of solutions is given, for exnniplo, by tin', formulae 



from -which all other systems will be deducible, as has been explained. | 

In the applications of analysis in which clliiitic functions occur, the function I 

p (u) is usually defined hy its invariants. In order to carry through the numerical ] 

computations, it is necessary to calculate a pair of pci’iods, knowing and yg, ! 

and also to he able to find a root of the eijuation p (a) = J , where A is a given • j 

constant. Por the details of the methods to be folliiwerl, and for information j 

regarding the use of tables, we can only refer the reader to special treatises.* | 

I 

80. Application to cubics in a plane. AVlien r/:l — 27 is not zero, j 

the equation | 

(75) - ii,^x - <j^ 

represents a cubic witliont double jioints. This equation is satisfied 
by putting x = p(?0) V = where the invariants of the function 

are precisely ^ and To eacli ])oint of tlie cori’esponds a i 

single value of u in a suitable parallelogram of ])eriods. For the equa- 
tion p('i<)= X has two roots and in a ])arallelograni of periods, ■ 

the sum ?q + is a period, and the two values p'(/q) and I 

the negatives of each other. They are therefore equal respectively ? 

to the two values of y which correspond to the same value of x. \ 

In general, the coordinates of a point of a plane cubic without * 

double points can be expressed by elliptic functions of a parameter. ^ 

We know, in fact, that the equation of a cubic can be reduced to s 

the form (75) by means of a projective transformation, but this f 

transformation cannot be effected unless we know a point of inflec- j 

tioii of the cubic, and the determination of the points of inflections 
depend upon the solution of a ninth-degree equation of a special j 

form. We shall now show that the parametric representation of a j 

cubic by means of elliptic functions of a parameter can be obtained | 

without having to ^solve any equation, provided that we know the 

f‘nnvflinn-f-ac2 rvf o Pi.. ^ 


. where the invariants g^ are given by the forinulee 

^ _ 12 Q{\ - h,h.^ 3 ^2h\~ l^h, 

16 ’ ^8 IQ 

Hence Ave obtain for the coordinates of a point of the cubic (76) 
the following formulse : 

+ 2/ = rP'(«)- 

Let us now consider a cubic Cg, and let (a, (S) he the coordinates 
of a j^oint of that cubic. The tangent to the cubic at this point (a', /3) 
meets the cubic at a second point {a\ /3') whose coordinates can be 
obtained rationally. If the point {a\ fi') is taken as origin of cobr- 
dinateS; the equation of the cubic is of the form 

y)+ y)+ 2/)= 

where cf>i(x, y) denotes a homogeneous polynomial of the ith degree 
(i = 1, 2, 3). Let us cut the cubic by the secant y ^tx\ then x is 
determined by an equation of the second degree. 


Avhence we obtain 


Avhere R {t) denotes the polynomial — 4 t) (1, t), Avhich 

is in general of the fourth degree. The roots of this polynomial are 
precisely the slopes of the tangents to the cubic Avhich pass through 
the origin.* We know<a priori one root of this polynomial, the slope 
of the straight line which joins the origin to the point {a, p). Putting 


l/t\ we find 


■sjR{t) = 



7 


where the polynomial R^(t^) is now only of the third degree. The 
coordinates (x, v') of a iDoint of the cubic are therefore exnressible 



It follows from the nature of the methods used above that to a 
point (Xj y') of the cubic correspond a single value of t and a definite 
value of ^ R(t), and hence completely determined val ues of and 
'\/ How to each system of values of t' and '\/ corre- 
sponds only one value of in a suitable parallelogram of periods, as 
we have already pointed out. The expressions x = /(w), y 
obtained for the coordinates of a point of Cg, are therefore such 
that all the determinations of u which give the same point of the 
cubic can be obtained from any one of them by adding to it various 
periods. 

This parametric representation of plane cnhics by means of elliptic functions 
is very important.^ As an example we shall show how it enables us to deter- 
mine the points of inflection. Let the expressions for the coordinates he 
X =/(it), y =/i(w); the arguments of the points of intersections of the cubic 
with the straight line Ax + -f C = 0 are the roots of the equation 

+ Wiiy) -h C = 0. 

Since to a point (x, y) corresponds only one value of u in a parallelogram of 
periods, it follows that the elliptic function Af(u) -{- -1- C must he, in 

general, of the third order. The poles of that function are evidently indei^endent 
of A, B, C j hence if itg, Wg are the three arguments corresponding respec- 
tively to the three points of intersections of the cubic and the straight line, we 
must have, by § 68, 

Ui + Wg I4g = JST -h 2 + 2 ??^2 w", 

where K is the sum of the poles in a parallelogram. Replacing u by ii/3 -j- u 
in/(w) and (it), the relation can be written in the simpler form 

tti 4- itg + Ug = period. 

Conversely, this condition is sufficient to insure that the three points 
Jkfg {u = itg), jVfg (it = itg) on the cubic shall lie on a straight line. For let he 
the third point of intersection of the straight line with the cubic, and Wg 

the corresponding argument. Since the sum + 1^2 + % equal to a period, 
itg and itg differ only by a period, and consequently coincides with M^. 

If u is the value of the parameter at a point of inflection, the tangent at that 
point meets the curve in three coincident points, and Sii must he equal to a 
period. We must have, then, it =z A 2on^o}')/S. All the points of inflec- 

tion can he obtained by giving to the integers and T/ig the values 0, 1, 2. 


is again one third of a period, that is, in a new point of inflection. The number 
of straight lines which meet the cubic in three points of inflection is therefore 
equal to (fl • 8)/(3 • 2), that is, to twelve. 


Note. The points of intersection of the standard cubic (75) with the straight 
line 7 / = + n are given by the equation 35'(u) mp (u) — = 0, the left-hand 

side of which has a pole of the third order at the point w = 0, The sum of the 
arguments of the points of intersection is then equal to a period. If and Ug 
are the arguments of two of these points, we can take — iq — for the argu- 
ment of the third point of intersection, and the abscissas of these three points 
are respectively p (iq), p (Wo), p (iq + ^^ 2 ) • deduce from this a new proof 

of the addition formula for p(u). In fact, the abscissas of the points of inter- 
section are roots of the equation 

4x2 — g^x — <73 = ; 

hence 

TTL^ 

+ ajj + *3 = p (Ii,) + p (tig) + p(Mi + Ms) = — . 


On the other hand, from the straight line passing through the two points 
Jfg (^ 2)5 we have the two relations p'Ca^) =? 7 ip (iq) + 71 , p'( 742 )=mp ( 1 ( 2 )+^, whence 

pW-pW’ 

and this leads to the relation already found in § 74, 


P(U3) + P(M 3 ) + P(Mx + U3) = 


81. General formulae for parameter representation. Let R(x) be a 
polynomial of the fourth degree prime to its derivative. Consider 
the curve represented by the equation 

(77) 'if (x) = + 4 + 6 4- 4 a^x -b rq . 


We shall show how the coordinates x and y of a point of this curve 
can be expressed as elliptic functions of a parameter. If we know a 
root a of the equation R (x) = 0, we have already seen in the treat- 
ment of cubics how to proceed. Putting = a + 1/x’j the relation 
(77) becomes 

p/ . 


x' = ap(u)~l- V/' = ct:p'(7c), by a suitable choice of a, j3 and of the 
invariants of deduce from these relations the following 

expressions for x and y : 


(78) 


.= , 1 _ 

«p(w)+/3’ ^ [«p(«)+^r’ 


whence we find ihi^—ih'h}^ parameter u is identi- 

cal, except for sign, with the integral of the first kind, / dx/'^R (cc), 
and the formuhB (78) constitute a generalization of the results for 
the sim2)le case of i)arametric rei^reseiitation in § 80. 

Let us consider now the general ease in which we do not know any 
root of the equation R (x) = 0. We are going to show that x and y 
can he expressed rationally in terms of an elllptlG function p(^t) with 
known invariants^ and of its derivative p'(u), without introducing any 
other irrationality than a square root. Let us rejolace for the moment 
X and 2 / by i and v respectively, so that the relation (77) becomes 


(77') = R {f) = -f- 4 -f- 6 + 4 a.^t + a^. 

The polynomial R (t) can be exjiressed in the form 


in an infinite number of ways, where (j>ij 4 * 2 ^ polynomials of 

the degrees indicated by their subscripts. Eor let («;, p) be the coor- 
dinates of any point on the curve C^. Let us take a 2 )olynomial 
such that <^2 (<^) = Pi which can be done in an infinite number of ways ; 

thmtheetiurtio., itp)- - 0 

will have the root ^ = o:, and we can };)iT-t <f}ft)— t — a. The poly- 
nomial R if) having been put in the preceding form, let us consider 
the auxiliary cubic represented by the equation 

( 79 ) » 7 *.(|) + 2 .>+.(|)+.*,(|)= 0 . 


If we cut this cubic by the secant y = tx^ the abscissas of the two 
variable points of intersection are roots of the equation 


(80) 


t = —■) 




JSTow X and y can be expressed as elliptic functions of a parameter 
since we know a point on the CAibic that is the oidgin. Then t 
and 7 ; can also be expressed as elliptic functions of n. The method is 
evidently susceptible of a great many variations, and we have intro> 
duced only the irrational (3 = VJ^ (rr), where a is arbiti-ary. 

We are going to carry through the actual calculation, sup 2 }osing, 
as is always admissible, that we have first made the coefficient of 
disapx)ear in R(f). We can then write 

(0 = ® + «o®4 

and put 

<#>1(0 = - -^>2(0 = ^3 (0 = 6 + 4 + a^a^. 

The auxiliary cubic has the form 

(81) 6 -f 4 %cb^x^y + -j- 2 a^if — 

following the general method, let us cut this cubic with the 
secant y^tx\ the equation obtained can be written in the form 

0 ■“ ^ ^ ^ ^ ’ 
whence Ave obtain 


Conversely, Ave can express t and (t) in terms of x and y: 


(82) 


X 




On the other hand, solving the equation (81) for y, Ave have 
__ — 2 q-o a.;^x“ + V4 alx^ — x (up — 1) (6 Ug x + 2 

6 a^a^x + 2 Uq 

The polynomial under the radical has the root a; == 0. Applying the 
method ex];)lained ahoAUA, Ave can then express x and y as elliptic 


Substituting the preceding values for x and ?/ in the expressions 
(82), we find 


(85) 


1 

^ = 2 


P-00-- 


p(«) + ; 




2 p («)--■ 


1 


p'OO ■ 


dn 


P(«) + ? 

^0 J 


We can write these results in a somewhat simpler form by noting 
that the relations 


( 86 ) 


p(v) = - 


P’(v) = ^ 


are compatible according to the values (84) of the invariants and 
On the other hand, we can substitute for 


ir p'oo-p'w r 

^LpOO-pW. 


its equivalent p(u + t;) + p(u) + p(v). Combining these results and 
replacing t and Vi? (i) by x and y respectively, we may formulate 
the result in the following ]3roposition : 


T/ie coordinates (jc, y) of any ]}oint on the cnrve C^, re'pvesentcd by 
the erptatlon (77) (yvhere a.^ = 0), can he expressed in terms of a vari- 
able parameter u by the forw/idce 


(87) 


_ 1 p'C'iQ - p'(^) 

2 p(«)-p(,;)’ 


y = ^ [P («) - P (« + v)]. 


ichere the invariants and gfiave the values given by the relations (84), 
and where p{v)^ p'(-«;) are determined by the compatible equations (86). 


From the formula (45), established above (§ 74), we derive, by 
differentiating the two sides of that equality. 



n cannot have more than (n — 1) (n ~ 2)/2 double points without 
degenerating into several distinct curves. If the curve is not 
degenerate and has d double points, the difference 

is called the deficiency of that curve. Curves of deficiency zero are 
called unicursal curves ; the coordinates of a point of such a carve 
can be expressed as rational functions of a parameter. The next 
simplest curves are those of deficiency one ; a curve of deficiency 
one has (n — l)(n — 2)/2 ^ 1 n (ii — 3) /2 double points. 

The coordinates of a point of a curve of deficiency one can he 
expressed as elliptic functions of a parameter. 

In order to prove this theorem, let us consider the adjoint curves 
of the (n — 2)th order, that is, the curves which pass through 
the n(n~-?i) /2 double points of C,,. Since {n — 2) + 1) /2 points 
are necessary to determine a curve of the (n — 2)th degree, the 
adjoint curves depend still upon 

(n-2){n + l)-n{n -3) ^ 

2 

arbitrary parameters. If we also require that these curves pass 
through — 3 other simple points taken at pleasure on C„, we obtain 
a system of adjoint curves which have, in common with C„, the 
n(n — 3)/2 double points of and w ~ 3 of its simple points. Let 
Fix^ 0 be the equation of and let 

/i(*> y) + («=; y) + -Ve y) = 0 

be the equation of the system of curves C„_ 2 , where A and /x are arbi- 
trary parameters. Any curve of this system meets in only three 
variable points, for each double point counts as two simple points, 
and we have 

(ti — 3) + 7Z- — 3 = — 2) — 3. 

Let us now put 

03 ' = 


y) t ^ /ifa) ?/) ■ 

r frv, -r fry, ni\ » 


The two curves and correspond to each other point for point 
bj means of a hirational transforviation. This means that, con- 
versely, the coordinates (a*, y) of a point of C\ can be expressed 
rationally in terms of the coordinates (a', y') of the corresponding 
point of C'. To prove this -we need only show that to a point (x\ ij) 
of C' there corresponds only one point of C„, or that the equations 
(88), together with F(x., y) ~ 0, have only a single system of solu- 
tions for X and y, which vary with x' and 

Suppose that to a point of (F there correspond actually two points 
(r/, />), (a\ b') of Avhich are not among the points taken as the 
basis of the system of curves Then we should have 

/i(^b ^0 ' 

and all the curves of the system which pass through the point (a, h) 
would also pass through the point (a', &'). The curves of the system 
which pass through these two points would still depend linearly 
upon a variable parameter and would meet the curve in a single 
variable point. The coordinates of this last point of intersection 
with C„ would then be rational functions of a variable parameter, 
and the curve C„ would be unicursal. But this is impossible, since 
it has only n(n — 3)/2 double points. Hence to a point (x\ y') of O' 
corresponds only one point of C„, and the coordinates of this point 
are, by the theory of elimination, rational functions of x' and y ' : 

(89) a! = y'), y = y'). 

In order to obtain the degree of the curve C^, let us try to find 
the number of points common to this curve and any straight line 
ax' + + c = 0. This amounts to finding the number of points 

common to the curve and the curve 

y) + &/s(a’, y) + y) = 0, 

since to a point of C corresponds a single point of and conversely. 
Now there are only three points of intersection which vary with a, by c. 
The curve C' is therefore of the third degree. To sum up, the coor- 
dinates of a noint of the curve C.. can be exnressed rationallv in 



It results also irom the demonstration, and from what has been 
seen above for ciibics, that tlie representation can be made in such a 
way that to a point (x^ y) of C„ corresponds only one value of % in 
a jiarallelogram of periods. 

Let X = ^{u)j y =: be the expressions for x and y derived 

above ; then every Abelian integral to = JR {x^ tj) dx associated with 
the curve (I, § 103, 2d ed. ; § 108, 1st ed.) is reduced by this 
(^liange of variables to the integral of an elliptic function j lienee this 
integral w can be expressed in terms of the transceiidentals p, <t 
of the theory of elliptic functions. The introduction of these traii- 
seendentals in analysis has doubled the scope of the integral calculus. 


Example. Ricircular qiiariics. A curve of the fourth degree with two double 
points is of deficiency one. If the double points are the circular points at in- 
finity, the curve is called a bicircular quariic. If we take for the origin a 
point of the curve, we can take for the adjoint curves On -2 circles passing 
through the origin ^2 + ^,2 + + pj = 0. 


In order to have a cubic corresponding looint for point to the quartic O4, we 
need only follow the general method and put x' = x/(x^ -f y' = y/{x^ + y^). 
We have, conversely, x = x'/{x'’^ + y = These forinulye define 

an inversion with respect to a circle of unit radius described with the origin 
as center. To obtain the equation of the cubic Og, it will suffice to replace x 
and y in the equation of G^ by the preceding values. Suppose, for example, 
that the equation of the quartic is {x^ + y^)^— ay = 0; the cubic will 
have for its equation ay'{t/^ + x'^) — 1 = 0. 


Note. When a plane curve On has singular points of a higher order, it is of 
deficiency one, provided that all its singular points are equivalent to n (u — 3)/2 
ordinary double points. For example, a curve of the fourth degree having a 
single double point at which two branches of the curve are tangent to each 
other without having any other singularity is of deficiency one; to verify this 
it suffices to cut the quartic by a system of coijics tangent to tlie two brandies 
of the quartic at the double point and passing through another point of the 
quartic. The curve y^ = i?(x), where B(x) is a polynomial of the fourth degree 
prime to its derivative, has a singularity of this kind at the point at infinity. 
It is reduced to a cubic by the following birational transformation : 

x-x\ 

from which it is easy to obtain the forinulye ( 87 ). 



(Change z to z + a in the expansion for ctn z, then integrate between the 
limits 0 and z,) 

3. Deduce from the preceding result the new infinite products 
cos a \ 2 tt + TT/ J-X L 2 tt — (2 n — 1) ttJ 

A iWi + — i-'j ff Yl 5 ) (l ? ) , 

\ a)\ ci' + 7 r/Xi\ a + 27i7r/\ (2n— l)7r— a/ 


sin a — sin^J 
sin a 

cos z — cos a 
1 — cos cr 


= rf Vi 5 ] fi 5 \ 

\ a^J XX \ 2mr + a/ \ 2mr — aj 


QtlK, 


Transform these new products into products of primary functions or into 
products that no longer contain exponential factors, such as 


4. Derive the relations 
tan 2 = 22 : 




n .. 


9 7r‘^ 


-+••• + 


(2 71 + l)^'7r‘^ 




2 z \ — + 1 - (— l)«-i + .“I, 

sin z z \_z^ — 'TT^ — 4: tt^ z^ — ti^tt^ J 


Establish analogous relations for 
'1 


cos 2 ; — cos a 


sin 2 ; — sin a 
6. Establish the relation 

sin ^2: _ ^ ^ 2:2 (^2 — ^2 (2:2 _ 1) (2:2 — 4) 

TTZ 1 " [2 !]2 [3l]2 ' 

[(n+l)ip 

6. Decompose the functions 

1 1 


into simple elements. 

7. If fifg = 0, we have 




/ dx r ax^ + b 

X^Vx^ — X V(1 — x2) (1 — /c2a;2J ’ 

it is required to express the variable a; and each one of these integrals in terms 
of the transcendentals p, or. 

9. Establish Ileriiiite’s decomposition formula (§ 73) by equating to zero 
the sum of the residues of the function I^(z)[^(a;— z) — ^)] ^ paral- 

lelogram of periods, where F{x) is an elliptic function and where x^ Xq are 
considered as constants. 

10. Deduce from the formula (00) the relation i? =— ^'''(0)/12 
(It should be noticed that the series for <r(u) does not contain any terms 
in u^.) 

11^. Express the coordinates x and ?/ of one of the following curves as 
elliptic functions of a parameter : 

v/8 = ^ [(x a) (x ~h) {x— c)]2, =A [(aj ~ a) (x — 6)]^, 

y^=A (x— a)^{x — b)^{x— cy^ — A (x >- a)^ (x — 

lA ~ A {x— ay (x — by, 

= A (x — ay (x — by (x — cy, = A (x — a)^ (x — 

y^ = A (x — ay (x — 6)^, ly ^ A (x — ft)^ (x — by, 

y^ + (Zx2 + mx + w) 2/2 -h ^ [{x — «) (x — 6) (x — c)y = 0, 

( Q8 A ^\2 / 33 A ^\2 

+ — — j = 0, + Axiy + x2 \ = 0, 

/ 38 ^ 4\2 ‘ 

y^ + Axy^^{Bx^ + ^^—j^0, 

f 44 4 6\2 / 44 4 4\2 

+ ^X2/4 + X^ ^^x - — — j =0, + Axiy —j =0. 

The variable parameter is equal, except for a constant, to the integral f (1/y) dx. 

[Briot et Bouquet, TMorie desfonciions doubleinent 
y^riod'iques, 2d ed., pp. 388-412.] 



CHAPTER IV 


ANALYTIC EXTENSION 

L DEFINITION OF AN ANALYTIC FUNCTION BY MEANS 
OF ONE OF ITS ELEMENTS 

83. Introduction to analytic extension. Let/(r;;) be an analytic func- 
tion in a connected portion yl of the plane, bounded by one or more 
curves, closed or not, where the word curue is to be understood in 
the usual elementary sense as heretofore. 

If we know the value of the function f(.v) and the values of all 
its successive derivatives at a definite point a of the region A, we 
can deduce from them the value of the function at any other point Ij 
of the same region. To prove this, join the 2:)oints a and by a path L 
lying entirely in the region A ; for example, by a broken line or by 
any form of curve whatever. Let S be the lower limit of the dis- 
tance from any point of the path L to any point of the boundary of 
the region A , so that a circle with the radius S and with its center at 
any point of L will lie entirely in that region. By hy^jothesis we 
know the value of the function f(a) and the values of its successive 
derivatives /"(^); • ' *> therefore write the 

power series which represents the function f{z) in the neighborhood 
of the point a : 

( 1 ) + ^/'(«) + • • • + («)+•••• 

The radius of convergence of this series is at least equal to 8, but 
it may be greater than 8. If the point h is situated in the circle of 
convergence of the preceding series, it will suffice to replace ^ by 
b in order to have/(Z>). Suppose that the point h lies outside the circle 
Cq, and let cq be the point where the path L leaves (Fig. 30). 
Let us take on this path a point 5^^ within and near so that the 


^ Since the value of / {z) at the point h does not depend on the path so long as it 


of the series which represents the function /(^) in the neighborhood 
of the point are therefore determined if we know the coefficients of 
the first series (1), and we have in the neighborhood of the point 


(2) /(.-)=/(«:) + V^/(^,) + 


- ^i)’ 




The radius of the circle of convergence of this series is at least 
equal to S; this circle contains, then, the point within it, and 
there is also a part of it out- 
side of the circle C^. If the 
point h is in this new circle 
C^, it will suffice to put z = b 
in the series (2) in order to 
have the value of f(b). Sup- 
pose that the point h is again 
outside of C^, and let be 
the point where the path 
leaves the circle. Let us take 
on the path L a point 
within and such that the 
distance between the two points and shall be less than S/2. 
The series (2) and those which we obtain from it by successive dif- 
ferentiations will enable us to calculate the values of f(z) and its 
derivatives • • • at the point We shall then 

form a new series, 









which represents the function f(z) in a new circle with a radius 
greater than or equal to 8. If the point h is in this circle we shall 
replace zhjh in the preceding equality (3) ; if not, we shall continue 
to apply the same process. At the end of a finite number of such 
operations we shall finally have a circle containing the point h within 
it (in the case of the figure, h is in the interior of ; for we can 
fllwoTTR nhnnsp. thft -nnints s; . z.. • • • in such a wav that the dis- 


we shall come upon a point of the path L whose distance from 
the point Ij will be less than S5 the point b will be in the interior 
of the circle of convergence of the power series which represents 
the function f(z) in the neighborhood of the point and it will 
suffice to replace z- by b in this series in order to have/(i). In the 
same way all the derivatives • • • can be calculated. 

The above reasoning proves that it is possible, at least theoretically, 
to calculate the value of a function analytic in a region A, and of 
all its derivatives at any point of that region, provided we know 
the sequence of values, 

(4) /(a), f'(a), f'(a), ■■■, • • •, 

of the function and of its successive derivatives at a given point a of 
that region. It follows that any function analytic in a region A is 
completely determined in the whole of that region if it is known in 
a region, however small, surrounding any point a taken in yl, or 
even if it is known at all 2:)oints of an arc of a curve, however short, 
ending at the 'point a, Tor if the function f{z) is determined at 
every point on the whole length of an arc of a curve, the same must 
be true of its derivative since the value f{z^ at any point of 

that arc is equal to the limit of the quotient [/(^g) ^1) 

when the point z,^ approaches along the arc considered ; the deriv- 
ative being known, we deduce from it in the same way/"(^), 
and from that we deduce • • •. All the successive derivatives 
of the function f{z) will then be determined for a. We shall say 
for brevity that the knowledge of the nnmerical values of all the 
terms of the sequence (4) determines an element of the function 
f(z). The result reached can now be stated in the following man- 
ner : A function analytic in a region A is completely determined if 
we know any one of its elements. W e can say further that two func- 
tions analytic in the same region cannot have a common element 
without being identical. 

We have supposed for definiteness that the function considered, 
/(^), was analytic in the whole region ; but the reasoning can be 


84. New definition of analytic functions. U]) to the present we have 
studied analytic functions which were defined by expressions which 
give tlieir values for all values of the variable in the field in which 
they were studied. We now know, from what precedes, that it is 
possible to define an analytic function for any value of the variable 
as soon as we know a single element of the function ; but in order to 
present the theory satisfactorily from this new point of vieAV, we must 
add to the definition of analytic functions according to Cauchy a new 
convention, which seems to be worth stating in considerable detail. 

Let/^(.'s), functions analytic respectively in the two 

regions A ^ having one and only one part 
A' in common (Fig. 31). If in the com- 
mon part A' we have f^(/) = which 

will be the case if these two functions have 
a single common element in this region, we 
shall regard f^{z) and f^{^) as forming a 
single function F{z)j analytic in the region 
/Ij 4- dg, by means of the following equalities ; 

-P’(«)=/i(«) in nnd in A- 

We shall also say f^(z) is the ancdytlc extension into the region 
yl 2 — d ' of the analytic function which is supposed to be defined 
only in the region yt^. It is clear that the analytic extension off^(z) 
into the region of exterior to is possible in only one way.* 

^In order to show that the preceding convention is distinct from the definition of 
functions analytic in general, it suffices to notice tliat it leads at once to the following 
consequence: If a function f{z) is analytic in a region d, coery other analytic func- 
tion y\(z), under these conventions^ which coincides with f{z) in a part of the region A 
is identical ioithf{z) in A. Now let us consider a fiuiction F{z) defined for all values 
of the complex variable z in the following manner : 

TT /ir\ 

F{z)= sin 2 :, F\^-j — 0. 

However odd this sort of convention may appear, it has nothing in it contra- 
dictory to the previous defmitio.n of functions in general analytic. The function 
thus defined would be analytic for all values of 2 : excep^t for z = 7r/2, which would 




subject to tlie single condition that the series 

(7) a, + + • • • + + • • • 

converges for some value of different from zero. (We take ;^=0 
for the initial value of the variable, which does not in any way 
restrict the generality.) The series (7) has, then, by hypothesis, a 
circle of convergence whose radius Pi. is ]iot zero. If 7? is infinite, 
the series is convergent for every value of z and rep)resents an inte- 
gral function of the variable. If the radius 72 has a finite value dif- 
ferent from zero, the sum of the series (7) is an analytic function 
/(z) in the interior of the circle C^. But since we know only the 
sequence of coefficients (6), we cannot say anything a priori regard- 
ing the nature of the function outside of the circle We do not 
know whether or not it is possible to add to the circle an adjoin- 
ing region forming with the circle a connected region A such that 
there exists a function anal^^tic in A and coinciding with/(;;) in the 
interior of (7^. The method of the preceding paragraph enables us to 
determine whether this is the case or not. Let us take in the circle 
a point a different from the origin. By means of the series (7), 
and the series obtained from it by term-by-term differentiation we 
can calculate the element of the function/(.t) which corresponds to 
the point a, and consequently we can form the power series 

( 8 ) /(«) + + • • • + («)+•••, 

which represents the function /(?$;) in the neighborhood of the point a. 
This series is certainly convergent in a circle about a as center with 
a radius R — \a\ (§8), but it may be convergent in a larger circle 
whose radius cannot exceed 72 + |a|. Bor if it were convergent in 


be a singular point of a particular nature. But the properties of this function F{z) 
would be in contradiction to the convention which we have just adopted, since the 
two functions F(z) and sin z would be identical for all the values of z except for 
2:=r 7r/2, which would be a singular point for only one of the two functions. 

Weierstrass, in Germany, and Moray, in France, cleveloi^ed the theory of analytic 


vergence of the series (8) is always equal to i? — |fz|, whereyer the 
point a may be taken in the circle Then there exists no means 
of extending the function f{z) analytically outside of the circle; at 
least if we make use of power series only. We can say that there 
does not exist any function analytic in a region A of the plane 
greater tlian and containing the circle and coinciding with /(s;) 
in the circle for the method of analytic extension would enable 
us to determine the value of that function at a point exterior to the 
circle as we have just seen. The circle is then said to be a 
natural boundary for the function /('v'). Further on we shall see 
some examples of this. 

Suppose, in the second place, that with a suitably chosen point 
a> in the circle the circle of convergence of the series (8) has a 
radius greater than R — |ct|. 

This circle has a part 
exterior to (Fig. 32), and 
the sum of the series (8) is 
an analytic function f^{z) in 
the circle (7^. In the interior 
of the circle y with the center 
a, which is tangent to the 
circle internally, we have 
(§ lienee this 
equality must subsist in the 
whole of the region common 
to the two circles The 

series (8) gives us tlie analytic extension of the function f(z) into 
the portion of the circle C\ exterior to the circle Let a' be a new 
point taken in this region j by proceeding in the same way we shall 
form a new power series in powers of z — a\ whidi will be con- 
vergent in a circle If the circle (7^ is not entirely within C\, the 
new series will give the extension of /(,^) in a more extended region, 
and so on in the same way. We see, then, how it is possible to 
extend, step by step, the region of existence of the function /(^), 
which at first was defined only in the interior of the circle 


Gx 



convergence of radius r in the interior of which the function is rep- 
resented by a convergent series arranged in powers of — x. The 
radins r of this circle varies continuously iclth x. For let x and x' be 
two neighboring points of the path Z, and r and r' the corresponding 
radii. If x' is near enough to x to satisfy the inequality \x' — x\< r, 
the radius ?•' will lie between r — \x' — x\ and -* ir |, as we have 

seen above. Hence the difference — r approaches zero with \ x' — x\. 
Now let Cq be a circle with the radius Jl/2 described with the origin 
as center ; if n, is any point on the circle C'^^, the radius of conver- 
gence of the series (8) is at least equal to 7 l/ 2, but it may be greater. 
Since this radius varies in a continuous manner with the position of 
the point it passes througli a mlnwium value R/2 -{-r at a point 
of the circle C', TVe cannot hive r > 0, for if r were actually posi- 
tive, there would exist a function F(f) analytic in the circle of radius 
R r about the origin as center and coinciding with f(f) in the 
interior of For a value of z whose absolute value lies between R 
and R + F^z) would be equal to the sum of any one of the series 
.(8), where a is a point on C' such that \ z — a\< R /2 1 \ According 

to Cauchy^s theorem, F(f) would be equal to the sum of a power 
series convergent in the circle of radius R -f- ?•, and this series would 
be identical Avith the series (7), which is impossible. 

There is, therefore, on the circumference of Cq at least one point a 
such that the circle of convergence of the series (8) has R/2 for its 
radius, and this circle is tangent internally to the circle at a point 
a where the radius Oa meets that circle. The point a; is a singular 
point of f(z) on the circle In a circle c with the point a for 
center, however small the radius may be taken, there cannot exist 
an analytic function Avhich is identical with in the part common 
to the two circles and c. It is also clear that the circle of conver- 
gence of the sferies (8) having any point of the radius Oa for center 
is tangent internally to the circle at the point n:.* 


^ If all the coefficients an of the series (7) are real and ‘positive^ the point z = R is 
necessarily a singular point on Cy. In fact, if it were not, the power series 




to Z. Let be the point where the moving point leaves the circle ; 
if this point were a singular point, it would be impossible to con- 
tinue on the path L beyond this point. We shall suppose that it is 
not a singular point j we can then form a power series arranged in 
powers of z — and convergent in a circle with the center 
whose sum coincides with /(^) in the part common to the two cir- 
cles Cg and C\, To calculate • • • we could employ, for 

example, an intermediate point on the radius Oa^. The sum of the 
second series would furnish us with the analytic extension of f(z) 
along the path L from so long as the moving point does not leave 
the circle In particular, if all the path starting from lies in 
the interior of that series will give the value of the function at the 
point Z. If the path leaves the circle at the point we shall 
form, similarly, a new power series convergent in a circle with 
the center and so om^ We shall suppose first that after a finite 
number of operations we arrive at a circle with the center con- 
taining all the portion of the path L which follows a^,, and in partic- 
ular the point Z, It will suffice to replace z hj Z in the last series 
used and in those which we have obtained from it by term-by-term 
differentiation in order to find the values of f{Z)^f{Z')^ * * ■? 

with which we arrive at the point Z^ that is, the final element of the 
function. 

It is clear that we arrive at any point of the path L with com- 
pletely determined values for the function and all its derivatives. 
Let us note also that we could replace the circles C^, ^2, • • •, 

by a sequence of circles similarly defined, having any points z^^ z^^ 

. . . , of the path L as centers, provided that the circle with the 
center z^ contains the portion of the path L included between z^ and 
can also modify the path L, keeping the same extremities, 
without changing the final values of /(^), /'(^), • * • ; for the 



whatever the angle w may he, for we have evidently 
I 


/ 7?otto\ 1 


/ 7?\ 



strip in -which the path L lies, and we can replace the path L by any 
other path V going from ^ = 0 to the point Z and situated in that 

strip. Let us suppose, for 
definiteness, that we have to 
make use of three consecutive 
circles C,, C, (Fig. 33). 
Let X' be a new path lying 
in the strip formed by these 
three circles, and let us join 
the two points m and n. If we 
go from 0 to m first by the 
path 0(X^7n, then by the path 
Onin, it is clear that we arrive 
at m with the same element, since we have an analytic function in 
the region formed by and C^. Similarly, if we go from in to Z 
by the path ina^Z or by the path mnZ, we arrive in each case at 
the point Z with the same element. The path L is therefore equiv- 
alent to the path OmnnZ^ that is, to the path V. The method of 
proof is the same, whatever may be the number of the successive 
circles. In particular, we can always rexfiace a p)ath of any form 
whatever by a broken line.* 



85. Singular points. If we proceed as we have just exx)lained, it 
may happen that we cannot find a circle containing all that part of 
the path L which remains to be described, however far we continue 
the process. This will be the case when the j)oint is a singular point 
on the circle for the ]process will be checked just at that point. 
If the process can be continued forever, without arriving at a circle 
incdosing all that x)art of the x’citli L which remains to be described, 
the points a,;, • • • apinmch a limit point X of the path X, 

which may be either the point Z itself or a x)oint lying between 0 
and Z. The point X is again a singular gioint, and it is impossible 
to push the analytic extension of the function /(-'v) along the path X 
beyond the point X. But if X is different from Z, it does not follow 
that the noint Z is itself a singular noint. and that we cannot cro 


we shall arrive at the point z=—^ after a finite number of steps, 
for all the successive circles will pass through the point ^ — 1. 

It should be noticed that the preceding definition of singular points 
depends upon the path followed by the variable ; a point \ may be 
a singular point for a certain path, and may not for some other, if 
the function has several distinct branches. 

When two paths Lj, L[^ going from the origin to Z, lead to dif- 
ferent elements at Z, there exists at least one singular point in the 
interior of the region which would be swept out by one of the paths, 
Xj, for example, if we were to deform it in a continuous manner so 
as to bring it into coincidence with Xfi retaining always the same 
extremities during the change. Let us sup- 
pose, as is always permissible, that the two 
paths Xj, L{ are broken lines composed of the 
same number of segments J-^Z and 

Oa{h[G{ • • • l[Z (Fig. 34). Let 
be the middle points of the segments 

* * •? ^ 1^13 ^2 by the 

broken line 0 * l^Z cannot be equiva- 

lent at the same time to the two paths X^, L{ 
if it does not contain a singular point. If the 
path Xg does contain a singular point, the 
theorem is established. If the two paths 
and Xg are not equivalent, we can deduce from 
them a new path Xg lying between X^ and 
by the same process. Continuing in this way, we shall either reach 
a path Xp containing a singular point or we shall have an infinite 
sequence of x^aths Xj, Xg, • • •. These ];)aths will ajiproach a limit- 
ing path A, for the points ‘ ' approach a limit point lying 

between a-^ and cq, • • •, and similarly for the others. This limiting 
path A must necessarily contain a singular point, since w^e can 
draw two paths as near as we x^ease to A, one on each side of 
it, and leading to different elements for the function at Z, This 
could not be true if A did not contain any singular points, since 
thp. T»atha sufficientlv close to A must lead to the same elements 




LUBir LLlOtliUUUlUii ili UllB JJiilllC Uttu UC UiC»UcA,iUeLL ih JJiiUii WIUilUU.U 

danger of leading to some contradiction. A study of the analytic 
extension is required to determine all the possible cases.* 

86. General problem. !From what precedes, it follows tha,t an analytic 
function is virf/uallf/ determined when we know one of its elements, 
that is, when we know a sequence of coefficients a^, • • •, ci^n? * * • 

such that the series 

+ a^(x — a) -f a,,(x — or)” H 

has a radius of convergence different from zero. These coefficients 
being known, we are led to consider the following general problem ; 
To find tlh6 valiio of the function at any point p of the plane when the 
variable is made to describe a definitely chosen path from the point a 
to the point /3. We can also consider the problem of determining 
a priori the singular points of the analytic function j it is also 
clear that the two problems are closely related to each other. The 
method of analytic extension itself furnishes a solution of these two 
problems, at least theoretically, but it is practicable only in very 
particular cases. For example, as nothing indicates a priori the 
number of intermediate series which must be employed to go from 
the point a to the point p, and since we can calculate the sum of 
each of these series with only a certain degree of ajDproxim^tion, it 
appears impossible to obtain any idea of the final approximation 
which we shall reach. So the investigation of simpler solutions was 
necessary, at least in particular cases. Only in recent years, how- 
ever, has this problem been the object of thorough investigations, 
which have already led to some important results. "S' 


^'Let f{x) be a function analytic along the whole length of the segment ah of tlie 
real axis. In the neighborhood of any point (X of this segment the function can be 
represented by a power series whose radius of convergence R(<x) is not zero. This 
radius f?, being a continuous function of a, has a positive minimum r. Let p be a 
positive number less than r, and ^ the region of the plane swept out by a circle with^ 
the radius p when its center describes the segment ab. The function f(x) is analytic 
in the region ^ and on its boundary; let Mhe an upper bound for its absolute value ; 
from the general formulte (14) (§ 33) it follows that at any point x of ab we have the 



inathematicians have not been chosen by them arbitrarily; rather, 
the study of these functions was forced upon them by the very nature 
of the i^roblems which they encountered. Now, aside from a small 
number of transcendentals, all these functions, after the explicit 
elementary functions, are defined either as the roots of equations 
which do not admit a formal solution or as integrals of algebraic 
differential equations. It is clear, then, that the study of implicit 
functions and of functions defined by differential equations jnust 
logically have 2^i’eceded the study of the general 2)roblem of which 
these two j^roblems are essentially only very i^articiilar cases. 

It is easy to show how the study of algebraic differential equa- 
tions leads to the theory of analytic extension. Let us consider, for 
concreteness, two power series "-(a'), arranged according to i)os- 
itive 2:)Owers of x and convergent in a circle C of radius U described 
about the point x = 0 as center. On the other hand, let N(x, y, y \ y"? 
* • ., y^^^, z\ • • •, be a 2)olynomial inx, y, ?/, • • •, z, z\ • • •, 

Let us supj)ose that we replace y and ^ in this jpolyi^omial by the 
preceding series, y', y", * • y^^^ by the successive derivatives of the 

series y(x), and z\ z'\ • • •, by the derivatives of the series ^(x); 
the result is again a power series convergent in the circle C. If all 
the coefficients of that series are zero, the analytic functions y(x) 
and z(x) satisfy, in the circle C, the relation 

(9) jF(a;, y, y', •••, -s', •••,«'’))= 0. 

We are now going to jirove that the functions obtained by the analytic 
extension of the series y(x) a.nd z(x) satisfy the same relation in the 
whole of their domain of existencef More precisely, if we cause the 
variable x to describe a path L starting at the origin and proceeding 
from the circle C to reach any point a of the j^lane, and if it is pos- 
sible to continue the analytic extension of the two series y(x) and 
'z (x) along the whole length of this joath without meeting any singular 
point, the 2:)ower series L (x — u’) and Z(x — a) with which we arrive 
at the point a represent, in the neighborhood of that point, two ana- 
lytic functions which satisfy tlie relation (9). For let he a point 
of the path L within the circle C and near the point where the path L 



•whose values are identical with the values of the two series y (x) and 
(x) in the part common to the two circles C, Substituting for y 
and z in F the two corresponding series, the result obtained is a power 
series P(x — • convergent in the circle Now in the part common 

to the two circles C, we have P(x — 0; the series P(x — x^) 

has therefore all its coefficients zero, and the two new series y(x — x^) 
and z(x — xj satisfy the relation (9) in the circle C\. Continuing 
in this way, we see that the relation never ceases to be satisfied 
by the analytic extension of the two series y (x) and z (x), whatever 
the path followed by the variable may be; the proposition is thus 
demonstrated. 

The study of a function defined by a differential equation is, then, 
essentially only a particular case of the general problem of analytic 
extension. But, on the other hand, it is easy to see how the knowledge 
of a particular relation between the analytic function and some of 
its derivatives may in certain cases facilitate the solution of the 
problem. We shall have to return to this point in the study of 
differential equations. 


II. NATUBAL BOUNDARIES. CUTS 

The study of modular elliptic functions furnished Hermite the 
first example of an analytic function defined only in a portion of 
the plane. We shall point out a very simple method of obtaining 
analytic functions having any curve whatever of the plane for a 
natural boundary (see § 84), under certain hypotheses of a very 
general character concerning the curve. 

87. Singular lines. Natural boundaries. We shall first demonstrate 
a preliminary proposition.* 

Let a^y • • ‘y • • • and * * * t)e two sequences of 

any kind of terms, the second of which is such that is absolutely 
convergent and has all its terms different from zero. Let C be a 
circle with the center containing none of the points in its interior 
and passing through a single one of these points ; then the series 



We can clearly suppose that = 0, for if we change to 
a^, is replaced by cty — and does not change. We shall also sup- 
pose that we have | R, where R denotes the radius of the circle C, 
and |«i| > R for I > 1. In the circle C the general term c^lia^ — .v) can 
be developed in a power series, and that series has {\c^\j R^/i^ — 
for a dominant function, as is easily verified. By a general theorem 
demonstrated above (§9), the series 2 | being convergent, the func- 
tion F(rS) can be developed in a power series in the circjle C, and that 
series can be obtained by adding term by term the power series which 
rejpresent the different terms. We have, then, in tlie circle C 


(10') F{£) = -I- + . . . + A,, V . 

-I- eo 

Let us choose an integer p such that^|c^| shall be smaller than 


|c^|/2, which is always possible, since is not zero and since the 
series is convergent. Having chosen the integer p in this 

way, we can write F(z):=^ F^(z)-\- where we have set 
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F^(z) is a rational function which has only poles exterior to the 
circle C ; it is therefore developable in a power series in a circle C' 
with a radius R' > R. As for we have 


( 11 ) 

where 




L + 2 
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We can write this coefficient again in the form 

a- 




but we have, by hypothesis, I a, /a. I < 1, and the absolute value of 



IS less than \(\\/^, hy me metnoa or cnoosmg me inreger 7?. xiie 
absolute value of the coefficient is therefore between | r,^\/2 and 
3|t'J/2 in magintudCj and the absolute value of the general term 
of the series (11) lies between (\c^\/2 R)\z/R\^ wd (3\a^\/2 R)\z/K\^i 
that series is therefore divergent if |,t;| > R. By adding to the series 
convergent in the circle with the radius R^ a series con- 

vergent in a circle of radius > 7?, it is clear that the sum F(z) has 
the circle C with the radius R for its circle of convergence; this 
proves the proposition which was stated. 

Let now L be a curve, closed or not, having at each jDoint a definite 
radius of curvature. The series ^6^ being absolutely convergent, let 
us suppose that the points of the sequence are all 

on the curve L and are distributed on it in such a way that on a 
finite arc of this curve there are always an infinite nmnber of points 
of that sequence. The series 


( 12 ) 


a.. — ; 


is convergent for every point not belonging to the curve X, and 
represents an analytic function in the neighborhood of that point. 
To prove this it would suffice to repeat the first part of the preced- 
ing proof, taking for the circle C any circle with the center z^ and 
not containing any of the points a^. If the curve L is not closed, 
and does not have any double points, the series (12) represents an 
analytic function in the whole extent of the plane except for the 
points of the curve X, We cannot conclude from this that the 
curve Z is a singular line ; we have yet to assure ourselves that 
the analytic extension of F(z) is not possible across any portion 
of X, however small it may be. To prove this it suffices to show that 
the circle of convergence of the power series which represents F(z) 
in the neighborhood of any point not on X can never inclose an 
arc of that curve, however small it may be. Suppose that the circle C, 
with the center z^, actually incloses an arc a 13 of the curve X. Let us 
take a point on this arc a/S, and on the normal to this arc at a,- let 
us take a point z^ so close to the point ai that the circle C^*, described 



series, for that circle of convergence cannot be smaller than the 
circle with the center z’ which is tangent internally to the circle C. 

If the curve L is closed, the series (12) represents two distinct 
analytic functions. One of these exists only in the interior of the 
curve X, and for it that curve is a natural boundary; the other 
function, on the contrary, exists only in the region exterior to the 
curve L and has the same curve as a natural boundary. Thus the 
curve i is a natural boundary for each of these functions. 

Given several curves, Xg, • • •, closed or not, it will be pos- 
sible to form in this way series of the form (12) having these curves 
for natural boundaries ; the sum of these series will have all these 
curves for natural boundaries. 

88. Examples. Let AB he a segment of a straight line, and or, /3 the complex 
quantities representiiigthe extremities^, B, All thepointsy = (ma-hn^)/{m~\-7i), 
where m and n are two positive integers varying from 1 to + oo, are on the seg- 
ment AB, and on a finite portion of this segment there are always an infinite 
number of points of that hind, since the point 7 divides the segment AB m the 
ratio m/n. On the other hand, let Cm, n the general term of an absolutely 
convergent double series. The double series 

' ^ ^ ma -{- njS 

W -1- 91 

represents an analytic function having the segment AB for a natural boundary. 
We can, in fact, transform this series into a simple series with a single index 
in an infinite number of ways. It is clear that by adding several series of this 
kind it will be possible to form an analytic function having the perimeter of 
any given polygon as a natural boundary. 

Another example, in which the curve L is a circle, may be defined as follows : 
Let a be a positive irrational number, and let be a positive integer. Let us put 

a = 

Then all the points ay are distinct and are situated on the circle C of unit radius 
having its center at the origin. Moreover, we know that we can find two inte- 
gers m and n such that the difference 27r ( 7 iar— m) will be less in absolute value 
than a number e, however small e be taken. 

There exi.st, then, powers of a whose angle is as near zero as \ve wish, and 
consequently on a finite arc of the circumference there will always be an infinite 



It is easy to prove directly that the function represented by this power series 
cannot be extended analytically beyond the circle C ] for if we add to it the 
series for 1/(1 — 2), there results 

i<’(*) + -J- = 2 + 2(3-^ + l')+ ••• + z"f;7-;^-T+d+ = 

1 — 25 \ 2 tt — 1 / \ 2 a «— 1 / 

or 


Changing in this relation z to az^ then to • • • , we find the general relation 

(14) F{a«z) = —F(z)-^ ^ + 1 +••• + 1 . 

' ' ^ ' ^^2»(l-z)^2«-i(l-a2;) 2 (l-a»-iz) 


which shows that the difference 2«i^(a"2:) — F{z) is a rational function 0 (2) hav- 
ing the n poles of the first order 1, 1/a, • • • , l/a”-i. 

The result (14) has been established on the supposition that we have |2:|<1 
and I a| = 1. If the angle of a is commensurable with tt, the equality (14) shows 
that F{z) is a rational function • to show this it would suffice to take for n an 
integer such that a” = 1. If the angle of a is inconiinensurahle with tt, it is im- 
possible for the function F{z) to he analytic on a finite arc AB of the circum- 
ference, however small it may be. Tor let a-^ and a^-p be two points on the 
arc AB(n>;p). The numbers n and p having been chosen in this way, let us 
suppose that 2 is made to approach a-P\ a^z will approach and the two 

functions F{z) and F(a'^z) would approach finite limits if F(z) were analytic 
on the arc AB. Now the relation (14) shows that this is impossible, since the 
function 0(2) has the pole a-P. 

An analogous method is applicable, as Hadamard has shown, to the series 
considered by Weierstrass, 

(15) J’(z)=2^6"z“”, 

where a is a positive integer > 1 and 6 is a constant whose absolute value is less 
than one. This series is convergent if \z \ is not greater than unity, and diver- 
gent if 1 2 1 is greater than unity. The circle C with a unit radius is therefore the 
circle of convergence. The circumference is a natural boundary for the func- 
tion F{z). Tor suppose that there are no singular points of the function on a 
finite arc ajS of the circumference. If we replace the variable 2 in F{z) by 
2:e2A*i7r/c'*^ where k and h are two positive integers and c a divisor of a, all the 
terms of the series (15) after the term of the rank h are unchanged, and the 
difference F{z) — is a polynomial. Neither would the function F(z) 

have anv sinffular noints on the are rfuR,. whieh is derived from the are nrR hv a 



iiinciion f {z) wouiu thereiore not have any singular points on the circumfer- 
ence, which is absurd (§ 84). 

This example presents an interesting peculiarity ; the series (16) is absolutely 
and uniformly convergent along the circumference of C. It represents, then, a 
continuous function of the angle 6 along this circle.* 

89. Singularities of analytical expressions. Every analytical expres- 
sion (sncli as a series whose different terms are functions of a vari- 
able or a definite integral in which that variable appears as a 
parameter) represents, under certain conditions, an analytic function 
in the neighborhood of each of the values of for which it has a 
meaning. If the set of these values of ^ covers completely a connected 
region A of the jilaiie, the expression considered represents an 
analytic function of .v in that region A ; but if the set of these values 
of forms two or more distinct and separated regions, it may happen 
that the analytical expression considered represents entirely distinct 
functions in these different regions. We have already met an exam- 
ple of this in § 38. There we saw how we could form a series of 
rational terms, convergent in two curvilinear triangles PQR, P'QjPJ 
(Fig. 16), whose value is equal to a given analytic function /(z) in 
the triangle PQPt and to zero in the triangle P'QPJ. By adding two 
such series we shall obtain a series of rational terms whose value is 
equal to f{z) in the triangle PQR and to another analytic function 
</) (z) in the triangle P^(l'R\ These two functions f{z) and ^ (z) being 


* Fredholm has shown, similarly, that the function represented by the series 

0 

where a is a positive quantity less than one, cannot he extended beyond the circle of 
convergence {Comptes rendus, March 24, 1890). This example leads to a result which 
is worthy of mention. On the circle of unit radius the series is convergent and the 
value 

F{9) = S rt'^fcos {nW) + i sin (?i2^)] 

is a continuous function of the angle 9 which has an infinite number of derivatives. 
This function F{d) cannot, however, be developed in a Taylor's series in any interval, 
however small it may be. Suppose that in the interval (^o - a, 9o + a) we actually 
have 
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The following is another very simple examj^le, analogous to an 
example pointed out hy Schroder and by Tannery. The expression 
(1 — z ") /(I -f z^^), where is a positive integer which increases in- 
definitely, approaches the limit +1 if |rj|< 1, and the limit — * 1 
if 1 1^1 >1. If |;5;|== 1, this expression has no limit except for z = l. 
Now the sum of the first n terms of the series 
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is equal to the x:)rcceding expression. This series is therefore conver- 
gent if I z I is different from unity. Hence it rei^resents -f 1 in the 
interior of the circle C with the radius unitij about the origin as 
center, and — 1 at all points outside of this circle. Now let /(z), 
ipi^z) be any two analytic functions whatever; for example, two 
integral functions. Then the exx^ression 

^ = I im + <^ (*)] + 1 s (z)if{z) - <#. (^)] 


is equal to f(z) in the interior of C, and to <^(^) in the region ex- 
terior to C. The circumference itself is a cut for that expression, but 
of a quite different nature from the natural boundaries which we 
have just mentioned. The function which is equal to xj/iz) in the 
interior of C can be extended analytically beyond C ; and, similarly, 
the function which is equal to \p{z) outside of C can be extended 
analytically into the interior. 

Analogous singularities present themselves in the case of functions 
represented by definite integrals. The simxjlest examx)le is furnished 
by Cauchy’s integral; if/(;^) is a function analytic within a closed 
curve r and also on that curve itself, the integral 

(j_\ c 

\2 Tri/ z — X 

represents f(x) if the point x is in the interior of T. The same inte- 
gral is zero if the point x is outside of the curve T, for the function 
f(z)f{z — x) is then analytic inside of the curve. Here again the 



power series convergent for all the values of these two variables, 
definite integral 


( 16 ) 


•*> 




G(t, z) 


dt, 


Then the 


taken over the segment of a straight line which joins the two points cx and 
represents, as we shall see later (§ 95 ), an analytic function of z except for the 
values of z which are roots of the equation G (i, z) = 0 , where t is the complex 
quantity corresponding to a point on the segment a^. This equation therefore 
determines a finite or an infinite number of curves for which the integral 45(2) 
ceases to have a ineaniiig. Let^i/i be one of these curves not having any double 
points. In order to consider a very precise case, we shall suppose that when t 
describes the segment uriS, one of the roots of the equation G {t, z) = 0 describes 
the arc and that all the other roots of the same equation, if there are any, 
remain outside of a suitably chosen closed curve surrounding the arc AB, so 
that the segment and the arc AB correspond to each other point to point. 
The integral (IG) has no meaning when z falls upon the arc AB ; we wish to 
calculate the difference between the values of the function ^ {z) at two points 
N, N', lying on opposite sides of the arc A J3, whose distances from a fixed point 
M of the arc AB are infinitesimal. Let ^4. e, ^4- e' be the three values of 2: 
corresponding to the three points M, 

N, JV' respectively. To these three 
points correspond in the plane of the 
variable i, by meams of the equation 
G (i, z) =: 0 , the point m on ujS, and 
the two points n, n' on opposite sides 
of at infinitesimal distances from 
m. Let 0 , 0 -f- T}, 6 if ha the cor- 
resiDonding values of t. In the neighborhood of the segment u /3 let us take 
a point 7 so near crjS that the equation G{t^ ^4e) = 0 has no other root 
than t — in the interior of the triangle (Fig. 35 ). The function 

^ + ^)/G (i, f 4 e) of the variable i has but a single pole (9 4 77 in the interior 
of the triangle cr/Sy, and, according to the hypotheses made above, this pole 
is a simple pole. Ax^plying Cauchy’s theorem, we have, then, the relation 

I A f+f) G',{9 + r„^+() 



The two integrals fy" are of the same form as ^ {z ) ; they represent re- 
spectively two functions, ^1(2), ^'^’6 analytic so long as the variable 

is not situated upon certain curves. Let AC and BC be the curves which cor- 


( 18 ) 


rlM±^lat+ 

Ja G (t, ^ e') G{i^ e) »/ y G (t, f + e ) 


subtracting tlie two formulae ( 17 ) and ( 18 ) term by term, we can write the result 
as follows : 


H- e) - ^(r+ O + [4>i(r+ e)- #-,(r+ e')] 

+ +€')] = 2 iTT 


F(0+v,^-^€) 

f + ^) 


But since neither of the functions $1(2:), 4 * 2 (^) ^ 

are analytic in the neighborhood of the point sr = f , and by making e and e' ap- 
proach zero we obtain at the limit the difference of the values of $(2:) in two 
points infinitely near each other on opposite sides of AB. We shall write the 
result in the abridged form 

(19) <|,(i^)_4.(if') = 2«^g^; 


this is Hermite’s formula. It is seen that it is very simply related to Cauchy’s 
theorem.^ The demonstration indicates clearly how we must take the points TV 
and N' ; the point N(^+ e) must be such that an observer describing the segment 

has the corresponding point ^ -h 1? on his left. 

It is to be noticed that the arc AB is not a natural boundary for the 
function ^>(2). In the neighborhood of the point N' Ave can replace ^{z) by 
“ [^1(2^) + ^2 (2)] according to the relation ( 18 ). Now the sum ^>^(2) + ^2 (2) is 
an analytic function in the curvilinear triangle ACB and on the arc AB itself, 
as well as in the neighborhood of N'. Therefore we can make the variable z 
cross the arc AB at any one of its points except the extremities A and B 
without meeting any obstacle to the analytic extension. The same thing would 
be true if we were to make the variable z cross the arc AB in the opposite sense. 

Example. Let us consider the integral 

,20, 

where the integral is to be taken over a segment AB of the real axis, and where 
f{t) denotes an analytic function along that segment AB. Let us represent z 
on the same plane as t. The function (2) is an analytic function of z in the 
neighborhood of every point not located on the segment AB itself, which is a 
cut for the integral. The difference ^(N) — ^{N') is here equal to ± 2 7rz/(^), 
where is a point of the segment AB. When the variable z crosses the line AB, 
the analytic extension of <P(z) is represented by ^{z) i 2 7rif{z). 

This example gives rise to an important observation. The function $ (z) is 
still an analytic function of 2, even when f(t) is not an analytic function of t, 
provided that/(t) is continuous between a and B (§ 33 ). But in this case the 



taken along the straight line which joins the points (0, 1) and (a, 6) respec- 
tively ; determine the value of these integrals for a point z not located on these 
boundaries. 

2. Coi^sider four circles with radii 1/V2, having for centers the points 4- 1, 
-f i, — 1, — t The region exterior to these four circles is composed of a finite 
region containing the origin, and of an infinite region A^. Construct, by the 
method of § 38, a series of rational functions which converge in these regions, 
and whose value in is equal to 1 and in Ag to 0. Verify the result by finding 
the sum of the series obtained. 


3. Treat the same questions, considering the two regions inierior to the circle 
of radius 2 with the center for origin, and exterior to the two circles of radius 1 
with centers at the points + 1 and — 1 respectively. 

[ArPELL, Acta mathematical Vol. I.] 

4. The definite integral 

. f + ca t«sin2: 

~ Jo 1 4 2 £ cos 2 4 ’ 


taken along the real axis, has for cuts the straight lines x = (2Z; 4 l)7r, where A: 
is an integer. Let f = (2 4 1) tt 4 be a point on one of these cuts. The dif- 
ference in the values of the integral in two points infinitely close to that point 
on each side of the cut is equal to 7r(e«^ 4 

[Hermite, Crelle's Journal^ Vol. XCI.] 

6. The two definite integrals 




+ 00 — s) 

00 ^ — 2 


dtj 


^ <XI Q—i(t — z) 


dt, 


taken along the real axis, have the axis of reals for a cut in the plane of the 
variable z. Above the axis we have J = 2 ttz, Jq = 0, and below we have c/ = 0, 
/q = — 2 TTi. Troin these results deduce the values of the definite integrals 



qU 

t — z 


di, 


-dty 


L 


' + °° COS {t — z) 
-00 t-- Z 

+ ® sin {t — z) 


dt. 


[Hermite, Crelle's Journal, Vol. XCI.] 


6. Establish by means of cuts the formula (Chap. II, Ex. 16) 



QUt 

1 4 


dt =: 


TT 

sin air 


[Hersiitb, GrelW^s Journal, Vol. XCI.] 



^Yhere z and 2 : + 2 tti arc two poiiits separated by the cut y = tt.) 


7^. Lct/( 2 ) be an analytic function in the neighborhood of the origin, so that 
f{z) =2anZ*^. Denote by F(z) =XanZ’^ln ! the associated integral function. It is 
easily proved that we have 


( 1 ) 


F<az) = — f 
' ’ 2m Jo 


m 

2iTidiC) fi 


c « du. 


where tlie integral is taken along a closed curve C, including the origin within 
it, inside of which f{z) is analytic. Prom this it follows that 


( 2 ) 


f‘e-'’F(az)da-— 

Jo 2 TTl Jc U 



where I denotes a real and positive number. 

If the real part of z/u remains less than 1— € (where e> 0) when u describes 
the curve (7, the integral 



approaches u/{u— z) uniformly as I becomes infinite, and the formula (2) be- 
comes at the limit 


( 3 ) 


Jo 2 TTl J(C) u — z 


This result is applicable to all the points within the negative pedal curve of C. 

[Boreu, Le^.ons sur les series divergentes.'] 

S*. hetf{z) (p(z) —ZbnZ'^ be two power series whose radii of conver- 

gence are r and p respectively. The series 

yp(z)=iXanbnZ^ 

has a radius of convergence at least equal to ?’/), and the function \p(z) has no 
other singular points than those which are obtained by multiplying the quanti- 
ties corresponding to the different singular points otf(z) by those corresponding 
to the singular points of <p(z). 

[Hadamaru, Acta mathematical Vol. XXIII, p. 65.] 



CHAPTER V 


ANALYTIC FUNCTIONS OF SEVERAL VARIABLES 

1. GENERAL PROPERTIES 

In this chapter we shall discuss analytic functions of seyeral 
independent complex variables. For simplicity, we shall suppose 
that there are two variables only, but it is easy to extend the results 
to functions of any number of variables whatever. 

91. Definitions. Let^ = ?i + t;i, be two independent 

complex variables ; every other complex quantity Z whose value 
depends upon the values of z and z} can be said to be a function of 
the two variables z and z'. Let us represent the values of these two 
variables z and z' by the two points with the coordinates {tt, v) and 
t) in two systems of rectangular axes situated in two planes P, P\ 
and let A, A' he any two portions of these two planes. We shall say 
that a function Z =/(^, is analytic in the two regions A, if 
to every system of two points .u, z\ taken resi)ectively in the regions 
Ay A' , corresponds a definite value of /(^, varying continuously 
with z and z'y and if each of the quotients 

f{z + h, z')-f(z, z') + z') 

h ’ k 

approaches a definite limit when, z and z' remaining fixed, the 
absolute values of h and h approach zero. These limits are the 
partial derivatives of the function f(z, z^)y and they are represented 
by the same notation as in the case of real variables. 

Let us separate in f(zy z'') the real part and the coefficient of iy 
f(Zy z^)= A + X and Y are real functions of the four independ- 
ent real variables Uy Vy w, t, satisfying the four relations 

dJ^_dY_ 

die dv ’ dv dit ^ dw dt ^ dt dw^ 



Up to the present time little use has been made of these relations 
for the study of analytic functions of two variables. One reason for 
this is that they are too numerous to be convenient. 


92. Associated circles of convergence. The properties of power series 
in two real variables (I, §§ 190-192, 2d ed. ; §§ 185-186, 1st ed.) are 
easily extended to the case where the coefficients and the variables 
have complex values. Let 

( 2 ) 

be a double series with coefficients of any kind, and let 

mn i ^mn 1 ■ 

We have seen (I, § 190, 2d ed.) that there exist, in general, an 
infinite number of systems of two positive numbers li, R' such that 
the series of absolute values 

( 3 ) 

is convergent if we have at the same time Z<R and Z' <R\ and 
divergent if we have Z'>R and Z''>R\ Let C be the circle de- 
scribed in the plane of the variable r. about the origin as center with 
the radius R ] similarly, let C' be the circle described in the plane of 
the variable z' about the point z' ==Q as center with the radius 
(Fig. 36). The double series (2) is absolutely convergent when the 
variables z and z' are respectively in the interior of the two circles C 
and and divergent when these variables are respectively exterior to 
these two cii’cles (I, § 191, 2d ed. ; § 185, 1st ed.). The circles C, C’ 
are said to form a system of associated circles of convergence. This 
set of two circles plays the same part as the circle of convergence 
for a power series in one variable, but in place of a single circle 
there is an infinite number of systems of associated circles for a 
power series in two variables. For example, the series 


dated circles ; thus, the series is convergent only if we have 

at the same time |;^| < 1 and 

Let Cj be a circle of radius R^<R concentric with C ; similarly, 
let C[ be a circle of radius R{<R’ concentric with C' ; when the 
variables z and remain within the circles and respectively, 



the series (2) is uniformly convergent (see I, § 191, 2d ed. ; § 185, 
1st ed.) and the sum of the series is therefore a continuous function 
F(Zf z') of the two variables z, z' in the interior of the two circles 
C and C\ 

Differentiating the series (2) term by term with respect to the 
variable for example, the new series obtained, '^nla^^^z^'~^z'^^ is again 
absolutely convergent when z and z^ remain in the two circles C and 
C' respectively, and its sum is the derivative dFfdz of F(zj ^55')’with 
respect to z. The proof is similar in all respects to the one which has 
been given for real variables (I, § 191, 2d ed. ; § 185, 1st ed.). Simi- 
larly, F(z^ z') has a partial derivative dFfdz' with respect to z'^ which 
is represented by the double series obtained by differentiating the 
series (2) term by term with respect to z'. The function F{z^ z') is 


by term any number ox times ; all its partial derivatives are also 
analytic functions. 

Let us take any point of absolute value r in the interior of C, and 
from this point a-s center let us describe a circle c with radius it — r 
tangent internally to the circle C. In the same way let be any point 
of absolute value r' < IV^ and o' the circle with the point z' as center 
and IV — t' as radius. Finally, let z -{■ h and z' + be any two points 
taken in the circles g and c' respectively, so that we have 

I I -|- I if- 1 j I -|- I /c I 

If we replace z and in the series (2) by z + h and z' + we can 
develop each term in a series proceeding according to powers of h 
and kj and the multiple series thus obtained is absolutely convergent. 
Arranging the series according to powers of h and /c, we obtain the 
Taylor expansion 

(4) + 

93, Double integrals. When we undertake to extend to functions 
of several complex variables the general theorems which Cauchy 
deduced from the consideration of definite integrals taken between 
imaginary limits, we encounter difficulties Avhich have been com- 
pletely elucidated by Poincare.* We shall study here only a very 



simple particular case, which will, however, suffi.ce for our subse- 
quent develonments. Let f(z, z^') be an analvtic function when the 



oe une points oi aivisioii oi ao^ wnere ana z coinciae witn a ana 

and let z{y • • •, • • •, 2' be the points of division 

of a'b', where and Z' coincide with a' and b' , The sum 

n m 

( 5 ) S=XX - <->>' 

^•=l /i=l 

taken with respect to the two indices, approaches a limit, when the 
two numbers m. and n become infinite, in such a Avay that the abso- 
lute values |.t;t ~ — approach zero. Let /(;$;, ,v') 
=:X-\-Yly where and Y are real functions of the four variables 
n, Vy 10 y t'y and let us put z,. = u^. + Vf^iy = Wf, -b tf^L The general 
term of the sum can be written in the form 

%-l, Wft-l, %-l> «<'/.-!> 4-l)] 

X [«t - «A,-x + t (•('•* — %_l)] [W* - + Kh - tk-l)], 

and if we carry out the indicated multiplication, we have eight 
partial products. Let us show, for example, that the sum of the 
partial products, 

n m 
}^l h=l 

approaches a limit. We shall suppose, as is the case in the figure, 
that the curve ah is met in only one point by a parallel to the axis Oo, 
and, similarly, that a parallel to the axis Ot meets the curve in at 
most one point. Let v ^ tf> (w), t=z\p (^v) be the equations of these 
two curves, and U the limits between which to varies, and to^ and 
17 the limits between which lo varies. If we replace the variables v 
and t in X by <i>{u) and xp^w) respectively, it becomes a continuous 
function P (tq vY) of the variables u and w, and the sum (6) can again 
be written in the form 

n m 

As m and n become infinite, this sum has for its limit the double 



In this last expression we suppose that u and v are the coordinates 
of any point of the arc ab^ and iVy t the co5rdinates of any point of 
the arc a7/. The point v) being supposed fixed, the point (?x?, t) 
is made to describe the arc a'h\ and the line integral fXdw is taken 
along a'b'. The resxdt is a function of u, Vy say Ji(uj v); we then 
calculate the line integral fR(u, v)dic along the arc ah. 

The last expression (7) obtained for the limit of the sum (6) is 
applicable whatever may be the paths ah and a^h\ It suffices to break 
up the ai’cs ah and a'V (as we have done repeatedly before) into 
arcs small enough to satisfy the previous requirements, to associate 
in all possible ways a portion of ah with a portion of a'h', and then 
to add the results. Proceeding in this way with all the sums of par- 
tial products similar to the sum (6), we see that 5 has for its limit 
the sum of eight double integrals analogous to the integral (7). 
Kepresenting that limit by JJF(zy we have the equality 


i j j F(Zy z^)dzdz* = j dll j Xdw — C dv j Xdt 
I *y td *J (« 6 ) \J {a'h* } xJ (ob) (a'b'') 


( 8 ) 


f clu f 

J(ab) J(a'b') 

i f du f 

J (ab) J (a'b') 


Ydw- 


f dv f 

*J (ab) tJ (a'b') 

if dv f 

xj (ab) xJ (a'b') 


Ydw 

Ydt 


-f i I dll I Xdt +i j dv I XdWy 

xj (ofi) xJ (a'b') xJ (ab) xJ (a'b') 

which can be written in an abridged form, 

ff F(Zy z')dzdz^ = f {du -f idv) f (X -}- iY){div + idt)y 
xJ %J xJ (ab) xJ (a'b') 


or, again 

( 9 ) 


ff F{z,p.')d!idz' = f dzf F(z, z')dz'. 

xJ xJ xJ (ab) xJ (a'b') 

The formula (9) is precisely similar to the formula for calculating 



of integrations. 

Let M be a positive number greater than the absolute value of 
F{zy when and z' describe the arcs ah and a'b'. If L and 
denote the lengths of the respective arcs, the absolute value of the 
double integral is less than MLV (§ 25). When one of the paths, a'F 
for example, forms a closed curve, the integral z')clz' will 

be zero if the function F(z, z') is analytic for all the values of z' in 
the interior of that curve and for the values of z on ah. The same 
thing will then be true of the double integral. 


94. Extension of Cauchy’s theorems. Let C, C' be two closed curves 
without double points, lying respectively in the planes of the variables 
z and z'j and let F(z, z') be a function that is analytic when z and z^ 
remain in the regions limited by these two curves or on the curves 
themselves. Let us consider the double integral 



F(zj z^)dz^ 

(z — x) (z^ — x') ’ 


where aj is a point inside of the boundary C and where x* is a point 
inside of the boundary C"; and let us suppose that these two bound- 
aries are described in the ^Dositive sense. The integral 


/ 


F(z, z^')dz} 


where z denotes a fixed point of the boundary (7, is equal to 
2 iri F(z^ x^)j{z — x). We have, then, 


^ ^ . r F{z, x ^) , 

/ = 2 TTi I — ^ dz. 

or, applying Cauchy’s theorem once more, 

/ = — 4 TT^ (cc, aj'). 
This leads us to the formula 


In order to obtain Taylor^s formula, let us suppose that the 
boundaries C and C' are the circumferences of circles. Let a be the 
center of C, and R its radius; b the center of C\ and R' its radius. 
The points x and x' being taken respectively in the interior of these 
circles, we have \x — a\=^ r <i R and — ^ | = r' < i?'. Hence the 
rational fraction 

1 1 

(z — x')(z^ — x') [z — a — (x — a)'] ~ b ~ {x' — ^)] 

can be developed in powers of x — a and x' — 


1 

{z — x){z' — x') 


+ CD + » 

=22 

■ni=0 »i = 0 


(x — a)”' (x^ — yy 

(a;_«)m+i(a,'-6)x+i’ 


where the series on the right is uniformly convergent when z and 
describe the circles C and C' respectively, since the absolute value of 
the general term is /Pjy /RR'. We can therefore replace 

\/{z — x){z^ — x') by the preceding series in the relation (10) and 
integrate term by term, which gives 


F(x, x') = 

- S f f 

wTWi) ,7Wo J VC) J(c 


F(z, zJ)dzJ 


(CO 




Making use of the results obtained by replacing x and x' by a and h 
in the relations (10) and (11), we obtain Taylor’s expansion in the 
form 


( 12 ) 


F(x,x')=F{a,V) + '^ 

m= 0 


+ 00 



^m^np (x^a)^(x^ — bf 
da'^^dh'^ min! ^ 


where the combination -wi = tz = 0 is excluded from the summation. 

JVbie. The coefficient of (x — a)"* (x' — b)^ in the preceding 
series is equal to the double integral 


< 


1 M 
4 + i 


2iTR.27rFJ 


M 


The function 


M 



is therefore a dominant function for x') (I, § 192, 2d ed.; 
§ 186, 1st ed.). 


95. Functions represented by definite integrals. In order to study 
certain functions, we often seek to express them as definite integrals 
in which the independent variable appears as a parameter under the 
integral sign. We have already given sufficient conditions under 
which the usual rules of differentiation may be applied when the 
variables are real (I, §§ 98, 100, 2d ed.; § 97, 1st ed.). We shall 
now reconsider the question for complex variables. 

Let F(z, be an analytic function of the two variables and 
when these variables remain within the two regions A and A' respec- 
tively. Let us take a definite path L of finite length in the region A, 
and let us consider the definite integral 

(13) I F(ZyX)dzy 

where x is any point of the region A\ To prove that this function 
^ (x) is an analytic function of cr, let us describe about the point x as 
center a circle C with radius B, lying entirely in the region A'. Since 
the function is analytic, Cauchy’s fundamental formula gives 



whence the integral (13) can be written in the form 




— X 



D^X 


^ J{L) J{C) V’' 


, r , r p 


u ; ) 

F{z, z')dz' 


■ x^'iz' — X — Acc) 


Let M be a positive number greater than the absolute value of 
F{z, z') when the variables and zJ describe the curves L and C 
respectively ; let 5 be the length of the curve L ; and let p denote the 
absoliite value of /\x. The absolute value of the second integral is 
less than 

P M ^ pMS 

2'7rR\R-py P{P-p) 


hence it approaches zero when the point x + Aa? approaches x in- 
dehnitely. It follows that the function ^ (x) has a unique derivative 
which is given by the expression 


<l>'(a;) = 

But we have also (§ 33) 


2 'irl 



F(z, z^)dz^ 


r p('^, 

dx 2 7r4L, {n'-xf ’ 


and the preceding relation can be again written 


(14) 



Thus we obtain again the usual formula for differentiation under the 
integral sign. 

The reasoning is no longer valid if the path of integration L 
extends to infinity. Let us suppose, for definiteness, that X is a 
ray proceeding from a point and making an angle 6 with the 
real axis. We shall say that the integral 





F(zj x)dz 


is uniformly convergent if to every positive number c there can 


V UllCVU fj XO gACCXUCl. UllO/ll J- V j VV IJLCA C V Cl illclj UC ill /I . JJJ 

dividing tlie path of integration into an infinite iiiunber of recti- 
linear segments we prove that every niiiformly convergent integral 
is equal to the value of a uniformly convergent series whose terms 
are the integrals along certain segments of the infinite ray L. All 
these integrals are analytic functions of x] therefore the same is 
true of the integral A x)cli^ (§39). 

It is seen, in the same way, that the ordinary formula for differen- 
tiation can be applied, provided the integral obtained, f^'^(dF/dx)(lr^, 
is itself uniformly convergent. 

If the function F(z, becomes infinite for a limit <7.^ of the path 
of integration, we shall also say that the integral is ixniformly con- 
vergent in a certain region if to every positive number c a point 
^'0 V made to correspond in such a way that 



where b is any point of the path L lying between and -f- the 
inequality holding for all values of x in the region considered. 
The conclusions are the same as in the case where one of the limits 
of the integral is moved off to infinity, and they are established in 
the same way. 

96. Application to the T function. The definite integral taken along the real axis 

(15) r(2:) = 

J 0 

which we have studied only for real and positive values of z (I, § 94, 2d ed. ; 
§ 92, 1st ed,), has a finite value, i3rovided the real part of which we will denote 
by "Riz)^ is positive. In fact, let s = a; + yi; this gives 
Since the integral 

lias a finite value if x is positive, it is clear tliat the same is true of the integral 
(15) (I, §§ 91, 92, 2d ed.; §§ 90, 91, 1st ed.). This integral is uniformly con- 
vergent in the whole region defined by the conditions N>R{z)>7j^ where N 
and 7 ] are two arbitrary positive numbers. In fact, we can write 


relation 

(16) r (^ + 1) = zr (z), 

obtained by integration by parts, and consequently the more general relation 


(17) r (z + n) = z(z + l)--'(z-l-n^ l)r ( 2 ;), 


which is an immediate consequence of the other. 

This property enables us to extend the definition of the r function to values 
of z whose real part is negative. For consider the function 


(18) 


^(z) = 


r(z + n) 

z(z + 1) • • • (z + n — 1)' 


where n is a positive integer. The numerator T (z -h n) is an analytic function 
of z defined for values of z for which 1i(z)>—7i; hence the function f (z) is a 
function analytic except for poles, defined for all the values of the variable 
whose real part is greater than — n, Kow this function f (z) coincides with the 
analytic function r {z) to the right of the ^-axis, by the relation (17); hence it 
is identical with the analytic extension of the analytic function r {z) in the 
strip included between the two straight lines Ti{z) = 0, ( 2 :) = •— Since the 

number n is arbitrary, we may conclude that there exists a function which is 
analytic except for the poles of the first order at the points 2 : = 0, 2 : =— 1, 
2 : = ~ 2, • • • , 2 : = — n, • • •, and which is equal to the integral (15) at all points to 
the right of the 2 /-axis. This function, which is analytic except for poles in the 
finite plane, is again represented by P (z)] but the formula (15) enables us to 
compute its numerical value only if we have ( 2 :) >0. If 'R(^)<0, we must also 
make use of the relation (17) in order to obtain the numerical value of that 
function. 

We shall now give an expression for the V function which is valid for all 
values of z. Let S{z) be the integral function 


S(.) = .n(l+0e-'s 


which has the poles of r( 2 :) for zeros. The product S(z) T(z) must then he 
an integral function. It can be shown that tins integral function is equal to 
e-Cz^ where C is Euler’s constant (I, § 18, Ex., 2d ed. ; § 49, Note, 1st ed.), 
and we derive from it the result 


1 

zV{z) 


1 

V{z + 1) 



z 



( 19 ) 



97, Analytic extension of a function of two variables. Let u=:F{z, z') be an 
analytic function of the two variables z and z' when these two variables remain 
respectively in two connected regions A and A' of the two planes in which we 
represent them. It is shown, as in the case of a single variable (§ 83), that the 
value of this function for any pair of points z, z' taken in the regions A" is 
determined if we know the values of F and of all its partial derivatives for a 
pair of points z = a, z' = h taken in the same regions. It now appears easy to 
extend the notion of analytic extension to functions of two complex variables. 
Let iis consider a double series such that there exist two positive numbers 
r, r' liaving the following property ; the series 

(20) F{z, = 

is convergent if we have at the same time \ z\<r^ ]z'\<r'^ and divergent if we 
have at the same time | 2 |>r, \z'\>r\ The preceding series defines, then, a 
function F(z, z') which is analytic when the variables z' remain respectively 
in the circles C, O' of radii r and r' j but it does not tell us anything about the 
nature of this function when we have | 2 ;|>r or \z'\>'i''. Let us suppose for 
definiteness that we cause the variable z to move over a path L from the origin 
to a point Z exterior to the circle 0, and the variable z' to travel over another 
path L' from the point 2 ' = 0 to a point Z' exterior to the circle C'. Let <x and 
jS be two points taken respectively on the two paths i and i', a being in the 
interior of C and ^ in the interior of O'. The series (20) and those which are 
obtained from it by successive differentiations enable us to form a new power 
series, 

(21) (2 - 

which is absolutely convergent if we have \ z~ nr| < and 1 — jS | < where 

and are two suitably chosen positive numbers. Let us call 0^ the circle of 
radius described about the point a as center in the plane of 2 , and C[ the 
circle of radius described in the plane of z' about the point /3 as center. If z 
is in the part common to the two circles 0 and 0^, and the point 2 ' in the part 
common to the two circles C' and the value of the series (21) is the same as 
the value of the series (20). If it is possible to choose the two numbers and r[ 
in such a way that the circle will he partly exterior to the circle G, or the 
circle C{ partly exterior to the circle G', we shall have extended the definition 
of the function F(z^ 2 ') to a region extending beyond the first. Continuing in 
this manner, it is easy to see how the function F(z, z') may be extended step by 
step. But there appears here an important new consideration : It is yiecessai'y 
to take into account the way in which the variables move with respect to each other 
on their respective pa ths. The f ollowing is a very simple example of this, due to 
Sauvage.* Let u = V 2 — 2 ' + 1 ; for the initial values let us take 2 = 2 ' = 0, w = 1, 
and let the naths described bv the variables 2 . 2 ' be defined as follows : L The 



tlie leit 01 tliG origin ana a radius less than i/ii ; tne second, also nas its 

center on the real axis and is so placed that the point — 1 is on its diameter ; 
finally, the third, BFC^ has for its center the iniddle point of the segment joining 
the point B to the point G(^ = 1). The first and the third of these semicircum- 
ferences are above the real axis, and the second is below, so that the boinul- 
ary OMANBVCO incloses the point z = — 1. Let us now select the following 
movements : 

1) z' remains zero, and z describes the entire path OABC ; 

2) z remains equal to 1, and z' describes its whole path. 

If we consider the auxiliary variable t — z — z\ it is easily seen that the path 
described by the variable t, when that variable is represented by a point on the 



z plane, is precisely the close d bou ndary OABCO which surrounds the critical 
point t = — 1 of the radical Vt + 1. The final value of u is therefore u = — 1. 

On the other hand, let us select the following procedure ; 

1) z remains zero and z' varies from 0 to 1 — e (e being a very small positive 
number) ; 

2) z' remains equal to 1 — e, and z describes the path OABC ; 

3) z remains equal to 1, and z' varies from 1 — e to 1. 

When z' varies from 0 to 1 — c, the auxiliary variable t describes a path 00' 
ending in a point 0' very near the point — 1 on the real axis. When z describes 
next the path OABC, t moves over a path O'A'B'G' congruent to the preceding 
and ending in the point C'{OC' = e) on the real axis. Finally, when z' varies 
from 1 — e to 1, t passes from C' to the origin. Thus the auxiliary variable t 
describes the closed boundary OO'A'B'C'O which leaves the point —1 on its 
exterior, provided e is taken small enough. The final value of u will therefore 
be equal to -f- 1. 


11. IMPLICIT FUNCTIONS. ALGEBRAIC FUNCTIONS 


98. Weierstrass’s theorem. We have already established (I, § 193, 
2d ed.; § 187, 1st ed.) the existence of implicit functions defined by 
equations in which the left-hand side can be developed in a power 
series proceeding in positive and increasing powers of the two 
variables. The arguments which were made supposing the variables 
and coefficients real apply without modification when the variables 
and the coefficients have any values, real or imaginary, provided we 
retain the other hypotheses. We shall establish now a more general 
theorem, and we shall preserve the notations previously used in that 
study. The complex variables will be denoted by x and 

Let F(x, y) be an analytic fxinction in the neighborhood of a 
pair of values x = or, y = p, and such that we have F(a, ^)=0. 
Wo shall suppose that a; = /5 = 0, which is always permissible. The 
equation E(0, v/)= 0 has the root ?/ = 0 to a certain degree of mul- 
tiplicity. The case which we have studied is that in which y = 0 is 
a simple root ; we shall now study the general case where y = 0 is a 
multiple root of order n of the equation 7^(0, y)=: 0. If we arrange 
the development of F{x^ y) in the neighborhood of the point jr = y = 0 
according to powers of y, that development will be 

(22) F{x, y) = /l, +A^y + • • • +A,,y- + . . ., 

where the coefficients A^ are power series in x, of which the first n 
are zero for x = 0, while A^ does not vanish for cc = 0. Let C and C' 
be two circles of radii R and IV described in the planes of x and y 
respectively about the origin as center. We shall suppose that the 
function F(x, y) is analytic in the region defined by these two circles 
and also on the circles themselves ; since is not zero for cc=:0, we 
may suppose that the radius R of the circle C is sufficiently small 
so that does not vanish in the interior of the circle C nor on the 
circle. Let M be an upper bound for | F(x, y) | in the preceding region 
and B a lower bound for |A„|. By Cauchy’s fundamental theorem 
we have 


We can now write 

( 23 ) F{x,'!/) = A,-!f'0-+P+<i), 

■where 

■ P = ^y + ^f + --; 




^,.-1 1 
Ji-n y 


Let p be the absolute value of y ; vre have 


'^BR’Ar' R'^ } 


M R' 
BR'’‘ ^ _ 


and this absolute value ■will be less than 1/2 if we have 

BR'^ 


( 24 ) 


P<R' 


BR”‘ + 2M 


On the other hand, let /x (r) be the maximum value of the absolute 
values of the functions A^, • • •, for all the values of x for 
which the absolute value does not exceed a number r < R. Since 
these n functions are zero for x = 0, /x(?’) approaches zero with r, 
and we can always take so small that 


( 25 ) 


B 



(r<R), 


where p is a definite positive number. The numbers r and p having 
been determined so as to satisfy the preceding conditions, let us re- 
place the circle G by the circle CV described in the cc-plane with the 
radius r about the point cc = 0 as center, and similarly in the y-plane 
the circle C' by the concentric circle Cp with the radius p. If Ave give 
to 03 a value such that \x\^ r, and then cause the variable y to 
describe the circle Cp, along the entire circumference of this circle we 
have, from the manner in which the numbers r and p have been chosen, 
1 Pl "f \ 0 \ ^ A fi.nfl f.hprp.fnrp I P -U 1 1 Tf -I-.Itp vn vin.lilp ?/ 


If the variable x remains in the interior of the circle C^. or on its 
circimifereiKie, the n roots * * * ? 2/71 ? absolute values are less 

than p, reniaiii within the circle Cp. These roots are not in general 
analytic functions of x in the circle C,., but every symmetric integral 
rational function of these 7 i roots is an analytic function of x in this cir- 
cle. It evidently suffices to prove this for the sum v/i -b 2/2 + * * * + Vn) 
where k is a positive integer. Let us consider for this purpose the 
double integral 


7 = 

where we supx)ose \x\ < r. If \y'\ == p, the function 1 /) cannot 
vanish for any value of the variable within or on and the only 
pole of the function under the integral sign in the interior of the 
circle is the point x' = x. We have, then, 



r) 

a//' 


dxJ 


F(x', y') — X 



di/ dF 
F(x’j 1/) x' — X 


2 


y') 

dy’ 

F{x,y') ’ 


and consequently 


I =z2itI 


dP(x-, y') 
y"^ dy'. 

/(cj, 


By a general theorem (§ 48) this integral is equal to 
- 4 7r’^{y\ + ^2 4 b 2 /h’); 


where 7/^ are the 71 roots of the equation F{x, y)= 0 with 

absolute values less than p. On the other hand, the integral 7 is an 
analytic function of x in the circle C,., for we can develop \J(x' — x) 
in a uniformly convergent series of X)owers of x^ and then calculate 
the integral term by term. The different sums being analytic 
functions in the circle C,., the same thing must be true of the sum 
of the roots, of the sum of the products taking two at a time, and so 


XJie Lwu luuuifiuiib ^ V) J y) yi-uiimi lui uim scimu ptiirs 


of values of the variables a?, y in the interior of the circles C,. and C' . 
We shall now show that the quotient F{x^y)/f(x,y) is an analytic 
function in this region. Let us take definite values for these vari- 
ables such that la:|<7’j \y\<p, and let us consider the double 
integral 



p’jx', ?/') 

f{x', y') (x' 


dx' 

-x){y’ -y) 


Lor a value of 1 / of absolute value p the function /(x', y') of the 
variable cannot vanish for any value of within or on the circle 
CL- The function under the integral sign has therefore the single 
pole x' = X within and the corresponding residue is 


?/') . 

/(*! 2/') (y' - y) 

Hence we have also 


' = 2 7ri j 


F(x,y^) di/ 

/(®j y') y' -y' 


but the two analytic functions F(x, ?/'), /(x, ?/') of the variable ?/' 
have the same zeros with the same degrees of multiplicity in the 
interior of C'. Their quotient is therefore an analytic function of 
y' in Cp, and the only pole of the function to be integrated in this 
circle is = y ; hence we have 




4 


F(p^, V) 

f{^> y) ' 


On the other hand, w-e can replace l/{x' — x) (jj^ — y) in the inte- 
gral by a uniformly convergent series arranged in positive powers 
of X and y. Integrating term by term, we see that the integral is 
equal to the value of a power series pro(;eeding according to powers of 
X and y and convergent in the circles C,., Cp, Hence we may write 

F (x, y) = f{x, y) H (x, y) 


(27) F(x, ?/) = (y’* + -I 1- «„) H (x, y), 

where the function H(x, y) is analytic in the circles Cp. 


at least as far as that is possible for a function of several variables, 
the decomposition into factors of functions of a single variable. 

99. Critical points. In order to study the n roots of the equation 
F(Xj ?/)= 0 which become inhnitely small with x, we are thus led to 
study the roots of an equation of the form 

(28) f(x, y) = If +• ^ ,| 0 

for values of x near zero, where • • -j are analytic functions 

that vanish for x = 0. When n is greater than unity (the only case 
which concerns us), the point x = 0 is in general a cvitwal 2 )oint, Let 
us eliminate y between the two equations /= 0 and df/dy = 0; the 
resultant A(x) is a polynomial in the coefficients cq, • • •, and 
therefore an analytic function in the neighborhood of the origin. 
This resultant t is zero for x = 0, and, since the zeros of an analytic 
function form a system of isolated points, we may sui:)pose that Ave 
have taken the radius r of the circle so small that in the interior 
of C,. the equation A (x) = 0 has no other root than x = 0. Tor every 
point Xq taken in that circle other than the origin, the equation 
/(Xq, y) = 0 will have n distinct roots. According to the case already 
studied (I, § 194, 2d ed. ; § 188, 1st ed,), the n roots of the equation 
(28) will be analytic functions of x iii the neighborhood of the point 
Xq. Hence there cannot be any other critical point than the origin 
in the interior of the circle C^. 

Let yg, ♦ • y„ be the n roots of the equation /(a^o, y)= 0. Let 
us cause the variable x to describe a loop around the point x = 0, 
starting from the point x^ ; along the whole loop the n roots of the 
equation /(x, y) = 0 are distinct and vary in a continuous manner. 
If Ave start from the point x^ with the root y^, for example, and fol- 
loAv the continuous variation of that root along the Avhole loop, Ave 
return to the point of departure with a final A^alue equal to one of the 
roots of the equation y) = 0. If that final value is y^, the root 


* Ahhandlungen aus der Funciionenlelire von K. Weierstrass (Berlin, 1860 ). The 
proposition can also he demonstrated by making use only of the properties of power 


root to one of the roots y^. The final value cannot be 

T/g) since the reverse path must lead from to y^. That final value 
must, then, be one of the roots • • •, ?/,j. If it is y^j we see that 

the two roots and y^ are permuted when the variable describes 
a loop around the origin. If that final value is not y^, it is one 
of the remaining (n — 2) roots ; let be that root. A new loop 
described in the same sense will lead from the root y^ to one of the 
roots y^j 7 / 2 , ?/y; y^y ♦ • It cannot be ;//g, for the same reason as 

before ; neither is it y^y since the reverse path leads from y^ to y^. 
Hence that final value is either y^ or one of the remaining (n — 3) 
roots y^y y^y • • If it is y^, the three roots y^, y^y y^ permute 
themselves cyclically when the variable x describes a loop around 
the origin. If the final value is diffei'ent from y^, we shall continue 
to cause the variable to turn around the origin, and at the end of 
a finite number of operations we shall necessarily come back to a 
root already obtained, which will be the root y^. Suppose, for exam- 
ple, that this happens after p operations ; the p roots obtained, 
Vt) ^ 2 ? * ' ’j Vpy permute themselves cyclically when the variable x 
describes a loop around the origin. We say that they form a oyclic 
system of p roots. If ^ the n roots form a single cyclic system. 
If p) is less than Uy we shall repeat the reasoning, starting with one 
of the remaining n-^p roots and so on. It is clear that if we con- 
tinue in this way we shall end by exhausting all the roots, and we 
can state the following proposition : The n roots of the epnation 
F{xy 7 /)=: 0, lohich are zero for x = 0, form one or several cycUc 
syste7}is in the neighhorhood of the oidgin. 

To render the statement j)erfectly general, it is sufficient to agree 
that a cyclic system can be composed of a single root ; that root is 
then a single- valued function in the neighborhood of the origin. 

The roots of the same cyclic system can be represented by a unique 
development. Let t/^, 7 / 3 ? * * '? Up V roots of a cyclic system ; let 

us put X = Each of these roots becomes an analytic function 
of x' for all values of x' other than a?' = 0; on the other hand, when 
f describes a loop around x' = 0, the point x describes p succes- 
sive loons in the same sense around the origin. Each of the roots 



or, replacing x' by 

+...+..(j)%.... 

We may now say that tke development (30) represents all the roots 
of the same eyelie system, provided that %ue give to gpi gf 
p determinations. For, let ns supx)ose that, taking for the radical ^ x 
one of its determinations, we have the development of the root y^. 
If the variable x describes a loop around the origin in the positive 
sense, y^ changes into y^, and is multiplied by It will be 

seen, similarly, that we shall obtain ?/^ by replacing by 
in the equality (30). This unique development for the system shows 
uj) clearly the cyclic permutation of the j.9 roots. It would now remain 
to show how we could separate the n roots of the equation F(x, ?y)= 0 
into cyclic systems and calculate the coefficients ai of the develop- 
ments (30). We have already considered the case where the point 
a; == ?/ = 0 is a double point (I, § 199, 2d ed.). We shall now treat 
another particular case. 

If for x — y—Q the derivative dFjdx is not zero, the develop- 
ment of F(x, y) contains a term of the first degree in x, and we have 

(31) F{x, y) = A.X -VBif A , {AB d- 0) 

where the terms not written are divisible by one of the factors xy, 
Let us consider y for a moment as the independent variable; 
the equation Fix, j/) = 0 has a single root api^roaching zero with y, 
and that root is analytic in the neighborhood of the origin. The 
development which we have already seen how to calculate (I, §§ 35, 
193, 2d ed. ; §§ 20, 187, 1st ed.) runs as follows : 

(32) a; = y”{a^ + a^y + •••)• K ^ 

Extracting the root of the two sides, we find 

(33) a;" = y -{ • 

For y — 0 the auxiliary equation A- A- * • • has n dis- 

tinct roots, each of which is developable in a power series according 
to nowers of ?/. Since these n roots are deducible from one of them 


(30) 


y = apxP -f 6^5 
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SEVERAL VARIABLES 


[V, § 99 


We can therefore write the equation (33) in the form 


^ ; 


and from this we 
of : 

(34) 


derive, conversely, a development of y in powers 


1 

y = + c 



This development, if we give successively to its n values, 
represents the n roots which approach zero with x. These n roots 
form, then, a single cyclic system. 

Eor a study of the general case we refer the reader to treatises 
devoted to the theory of algebraic functions.* 


100. Algebraic functions. Up to tlie present time the implicit func- 
tions most carefully studied are tlic ahjehraio functions, defined by 
an equation i^(x, y)= 0, in whi(4i the left-hand side is an irrcduclhle 
polynomial in x and y, A polynomial is said to be irreducible when 
it is not possible to find two other polynomials of loAver degree, Ffx, y) 
and Ffx, y), such that we have identically 

F(x, y) = F^{x, y) X F^{x, y). 

If the polynomial F(x, y) were equal to a product of that kind, it is 
clear that the equation F(x, y) = 0 could be replaced by two distinct 
equations Ffx, y) = 0, Ffx, y) = 0. 

Let, then, 

(36) F(x,y)=4>^(x)y'‘-+4,^(x)y"-'^-\ h <^.,-1 (a;) = 0 

be the proposed equation of degree n in y, where • • • , are 

polynomials in x. Eliminating ?/ between the two relations A = 0, 
dFjdy = 0, we obtain a potynoinial A(x) for the resultant, which can- 
not be identically zero, since jP(x, y) is supposed to be irreducible. 
Let us mark in the plane the points rq, cq, • • •, cq, which represent 
the roots of the equation A(x)= 0, and the points A, 

which rex)resent the roots of 0. Some of the points cq may 



cyclic system are represented by a development in series arranged 
a(‘.cording to fractional powers of x — ap If tlie value does not 
cause </>q(x) to vanish, all the roots of the equation (35) in the neigh- 
borhood of the point group themselves into a certain number of 
cyclic systems, some of which may contain only one root. For a point 
/3j which nnikes </>q(x) zero, some of the roots of the equation (35) 
become inhiiito ; in oi'der to study these roots, we i^ut y = 1/y', and 
we are led to study the roots of the equation 

p') = Vy')= 0, 

which become zero for x = pj. These roots group themselves again 
into a certain number of cyclic systems, tlie roots of the same system 
being represented by a development in series of the form 

?n 771+ 1 

(36) y' = {x - /3,.) " + ff„, + 1 (» - /3j) H , («„. * 0) 

The corresponding roots of the equation in y Avill be given by the 
development 

which can be arranged in increasing powers of {x — there 

will be at first ^finite number of terms with negative exponents. 

To study the values of y for the infinite values of cr, we put x ~ 1/a;', 
and we are led to study the roots of an equation of the same form in 
the neighborhood of the origin. To snm up, in the neighborhood of 
any point x = a the n roots of the equation (35) are represented by 
a certain number of series arranged according to increasing powers 
of .T — c; or of (x — containing j)erhaps a finite number of terms 
with negative exponents, and this statement applies also to infinite 
values of x by replacing x — cc by l/a*. 

It is to be observed that the fractional powers or the negative ex- 
ponents present themselves only for the exceptional points. The 
only singular points of the roots of the equation are therefore the 
critical points around which some of these roots permute themselves 
cyclically, and the poles where some of these roots become infinite ; 


(37) 


771 r 

2/ = (* — ft) ’’ [a„, + + 1 (* — ft) " + 


finite roots, by a path AB not passing through any singular point of 
the equation. Let be a root of the equation F(a^ y) = 0 ; the root 
y =z f(x)y which reduces to for x = «,, is represented in the neigh- 
borhood of the point a by a power-series deyelopment P(x — a). 
We can propose to ourselves the problem of finding its analytic ex- 
tension by causing the variable to describe the path AB, This is a 
particular case of the general problem, and we know in advance that 
we shall arrive at the point B with a final value which will be a 
root of the equation F(h^ 2/)= ^ (§ We shall surely arrive at 
the point h at the end of a finite number of operations ; in. fact, the 
radii of the circles of convergence of the series representing the 
different roots of the equation F(x, y)= 0, having their centers at 
different points of the path AB, have a lower limit* S > 0, since this 
path does not contain any critical points; and it is clear that we 
could always take the radii of the different circles which we use for 
the analytic extension at least equal to S. 

Among all the paths joining the points A and B we can always 
find one leading from the root y^ to any given one of the roots of 
the equation F (1), y) = 0 as the final value. The proof of this can be 
made to depend on the following proposition : If an analytic func- 
tion z of the variable x has only ^ distinct values for each value of x, 
and if it lias in the ivliole ijlane {including the jyoint at infinity') only 
algebraic singular ^joints, the 2^ determinations of z are roots of an 
egnation of degree p loJiose coefficients are rational functions of x. 
Let sjj, be the determinations of z\ when the variable x 

describes a closed curve, these values can only change 

into each other. The symmetric function = z\ + * * * + 

where h is a positive integer, is therefore single- valued. Moreover, 
that function can have only polar singularities, for in the neigh- 
borhood of any point in the finite plane x^ a the developments 
of z^, z^j • ' Zp have only a finite number of terms with negative 
exponents. The same thing is therefore true of the development of 
Also, the function -zq. being single-valued, its development cannot con- 
tain fractional powers. The point a is therefore a pole or an ordinary 
point for ?q., and similarly for the point at infinity. The function -zq. 



llaving shown this, let ns now suppose that in going irom the 
point a to any otlier point x of the jilane by all possible paths we 
can obtain as final values only y? of the roots of the equation 

?/)= 0 , {p<'n) 

These p roots can evidently only be permuted among themselves 
when tlie variable x describes a closed boundary, and they possess 
all the properties of the 2 ) branches • • '5 of the analytic 

function which we have just studied. We conclude from this that 
2 /iJ ?/ 2 ? • * * j Vv would be roots of an equation of degree F^(xj y) = 0, 
with rational coefficients. The equation F {x, y) == 0 would have, 
then, all the roots of the equation F^(x^ y) = 0 , whatever x may be, 
and the polynomial F(x, ?/) would not be irreducible, contrary to 
hy] 3 othesis. If we place no restriction up)on the path followed by 
the variable x, the n roots of the equation (35) must then be regarded 
as the distinct branches of a single analytic function, as we have 
already remarked in the case of some simple examples (§ 6 ). 

Let us suppose that from each of the critical points we make an 
infinite cut in the plane in such a way that these cuts do not cross 
each other. If the path followed by x is required not to cross any 
of these cuts, the n roots are single-valued functions in the whole 
plane, for two p)aths having the same extremities will be transform- 
able one into the other by a continuous deformation without passing 
over any critical p)oint (§ 85). In order to follow the variation of a 
root along any path, we need only know the law of the permutation 
of these roots when the variable describes a loop around each of the 
critical points. 

Note. The study of algebraic functions is made relatively easy by the fact 
that we can determine a priori by algebraic computation the singular points of 
these functions. TJiis is no longer true in general of implicit functions that are 
not algebraic, which may have transcendental singular points. As an example, 
the implicit function y (x), defined by the equation — ai — 1 = 0, has no algebraic 
critical point, but it has the transcendental singular point x = — 1. 

101 . Abelian integrals . Every integral I = JF. (x, y') dxj where Pi (x^ y) 
is a rational function of x and and where y is an algebraic func- 
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of the formulae 

(38) /= /^. -j- -j- . . . -j- 7?z,.(o^, (A; = Ij 2, • • •, ?i) 

where 7^, /„,•••, 7„ are the values of the integral which correspond 
to certain definite paths, ///.,, • • •, are arbitrary integers, and 
a)j, cu.„ • • •, Cl),, are periods. These periods are of two kinds ; one kind 
results from loops described about the poles of the function /? (.r, //) ; 
these are the polar The others come from closed patlis 

surrounding several criti(*al points, called (njcJcs] these are called 
cf/dic periods. The number of the distinct cyclic periods depends 
only on the algebraic relation considered, 7 /)= 0 ; it is equal 
to 2y7, where p) denotes the dehciency of the curve (§ 82). On the 
other hand, there may be any number of polar periods. From the 
point of view of the singularities three classes of Abelian integrals 
are distinguished. Those which remain finite in the neighborhood 
of every value of oz are called th.Q first Iclnd] if their absolute value 
becomes infinite, it can only hai)peii througli the addition of an 
infinite number of jieriods. The integrals of the setzond hind are 
those which have a single jiole, and the integrals of the third hind 
have two logarithmic singular points. Every Abelian integral is a 
sum of integrals of the three kinds, and the iminber of distinct 
integrals of the first kind is equal to the deficiency. 

The study of these integrals is made very easy by the aid of plane 
surfaces composed of several sheets, called Iliamann surfaces. We 
shall not have occasion to consider them here. We shall onl}' give, 
on account of its thoroughly elementary character, the demonstra- 
tion of a fundamental theorem, discovered Iw Abel. 

102. AbeTs theorem. In order to state the results more easily, let us 
consider the plane curve C represented by the equation F(a’, y')^ 0, 
and let y) be the equation of another plane algebraic curve 7". 
These two curves have .V points in common, {>j, y^)^ . . .^ 

(.r ^, /^y), the number being e(pial to tlie ])roduct of the degrees 
of the two curves. Let /t(.r, //') ])e a rational function, and let us 
consider the following sum : 


denotes the Abelian integral taken from the fixed point to a point x. 
along a path which leads y from the initial value to the final value 
the initial value of y being the same for ail these integrals. It is 
clear that the sum I is determined except for a period, since this is 
the case with each of the integrals. Suppose, now, that some of the 
coefficients, of the polynomial ?/) are variable. 

When these coefficients vary continuously, the points themselves 
vary continuously, and if none of these points pass through a point 
of discontinuity of the integral j R (x, y) dx, the sum I itself varies 
continuously, provided that we follow the continuous variation of 
each of the integrals contained in it along the entire path described 
by the corresponding upper limit. The sum I is therefore a function 
of the parameters * * *; whose analytic form we shall now 

investigate. 

Let us denote in general by SF the total differential of any func- 
tion V with respect to the variables ^ ^ 


dV 


oa,. 


By tlie expression (39) -we have 

From the two relations F{Xi, 0, ^{x^y ^ derive 






and consequently hXi = '^{Xiyy^^%j where is a rational 

function of x^, and Avhere is put for y,-). 

We have, then, 




The coefficient of on the right is a rational symmetric function 
of the coordinates of the N points (cc^-, y^) common to the two cuiwes 
C, C'. The theory of elimination proves that this function is a 



and / will be obtained by the integration of a total differential 



TTi^fSl -j- . . . -J_ 


k} 


where tt^ tt^, • • • ; tt^ are rational functions of (Xg, • • • , jSTow 
the integration cannot introduce any other trauscendentals than 
logarithms. The sitvi I is therefore equal to a rational function of 
the coefficients f/„, • • • , a sum of logarithms of rational 

functions of the same coefficients^ each of these logarithms being 
multiplied by a eonsta.nt factor. This is the statement of Abel’s 
theorem in its most general form. In geometric language we can 
also say that the sum of the values of any Abelian integral^ taken 
from a common origin to the N p^oints of intersection of the given 
curve with a variable curve of degree m, ?/).= 0, is equal to a 
rational function of the coefficients of y^pplus a sum of a finite 
number of logarithms of rational functions of the same coefficients^ 
each logarithm being multiplied by a constant factor. 

The second statement appears at first sight the more striking, 
but in aioplications we must always keep in mind the analytic state- 
ment ill the evaluation of the coiitinuous variation of the siiiii I 
which corresponds to a continuous variation of the parameters 
• • • , The theorem has a precise meaning only if we take 
into account the paths described by the N points • • • , on 

the plane of the variable x. 

The statement becomes of a remarkable simplicity when the 
integral is of the first kind. In fact, if tt^, tt^, • • • , tt^j. were not 
identically zero, it would be possible to find a system of values 
= cq, . . . , (7;;. = (X^. for which 7 would become infinite. Let (tj, 

• • * ) ?/y) points of intersection of the curve C with the 

curve C' which correspond to the values , • • • , a^. of the x^urameters. 
The integral , , 

^ p (T, y) 

I II {Xy y) dx 


would become infinite when the upper limit approaches one of the 


iiiuursticuioiib ui u vviLii u { 511 ULUU uli iv.garuea as uiiruwii on uo 
infinity, and it would be necessary to take account of this in the 
application of the theorem. We mention also the almost evident fact 
that if some of the points of intersection of C with C' are fixed, it 
is unnecessary to include the corresponding integrals in the sum 1. 

103. Application to hyperelliptic integrals. The applications of 
Abel’s theorem to Analysis and to Geometry are extremely numer- 
ous and important. We shall calculate 8/ explicitly in the case of 
hyperelliptic integrals. 

Let us consider the algebraic relations 

(40) if + • • • + 

where the polynomial R{x) is prime to its derivative. We shall 
suppose that ^4^ may be zero, but that and may not be zero at 
the same time, so that R (x) is of degree 2_p -f- 1 or of degree 2p 2. 
Let Qix) be any polynomial of degree <7. We shall take for the 
initial value a value of x which does not make R (x) vanish, and 
for 2 /q a root of the equation f = R (x^). We shall put 

where the integral is taken along a path goin g from x^ to x, and 
where y denotes the final value of the radical Vi? (x) when we start 
from with the value y^. In order to study the system of points 
of intersection of the curve C represented by the equation (40) with 
another algebraic curve C', we may evidently replace in the equation 
of the latter curve an even iDOwer of ?/, such as if^, by [R (x)]"', and 
an odd power by y[R(if)J'’ These substitutions having been 
made, the equation obtained will now contain y only to the first 
degree, and we may suppose the equation of the curve C of the form 

(41) y4>(x)~f{x)=Q, 

where f(x) and <jy(x) are two polynomials prime to each other, of 
degrees X and fx respectively, some of the coefficients of which we 
slifill RiTni^nsp to hp. vn.ria.hlp.. Tlip, n.bsfdssas of the noints of intersec- 
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SEVERAL VARIABLES 


[V, § 103 


of degree N. Eor s^iecial systems of values of the variable coefficients 
in the two polyiioiriials f(x) and (x) the degree of the equation may 
turn out to be less than N ; some of the points of intersection are 
then thrown off to infinity, but the corresponding integrals must 
be included in the sum which we are about to study. To each root 
Xf of the equation (42) corresponds a completely determined value 
of y given by Vi — Let us now consider the smn 


1 = 1 

We have 

^ ^ Q (x^) 8Xi ^ Q (x{) (x-i) 

for the final value of the radical at the point must be equal to 
y^, that is, to /(x,-)/qi) (x,.). On the other hand, from the equation 
xj/ (x^ = 0 we derive 

(x,) Sx, ^2R (X,) <i> (xO - 2/(x,) S/- = 0, 

and therefore 

or (=«.•) 2 /(a,-) Sfi-2R (a;,-) (a;,) S<l>, 


w r(.^'i^yi)Q(x)dx 


or, making use of the equation (42), 


Let us calculate, for example, the coefficient of in ST, where is 
the coefficient, supposed variable, of in the polynomial /(x). The 
term 8% does not appear in Scp^, and it is multiplied by in 5/-. The 
desired coefficient of is therefore equal to 

^ i4[ -A' (*.-)’ 

where 7r(x) = Q(x) </> (x)x*. The preceding sum must be extended to 
all the roots of the equation i/'(x) = 0 ; it is a rational and symmetric 


v(x, y) is of the first kind. We liave bj supposition q — 1 j the 
degree of tt (cc) is -f + /c, and we have 

q Jc-^ fi + k -\-2^ — 1 . 

Let us find the degree of \p (x). If there is no cancellation between 
the terms of highest degree in li (x) and we have 

2X^N, 22y + l + 2fi^ 

whence 

X + fc + 1 ^ iV, 

and, a fortiori, 

7c + /x+p + l^iV. 

If there were a cancellation between these two terms, we should have 

A. = ^ 4- p + 1 ; 

but since the term has no term with which to cancel out, we 

should have X + /c ^ iV, from which the same inequality as before 
results. It follows that we always have 

q -|— jji —j— k “ TV— 2. 

The residue of the rational function tt (x) / if/ (x) with respect to the 
point at infinity is therefore zero, for the development will begin 
Avith a term in 1/x^ or of higher degree. It will be seen similarly 
that the coefficient of in S/, being one of the variable coefficients 
of the polynomial <#)(x), is zero if the polynomial Q(x) is of degree 
p _ 1 or of lower degree. This result is completely in accord with 
the general theorem. 

Let us take, for example, (x) = 1, and let us put 

/(aj) = d \- a^x + 

where P + 1 variable coefficients. The two curves 

y^=zR(x), 

cut each other in 2^ + 1 variable points, and the sum of the values 
of the integral v (x, y), taken from an initial point to these 2y? -j- 1 


The sum of the^:^ 4- 1 integrals 

■» yd +v{x^,y^+----hv (Xj, + 1 ? 1/p + l)} 
taken from a common initial point to + 1 arbitrary j)ointSj is 
therefore eqnal to the sum of ^5 integrals whose limits are algebraic 
functions of the coordinates 

yd> • • •> yv+i)> 

plus certain algebraic-logarithmic expressions. It is clear that by 
successive reductions the proposition can be extended to the sum 
of 771 integrals, where 7}h is any integer greater than In particular, 
the sum of any number of integrals of the first kind can be reduced 
to the sum of only p integrals. This property, which applies to the 
most general Abelian integrals of the first kind, constitutes, the 
addition theorem for these integrals. 

In fche case of elliptic integrals of the first kind, Abel’s theorem leads i3re- 
cisely to the addition formula for the function p(w). Let us consider a cubic in 
the normal form 

and let y-^)^ -^2(^21 2/2)5 2/5) be the points of intersection of that 

cubic with a straight line D. By the general theorem the sum 

ax , dx 

- g^x- Os -y/ix^-g^x-g^ 

is equal to a period, for the three points Jfo, Jlfg are carried off to infinity 
when the straight line D goes off itself to infinity. Now if we employ the 
parametric representation x =p{u), 7 j = p^(u) for the cubic, the parameter u is 
precisely equal to the integral 

dx 

V4a:» - j/jX - jf, 

and the preceding formula says that the sum of the arguments Uq, which 
correspond to the three points Jlfg, is equal to a period. We have seen 

above how that relation is equivalent to the addition formula for the function 
p(w) (§ 80 ). 




104 . Extension of Lagrange’s formula. The general theorem on the implicit 


to extend Lagrange’s formula (§ 51) to this system of equations. 

Let us suppose for definiteness that with the points a and b as centers we 
describe two circles C and C' in the planes of the variables ic and y respectively, 
with radii r and r' so small that the two functions /(x, y) and 0 (x, y) shall be 
analytic when the variables x and y remain within or on the boundaries of 
these two circles (7, C', Let If and M' be the maxiinuin values of |/(x, y) | and 
of \(p{x^ v/)|, respectively, in this region. We shall suppose further that the 
constants a and (3 satisfy the conditions if | cr | < r, Jf'| jQ| < r'. 

Let us now give to x any value within or on the boundary of the circle C ; 
the equation Q (x, ?/) = 0 is satisfied by a single value of y in the interior of the 
circle C', for the angle of y — b — (x, y) increases by 2 when y describes 
the circle C' in the positive sense (§40). That root is an analytic function 
7/j = \l/{x) of X in the circle C. If we replace y in P (x, ?/) hy that root the 
resulting equation x — a — a f{x, y^) = 0 has one and only one root in the inte- 
rior of C, for the reason given a moment ago. 

Let X = ^ be that root, and let he the corresponding value of y = 

The object of the generalized Lagrange formula is to develop in powers of a 
and jS every function P(^, t}) wliich is analytic in the region just defined. 

Por this purpose let us consider the double integral 


(45) 


' f 

J(C) Ja 


y)dy 


(C) J{C')P(x, y) Q(x, y) 


Since x is a point on the circumference of G, P(x, y) cannot vanish for any 
value of y within G\ for the angle of x — a — af{x^ y) returns necessarily to 
its initial value Avhen y describes G\ x being a fixed point of G. The only pole 
of the function under the integral sign, considered as a function of the single 
variable ?/, is, then, the point y^y^, given by the root of tlie equation Q (x, y) = 0 , 
which corresponds to the value of x on the boundary C, and we have, after a 
first integration, 

r F{x,y)dy F[x,y{) 

W{x,y)q{x,y) 


The right-hand side, if wm suxipose replaced by the analytic function (x) 
defined above, has in turn a single pole of the first order in the interior of C, — 
the point x = ^, to which corresponds the value = 77 , — and the corresponding 
residue is easily shown to be 

2 ittF (^, y) 


The double integral I has therefore for its value 


which gives us I =^Jvm where 

r _ c r ^ y) [/(^> y)]” [<p y)']’‘<^^ 

J(C) JcC») (X -«)'»+!(•;/“ 6)’“ + ‘ 

This integral has already been calculated (§ 94), and we have found that it is 

_ iTT^ gm + « [F (g, b) /’" (g, 6) 0” (a, 6)] 

VI ! n ! 0ci”‘ 56"' 

Equating the two values of J, we obtain the desired result, which presents an 
evident analogy with the formula (50) of § 51 : 

( 46 ^ v) _ W l>) ^’>(a, 6)] 

^ ' rD(P, Q)1 aa“ab“ 

ir>(x,y)}v = l 

We could also obtain a second result analogous to (51), of § 51, by putting 

but the coefficients in tliis case are not so simple as in the case of one variable. 


EXERCISES 

1. Every algebraic curve Cn of degree n and of deficiency p can be carried 
over by a birational transformation into a curve of degree p + 2. 

(Proceed as in § 82, cutting the given curve by a net of curves Gn- 2 , passing 
through n {n — 1)/2 — 3 points of C„, among which are the {n — 1) (?i — 2)/2 — p 
double points, and put 



the equation of the net being 0j^(x, y) + V) + V) = 

2. Deduce from the preceding exercise that the coordinates of a point of a 
curve of deficiency 2 can be expressed as rational functions of a parameter t 
and of the square root of a polynomial H (t) of the fifth or of the sixth degree, 
prime to its derivative. 

(The reader may begin by showing that the curve corresponds point by point 
to a curve of the fourth degree liaving a double point.) 

3^. Let p = + • • • be the development in power series of an alge- 

braic function, a root of an equation F{x, y) = 0, where E(x, y) is a polynomial 
with integral coefficients and where the point with coordinates x = 0, p = 0 is a 
simple point of the curve represented by F{x^y) = 0. All the coefficients crj, ag • • • 
are fractions, and it suffices to change x to Ax, K being a suitably chosen integer, 
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103; periods of : 116, 55 

Imaginaries, conjugate : 4, 1 
Imaginary quantity : 3, 1 
Implicit functions, Weierstrass’s theo- 
rem : 283, 98 ; see also Functions, 
inverse, and Lagrange’s formula 
Independent periods, Jacobi’s theo- 
rem ; 147, 66 

Index of a quotient: 103, 49 
Infinite number, of singular points: 
134, 60; see also Mittag-Lefiler’s 
theorem; of zeros: 26, 11 ; 93, 42 ; 
128, 57 ; see also Weierstrass’s theo- 
rem 

Infinite products: 22, 10; 129, 67; 
194, exs. 2 and 3 ; uniform conver- 
gence of, 22, 10 ; 129, 37 ; see also 
Expansions 

Infinite series : see Series 
Infinity : see Point at infinity 
Inflection, point of : 186, 80 
Integral function.s: 21, 8; 127, 57; 
associated : 218, ex. 7 ; class of : 
132, 58 ; with an infinite number of 
zeros: 127, 57; periodic: 147, 65; 
transcendental: 21, ftn.; 92, 42; 
136, 61 ; 230, 96 

Integral transcendental functions : 21, 


see Definite integrals; differentia- 
tion of: 77, 33; 227, 95; double: 
see Double integrals; elliptic: 120, 
56 ; 174, 78 ; 250, 103 ; of elliptic 
functions: 168, 75; fundamental 
formula of the integral calculus : 
63, 26 ; 72, 31 ; Hermite’s formula : 
215, 90 ; Hermite’s formula for el- 
liptic: 165,1%; 168,16; ex.9; 

liyperelliptic : 116, 55 ; 247, 103 ; 
law of the mean (AVeierstrass, Dar- 
boux): 64,21; line: 61,26; 62, 26; 
74, 32; 224, 93; of rational func- 
tions: 33, 15; 118, 53; of series: 
86, 39; uniform convergence of: 
229, 96 ; see also Cauchy’s theorems 
Invariants (integrals) : 57, ex. 15 ; of 
ellii^tic functions : 158,10; 172,11; 
182, 79 

Inverse functions: see Functions, in- 
verse, implicit 

Invension : 45, 19 ; 57, exs. 13 and 14 
Irrational functions : 13, 6 ; see also 
Functions 

Irreducible polynomial : 240, 100 
Isolated singular points : 89, 40 ; 182, 
59 ; essentially singular ; 91, 42 
Isothermal curves : 54, 24 

Jacobi : 125, ex. 18 ; 147, 66 ; 154, 69 ; 

170, 76 ; 180, 78 
Jacobi’s theorem : 147, 66 
Jensen ; 104, 60 
Jensen’s formula : 104, 60 

Kepler i 109, ex.; 126, ex. 26 
Kepler’s equation: 109, ex.; 126, ex. 27 
Klein : 59, ex. 23 

Lagrange: 106, 51 ; 126, ex. 26 ; 251, 
104 

Lagrange’s formula: 106, 61; 126, 


Laurent’s series: 75,33; 51,37; IIG, 
65 

Law of the mean for integrals : 5^^, 27 
Legendre: lOG, ex.; 125^ ex. 18; ISO^ 
78 

Legendre’s polynomials : 155, ex. ; 
Jacobi’s form: 125^ ex, 18 ; Laplace’s 
form : 125^ ex. 19 
Limit point: 55, 41 
Line integrals: 51, 25; 62, 26; 74, 
32 ; 224, 93 

Linear transformation: 55, ex. 23; 
general ; 44, ex. 2 

Lines, singular: see Natural bound- 
aries, and Cuts 
Liouville : SI, 36 ; 150, 67 
Liouville’s theorem; 51, 36; 155, 67 
Logarithmic critical points : S2, 14 ; 
115, 53 

Logarithms : 28 , 13 ; 115, 53 ; natural 
or Napierian: 2S, 13; series for 
Log (1 + z) : 55, 17 
Loops ; 112, 53 ; 115, 54 ; 244, 101 
Loxodromic curves : 55, ex. 1 

Maclaiirin: S3, ex. 

Maps, conformal : 42, 19 ; 45, 20 ; 4S, 
20 ; 52, 23 ; geographic : 52, 23 ; see 
also Projection 
Meray : SI, ftn. ; 200, ftn. 

Mercator’s projection : 52, ex. 1 
Meromorphic functions ; 55, ftn. 
Mittag-Leffler : 127, 57 and ftn.; 134, 
61 ; 155, 63 

, Mittag-Leffler’s theorem : 127, 57 ; 

154, 61 ; 155, 63 ; Cauchy’s method ; 

155, 63 

Monodromic functions : 17, ftn. 
Monogenic functions : 5, ftn. 

Mover a : 75, 34 
Morera’s theorem : 75, 34 

TV/Tnl tif oTTn -fimpf i • I'Y ft.n. 


Neighborhood; 55, 40; of the point 
at infinity: 109, 52 

Odd functions : 154, 68 

Order, of elliptic functions: 155, 68; 

of poles ; 55, 40 ; of zeros : 55, 40 
Ordinary point : 55, 40 

P function, p(n): 154, 68; 155, 79; 
defined by invariants: 155, 79; re- 
lation between p(u) and : 155, 
70 

jPainleve : 85, 38 

Parabolic transformation: 57, ex. 15 
Parallelogram of periods: 155, 67 
Parametric representation: see Curves 
Periodic functions : 145, 65 ; doubly : 
145, 66 ; 140, 67 ; sec also PUiptic 
functions 

Periodic integral functions : 147, 65 
Periods; of ctnx ; 144, Note 3; cyclic: 
244, 101 ; of definite integrals: 112, 
53; 114, Note; of elliptic functions : 
152, 68 ; 172, 77 ; 1S4, 79; of elliptic 
integrals; 120, 56; of functions: 
145, 65 ; of liyperelliptic integrals : 
lie, 65; independent: 147, 66; 
parallelogram of; 150, 67; polar: 
112, 63 ; 115, 56 ; 244, 101 ; primi- 
tive pair of : 149, ftn.; relation be- 
tween periods and invariants: 172, 
77 ; of sin x : 145, Note 1 
Picard: 21, ftn.; 98, 42 ; 127, ftn. 
Poincare: 208, ftn.; 222, ftn.; 2S2, 
ftn. 

Point, critical or branch : see Critical 
points; double: 154, 80; 191, 82; 
at infinity: 109, 52; of inflection: 
ISO, 80 ; limit : 90, 41 ; ordinary : 
55, 40 ; symmetric : 55, ex. 17 ; see 
also Neighboi'hood, Singular points, 
and Zeros 


Power series : ^^<9, 8 ; 196^ 83 ; con- 
tinuity of : 7, 2 ; 56, ex. 7 ; deriva- 
tive of: ID, 8; dominatiiifr : 9; 

representing an analytic function : 
I'W, 8 ; SCO also Analytic extension, 
Circle of convergence, and Series 
Primary functions, W eierstrass’ s ; i ;J7, 
67 

Primitive functions : 33, 15 
Primitive pair of periods: 149, ftn. 
Principal part: 89, 40; 91, 42; 110, 
52 ; 133, 59 ; 135, 61 
Principal value, of arc sin z : 31, 
ftn. 

Products, infinite : see Infinite products 
Projection, Mercator’s : 52, ex. 1 ; 

stereographic : 58, ex. 2 
Puiseux : 240, ftn. 

Quantity, imaginary or complex : 3, 1 
Quartics: 187, 81; hicircular: 198, ex. 

Rational fraction : 133, 59 
Rational functions; 12, 5; integrals 
of : 38, 15 ; of sin z and cos z : 85, 16 
Region, connected: 11, 4 
Regular functions ; see Eunctions, 
regular 

Representation, conformal: see Con- 
formal representation ; parametric : 
see Curves 

Residues: 75, 33; 94, 43; 101, 48; 
110, 52; 112, 53; of elliptic func- 
tions : 151, 68 ; sum of : 111, 52 ; 
total : 111, 52 
Rhumb lines : 53, ex. 1 
Riemannz 10, ftn.; 50, 22; 74, 32; 
244, 101 

Riemann surfaces: 244, 101 
Riemann’s theorem : 50, 22 
Roots of equations: see Equations, 
I>’ Alembert’s theorem, and Zeros 


ctn XI 143, 64; differentiation of: 
88, 39 ; dominant x 21, d] 157, 69 ; 
double : see Double series ; integra- 
tion of : 86, 39 ; Laurent’s : 75, 33 ; 
81, 87 ; 146, 65 ; for Log (1 + s) : 
38, 17 ; of polynomials (Painlov^) : 
86, 38; for tan z, etc.: 194, ex. 4; 
Taylor’s: 20, 8; 75, 83; 78, 35; 
206, ftn.; 226, 94; uniformly con- 
vergent : 7, 2 ; 86, 39 ; 88, 39 ; see 
also Lagrange’s formula, Mittag- 
Leffler’s theorem, and Power series 
Several variables, functions of ; 218, 
91 ; see also Analytic functions of 
several variables 
Sigma function, (7(u) ; 162, 72 
Single-valued analytic functions : 127, 
57 ; with an infinite number of 
singular points, Mittag-Leffler’s the- 
orem: 134,60; (Cauchy’s method) : 
139, 63; with an infinite number 
of zeros, Weierstrass’s theorem: 
128, 57 ; primary functions : 127, 
57 

Single-valued functions : 17, 7 ; 127, 
57 

Singular lines: see Cuts and Natural 
boundaries 

Singular points \ 13, 6 \ 75, 33 ; 88, 
40 ; 204, 85 ; 232, 97 ; algebraic : 
241, 100 ; on circle of convergence : 
202, 84 and ftn.; essentially: 91, 
42; essentially, at infinity: 110, 52; 
infinite number of : 184, 60 ; 189, 
63 ; isolated : 89, 40 ; 182, 59 ; log- 
arithmic : 244, 101 ; order of : 89, 
40 ; transcendental : 248, Note ; see 
also Critical points, Mittag-Leffler’s 
theorem, and Poles 
Singularities of analytical expressions: 

213, 89 ; see also Cuts 
Stereographic projection : 58, ex. 2 


Taylor’s formula, series; 8; 75, 
33,- 75, 35; 20()^ ftn.; for doiil)le 
series: 22(1^ 04 

Tlieta fuiicUon, 5(ii) ; 775, 76 
Total residue : ii/, 52 
Transcendental functions; see Tunc- 
ti ons 

Transcendental integral functions : see 
Integral transcendental functions 
Transformations, birational : 192, 82 ; 
252, ex. 1; circular: 45, 10; 57, ex. 
13; conformal: 42, 10; 45, 20; 4S, 
20; 52, 23; elliiDtic : 57, ex. 15; 
Fuclisian: 57, ex. 15; general lin- 
ear: 44, ex. 2; hyi^erbolic : 57, ex. 
15; inversion : 45, 19 ; 57, exs. 13 and 
14; linear: 59, ex. 23; parabolic: 57, 
ex. 15 ; see also Projection 
Trigonometric functions : 26, 12 ; in- 
verse : 50, 14; inverse sine: 114, 
54 ; period of ctn x : 144, Note 3 ; 
X^eriod of sin x ; 143, Note 1 ; j^rin- 
cipal value of : 31, ftn. ; rational 
functions of sin z and cos z : 35, 16 ; 
see also Expansion 

Unicursal curves: 191, 82 


Uniform convergence : see Conver- 
gence, uniform 
Uniform functions : 17, ftn. 
Uniformly convergent series and prod- 
ucts : see Convergence, uniform 

Variables, complex; 6, 2; infinite 
values of : 109, 52 ; several : see 
Analytic functions of several vari- 
ables 

Weierstrass: 64, 27; SS, ftn.; 92, 42; 
121, 56 ; 127, 57 and ftn.; 139, 03 ; 
149, 67 ; 154, 60 ; 156, 69 ; 200, ftn. ; 
212, 88 ; 233, 98 ; 237, ftn. 
Weierstrass’s formula: 64, 27; 121, 
56 ; primary functions ; 127, 57 ; 
theorem : 92, 42 ; 127, 57 ; 13S, G2 ; 
139, 63 ; 233, 98 

Zeros, of analytic functions : 8S, 40 ; 
234, 08 ; 241, 100 ; of elliptic func- 
tions: 152, 68; 154, 68; infinite 
]iiimber of: 26, 11; 93, 42; 12S, 
67 ; order of : SS, 40 ; see also 
D’Alembert’s theorem 
Zeta function, : 159, 71 
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